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Preface

Neutrino physics began with the direct experimental detection of neutrinos and
continued with the discovery of different neutrino flavors and the study of their
interactions, first in charged-current weak processes and then via the newly
discovered neutral-current weak reactions. In the last few decades, the study of
neutrino interactions, now incorporated into the standard electro-weak theory,
has reached a level of maturity [K. Winter (ed.), Neutrino Physics, 1st edn.
(Cambridge University Press, Cambridge 1991); 2nd edn. (2000)]. At present
the main focus of neutrino physics is on the study of neutrino oscillations,
which determine the mass-squared splittings and mixings of neutrinos, and on
experiments aimed at a determination of the absolute scale of neutrino masses.
The result that neutrino masses are very small suggests that neutrinos, the
only neutral fundamental fermions, are Majorana particles with small masses
inversely proportional to the large scale of lepton-number-nonconserving in-
teractions.

The investigation of neutrino oscillations started with the pioneering work
of Davis (2002 Nobel laureate) and his group using a chlorine detector in the
Homestake mine in the USA. In 1968 this experiment made the first report
of a deficit in the detected rate of neutrinos from the sun with respect to
the expectation based on the theory of solar energy generation. Pontecorvo at-
tributed the solar neutrino deficit to neutrino flavor oscillations. Since then, the
investigation of solar neutrino oscillations with radiochemical and counter ex-
periments has continued; the main experimental results have been obtained by
Homestake, GALLEX, SAGE, (Super-)Kamiokande, SNO, and KamLAND.
Today there is growing evidence that the solar neutrino deficit is indeed due to
the disappearence of νe’s, which oscillate mainly into νµ’s and ντ’s. The mass-
squared difference that corresponds to solar oscillations is about 7 × 10−5 eV2

and the mixing angle is large.
The early studies of neutrino oscillations with reactor- and accelerator-

generated neutrino beams led to no evidence for oscillations (but in a domain
of sensitivity to mass-squared differences well above that indicated by the solar
neutrino deficit). The experiments CHORUS and NOMAD at CERN have re-
cently been completed, further improving the existing limits on oscillations. At
various times, several experiments have made positive claims which were later
excluded by other experiments. At present, there is a claim by the Los Alamos
accelerator experiment LSND of oscillations with a mass-squared difference of
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VI Preface

the order of 1 eV2, which has not been confirmed, although it has not been
completely excluded, by the KARMEN collaboration. The LSND signal region
will be explored precisely by the MiniBooNE experiment now starting to take
data.

By studying neutrinos generated in the earth’s atmosphere by cosmic rays,
clear evidence for neutrino oscillations, with a mass-squared difference around
3 × 10−3 eV2 and a near-maximal mixing angle, has been accumulated over the
years, and the conclusion was finally established by Super-Kamiokande. The
Super-Kamiokande experiment in Japan uses an underground 50 kiloton water
Cherenkov detector and has systematically explored the up–down asymmetry
of atmospheric neutrino fluxes over distances of the order of the earth’s diam-
eter. The dominant oscillation for atmospheric neutrinos is νµ → ντ while the
oscillation νµ → νe at the same frequency is strongly suppressed, as directly
shown by CHOOZ, a reactor experiment in France. The K2K experiment uses
the Super-Kamiokande detector and 1 GeV neutrinos produced by an acceler-
ator 250 km away to check the disappearance of νµ’s in an independent setup
that deals only with neutrinos produced and detected on the earth.

Neutrino oscillations determine differences between mass-squared values,
and the actual scale of neutrino masses remains to be fixed experimentally. In
particular, the scale of neutrino masses is important for cosmology as neutrinos
are candidates for hot dark matter: nearly degenerate neutrinos with a common
mass around 1–2 eV would significantly contribute to Ωm, the matter density
in the universe in units of the critical density. The detection of 0νββ decay
would be extremely important for the determination of the overall scale of neu-
trino masses, the confirmation of their Majorana nature, and the experimental
clarification of the ordering of levels in the associated spectrum. For neutrino
masses in a range remarkably consistent with present oscillation data, the de-
cay of heavy right-handed neutrinos with lepton number nonconservation can
provide a viable and attractive model of baryogenesis through leptogenesis.

This book is devoted to a review of the theory and experiments on neutrino
oscillations, masses, and mixings. The formalism of neutrino masses and of
neutrino oscillations in vacuum and in matter is described in the article by
Kayser in Chap. 1. The experimental bounds on the direct determination of
neutrino masses are reviewed by Weinheimer in Chap. 2. The astrophysical
and cosmological issues of importance for neutrino physics are described by
Kainulainen and Olive in Chap. 3. The experimental results on neutrino oscil-
lations are summarized by Geisser in Chap. 4. In the article by Fogli and Lisi in
Chap. 5 the theoretical interpretation of neutrino oscillation data in terms of
mass-squared differences and mixing angles is reviewed. Theoretical models of
neutrino masses and mixings are discussed in Chap. 6 by Altarelli and Feruglio.
Finally, the physics potential of future long-baseline experiments is presented
in Chap. 7 by Lindner.

Geneva, June 2003 Guido Altarelli
Klaus Winter
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1 Neutrino Mass, Mixing, and Flavor Change

Boris Kayser

1.1 Neutrino Masses and Mixing, and the Seesaw

The evidence that neutrinos change from one flavor to another is com-
pelling [1]. Barring exotic possibilities, neutrino flavor change implies neutrino
mass and mixing. Thus, neutrinos almost certainly have nonzero masses and
mix.

That neutrinos have masses means that there is a spectrum of three or
more neutrino mass eigenstates, ν1, ν2, ν3, . . . That neutrinos mix means that
the neutrino state coupled by the charged-current weak interaction to the
W boson and a specific charged lepton (such as the electron) is none of the
neutrino mass eigenstates but, rather, is a mixture of them. Consider, for
example, the leptonic W decay W+ → �+α + να, yielding the specific charged
lepton �α. Here, the “flavor” α of the lepton can be e, µ or τ, and �e is the
electron, �µ the muon, and �τ the τ. In the W decay, the produced neutrino
state |να〉, referred to as the neutrino of flavor α, is the superposition

|να〉 =
∑
i

U∗
αi|νi〉 (1.1)

of the mass eigenstates |νi〉. Here, U is a matrix known as the leptonic mixing
matrix.1

Through our studies of neutrinos, we hope to eventually discover what
physics lies behind their masses and mixing.2 This underlying physics may
contain neutrino mass terms of two different kinds: Dirac and Majorana. As
depicted in Fig. 1.1, a Dirac mass term turns a neutrino into a neutrino or
an antineutrino into an antineutrino, while a Majorana mass term converts
a neutrino into an antineutrino or vice versa. Thus, Dirac mass terms con-
serve the lepton number L that distinguishes leptons from antileptons, while
Majorana mass terms do not. The quantum number L is also conserved by the
Standard Model (SM) couplings of neutrinos to other particles. Thus, if we
assume that the interactions between neutrinos and other particles are well
described by these SM couplings – a very plausible assumption in view of the
1 Increasingly, U is referred to as the MNS matrix or the MNSP matrix, to honor
the pioneering contributions of Maki, Nakagawa, Sakata, and Pontecorvo.

2 For a discussion of this physics, see Chap. 6.

Guido Altarelli, Klaus Winter (Eds.): Neutrino Mass, STMP 190, 1–24 (2003)
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2 Boris Kayser

Fig. 1.1. The effects of Dirac and Majorana mass terms. The action of the mass
terms is represented by the symbol X

great success of the SM – then any L nonconservation that we might oberve
in neutrino experiments would have to arise from Majorana mass terms, not
from interactions.

A Dirac mass term may be constructed out of a chirally left-handed neu-
trino field ν0

L and a chirally right-handed one ν0
R:3

LD = −mDν0
Rν0

L + h.c. , (1.2)

where ‘h.c.’ denotes the Hermitian conjugate. A Majorana mass term may be
constructed out of ν0

L alone, in which case we have the “left-handed Majorana
mass”

LmL = −mL

2
(ν0

L)cν0
L + h.c. , (1.3)

or out of ν0
R alone, in which case we have the “right-handed Majorana mass”

LmR = −mR

2
(ν0

R)cν0
R + h.c. (1.4)

In these expressions, mD, mL, and mR are mass parameters, and for any field
ψ, ψc is the corresponding charge-conjugate field. In terms of ψ, ψc = Cψ

T
,

where C is the charge conjugation matrix, and T denotes transposition.
(In writing both mass and interaction terms, we use the superscript zero to

denote underlying fields out of which a model is constructed. Fields without
a superscript zero correspond to physical particles of definite mass.)

Table 1.1 indicates the effects of the various fields in the mass terms on
neutrinos and antineutrinos. From this table, we see that each type of mass
term does indeed induce the transitions ascribed to it in Fig. 1.1.
3 A chirally left-handed (right-handed) field ψL(R) is one that obeys the rela-
tions PL(R)ψL(R) = ψL(R) and PR(L)ψL(R) = 0. Here, PL = (1/2)(1 − γ5) and
PR = (1/2)(1 + γ5) are the left-handed and right-handed chiral projection op-
erators, respectively. When the quanta of the field are massless, ψL annihilates
particles of left-handed helicity, and creates antiparticles of right-handed helic-
ity; ψR annihilates particles of right-handed helicity, and creates antiparticles of
left-handed helicity. When the quanta are not massless, there are corrections of
order mass/energy to these rules.
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Table 1.1. The effects of the fields. “A” signifies that the given particle is annihi-
lated by the field, and “C” that the particle is created

Field Effect on ν Effect on ν

ν0
L,R A C

ν0
L,R C A

(ν0
L,R)

c C A

(ν0
L,R)

c A C

An electrically charged fermion such as a quark cannot have a Majorana
mass term, because such a term would convert it into an antiquark, in vi-
olation of electric charge conservation. However, for the electrically neutral
neutrinos, Majorana mass terms are not only allowed but rather likely, given
that the neutrinos are now known to be particles with mass.4 To see why Ma-
jorana mass terms are likely, suppose first that some neutrino is described by
the SM. In the original version of that model, the neutrino would be massless.
It would be described by the left-handed (LH) field that we have called ν0

L,
and the model would contain no right-handed (RH) counterpart to ν0

L. Let
us suppose that we now try to extend the SM to accommodate a nonzero
mass for this neutrino in the same way that the SM already accommodates
nonzero masses for the quarks and charged leptons. The latter masses, of
course, are all of Dirac type, and arise from Yukawa couplings of the form

− fqϕ(q0
L)q

0
R + h.c. (1.5)

Here, q0 is some quark, ϕ is the neutral Higgs field, and fq is a coupling con-
stant. When ϕ develops a vacuum expectation value 〈ϕ〉0, the coupling (1.5)
yields a term

− fq〈ϕ〉0(q0
L)q

0
R + h.c. (1.6)

This is a Dirac mass term of the form of (1.2) for the quark q0, and fq〈ϕ〉0 is
the mass. Extending the SM to include a mass for our neutrino that parallels
the masses of the quarks is a simple matter of adding to the model a RH
neutrino field ν0

R and a Yukawa coupling −fνϕ(ν0
L)ν

0
R+ h.c., where fν is

a suitable coupling constant. When ϕ develops its vacuum expectation value,
this coupling will yield a Dirac mass term

LD = −fν〈ϕ〉0(ν0
L)ν

0
R + h.c. (1.7)

for this neutrino. This term imparts to the neutrino a mass mν = fν〈ϕ〉0.
Now suppose, for example, that we would like mν to be of order 0.05 eV, the
neutrino mass scale suggested by the observed atmospheric neutrino oscilla-
tions. Since 〈ϕ〉0 = 174GeV, the coupling fν must then be of order 10−13.
4 The author first heard the argument that follows from Belen Gavela.
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Such an infinitesimal coupling constant may not be out of the question, but
it certainly strikes one as unlikely to be the ultimate explanation of neutrino
mass.

In addition, to generate a Dirac mass for the neutrino, we were obliged to
introduce the RH neutrino field ν0

R. In the SM, right-handed fermion fields are
weak-isospin singlets. Hence, so are their charge conjugates. Thus, once the
field ν0

R exists, there is nothing in the SM to prevent the occurrence of a right-
handed Majorana mass term like that in (1.4): such a term violates neither
the conservation of weak isospin nor that of electric charge. Consequently, if
nature contains a Dirac neutrino mass term, then it is highly likely that it
contains a Majorana mass term as well. And, needless to say, if nature does
not contain a Dirac neutrino mass term, then it certainly contains a Majorana
mass term, which would then be the only source of neutrino mass.

Suppose that a neutrino has a Dirac mass, as the quarks and charged
leptons do, and also a right-handed Majorana mass like that in (1.4), as
suggested by the previous argument. Its total mass term Lmν is then

Lmν = −mDν0
Rν0

L − mR

2
(ν0

R)c ν0
R + h.c.

= − 1
2
[(ν0

L)c, ν0
R]
[

0 mD

mD mR

] [
ν0
L

(ν0
R)c

]
+ h.c. (1.8)

Here, we have used the identity (ν0
L)cmD(ν0

R)c = ν0
RmDν0

L. The matrix

Mν =
[

0 mD

mD mR

]
(1.9)

appearing in Lmν is referred to as the neutrino mass matrix.
It is natural to suppose that the Dirac mass mD of our neutrino is of

the same order of magnitude as the Dirac masses of the quarks and charged
leptons, since in the SM all of these Dirac masses arise from couplings to
the same Higgs field. Of course, the Dirac masses of the quarks and charged
leptons are their total masses, so we expect mD to be of the same order of
magnitude as the mass of a typical quark or charged lepton. Furthermore,
since nothing in the SM requires the right-handed Majorana mass mR to be
small, we expect that this mass will be large: mR � mD.

The mass matrix Mν can be diagonalized by the transformation

ZTMνZ = Dν , (1.10)

where

Dν =
[
m1 0
0 m2

]
(1.11)

is a diagonal matrix whose diagonal elements are the positive-definite eigen-
values of Mν,5 Z is a unitary matrix, and T denotes transposition. To first
5 Any negative eigenvalue can be converted into a positive one by a suitable mod-
ification of Z.
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order in the small parameter ρ ≡ mD/mR,

Z =
[

1 ρ
−ρ 1

] [
ı 0
0 1

]
. (1.12)

Using this Z in (1.10), we find that to order ρ2,

Dν =
[
m2

D/mR 0
0 mR

]
. (1.13)

Thus, the mass eigenvalues are m1 � m2
D/mR and m2 � mR.

To recast Lmν in terms of mass eigenfields, we define the two-component
column vector νL by

νL ≡ Z−1

[
ν0
L

(ν0
R)c

]
. (1.14)

(The column-vector field νL is chirally left-handed, since the charge conjugate
of a field with a given chirality always has the opposite chirality.) We then
define the two-component field ν, with components ν1 and ν2, by

ν ≡ νL + (νL)c ≡
[

ν1

ν2

]
. (1.15)

Using the fact that scalar covariant combinations of fermion fields can connect
only fields of opposite chirality, it is easy to show that the Lmν of (1.8) may
be rewritten as

Lmν = −
2∑
i=1

mi

2
νiνi . (1.16)

We recognize the ith term of this expression as the usual mass term for
a neutrino νi. The mass of that neutrino appears to be mi/2, but we shall
see shortly that it is actually mi.

From the definition in (1.15), we see that νi = νLi + νcLi goes into it-
self under charge conjugation. A neutrino whose field has this property is
identical to its antiparticle [2], and is known as a Majorana neutrino. Thus,
the eigenstates of the combined Dirac–Majorana mass term Lmν of (1.8) are
Majorana neutrinos.

Fermions that are distinct from their antiparticles are known as Dirac
particles. The mass term for a Dirac fermion f of mass mf is −mfff . But
the mass term for a Majorana neutrino ν of mass mν is −(1/2)mννν. To see
why there is this extra factor of 1/2, we note that if ν has a mass term −kνν
in the Lagrangian density (where k is some constant), then the mass of ν is

〈ν at rest |
∫

d3xkνν| ν at rest〉 . (1.17)

If ν is a Majorana particle, this matrix element is twice as large as it would be
if ν were a Dirac particle. To see why, suppose first that ν is a Dirac particle
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(ν �= ν). Then the field ν can absorb a neutrino or create an antineutrino.
The field ν can absorb an antineutrino or create a neutrino. Thus, in the
matrix element (1.17), it is the field ν that absorbs the initial neutrino, and
the field ν that creates the final neutrino. Now suppose that ν is a Majorana
particle. Then the fields ν and ν still do just what they did in the Dirac case,
except that now there is no difference between the “antineutrino” and the
neutrino. The field ν can either absorb or create this neutrino, and so can
the field ν. Thus the matrix element (1.17) has two terms. In the first, the
field ν absorbs the initial neutrino and the field ν creates the final one. In the
second, the field ν absorbs the initial neutrino and the field ν creates the final
one. It is straightforward to show that these two terms are equal, and that
each of them is equal to the single term present in the Dirac case. Hence, for
a given k, the matrix element (1.17) is twice as large in the Majorana case
as in the Dirac case. As is well known, in the Dirac case the matrix element
is just equal to k, so that in the Majorana case k is half the mass.

With mD of the order of the mass of a typical quark or charged lepton,
and mR � mD, the mass of ν1,

m1
∼= m2

D/mR , (1.18)

can be very small. Thus, if we identify ν1 as one of the light neutrinos, we
have an elegant explanation of why it is so light. This explanation, in which
physical neutrino masses are small because the RH Majorana mass mR is
large, is known as the seesaw mechanism, and (1.18) is referred to as the
seesaw relation [3]. The mass mR is assumed to reflect some high mass scale
where new physics responsible for neutrino mass resides. Interestingly, if mR

is just a little below the grand unification scale – say mR ∼ 1015 GeV –
and mD ∼ mtop � 175GeV, then from (1.18) we obtain m1 ∼ 3× 10−2 eV.
This is in the range of the neutrino mass suggested by the experiments on
atmospheric neutrino oscillations [4].

The reader will have noticed that under our assumptions about mD and
mR, the mass of ν2,

m2
∼= mR , (1.19)

is far from small. The eigenstate ν2 cannot be one of the light neutrinos,
but is a hypothetical very heavy, neutral lepton. Such neutral leptons figure
prominently in attempts to explain the baryon–antibaryon asymmetry of the
universe in terms of leptogenesis.

The seesaw mechanism, based as it is on the Lmν of (1.8), predicts that the
light neutrinos such as ν1, as well as the hypothetical heavy neutral leptons
such as ν2, are Majorana particles. The light-neutrino aspect of this prediction
is one of the factors driving a major effort [5] to look for neutrinoless double
beta decay. This is the L-violating reaction Nucl → Nucl′ + 2e−, in which one
nucleus decays to another plus two electrons. Observation of this reaction at
any nonzero level would show that the light neutrinos were indeed Majorana
particles [6].
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So far, we have analyzed the simplified case in which there is only one
light neutrino and one heavy neutral lepton. In the real world, there are
three leptonic generations, with a light neutrino in each one, and the parti-
cles in different generations mix. It is quite easy to extend our analysis to
accommodate this situation.6

In the SM, there are left-handed weak-eigenstate charged leptons �0Lα,
where α = e, µ, or τ. Each �0Lα couples to an LH weak-eigenstate neutrino
ν0
Lα via the charged-current weak interaction

LW = − g√
2
W−
ρ

∑
α=e,µ,τ

�0Lαγ
ρν0

Lα + h.c. (1.20)

Here, W is the charged weak boson, and g is the semiweak coupling constant.
To allow for neutrino masses, we add to the model the RH fields ν0

Rα, where
α = e, µ, or τ. Then, in analogy with (1.8), we introduce the neutrino mass
term

Lmν = −1
2
[(ν0

L)c, ν0
R]
[

0 mT
D

mD mR

] [
ν0
L

(ν0
R)c

]
+ h.c. (1.21)

Here, ν0
L is the column vector

ν0
L ≡


 ν0

Le

ν0
Lµ

ν0
Lτ


 , (1.22)

and similarly for ν0
R. The quantities mD and mR are now 3 × 3 matri-

ces. In writing (1.21), we have used the fact that, for a given α and β,
(ν0

Lα)c(m
T
D)αβ(ν0

Rβ)
c = (ν0

Rβ)(mD)βα(ν0
Lα). Thus, when one sums over α

and β, the contributions of the submatrices mD and mT
D to Lmν are iden-

tical, and add up to conventional Dirac mass terms without the factor of 1/2
in front of Lmν . Since (ν0

Rα)(ν
0
Rβ)

c = (ν0
Rβ)(ν

0
Rα)

c, the matrix mR may be
taken to be symmetric. Thus, the 6× 6 mass matrix

Mν =
[

0 mT
D

mD mR

]
(1.23)

is symmetric. Such a matrix may be diagonalized by the transformation
in (1.10), but where Z is now a 6 × 6 unitary matrix and Dν is a 6 × 6
diagonal matrix whose diagonal elements mi, i = 1, . . . , 6, are the positive-
definite eigenvalues of the Mν defined in (1.23).

To reexpress Lmν in terms of mass-eigenstate neutrinos, we introduce the
column vector νL via (1.14) as before. Of course, in that relation ν0

L and
(ν0

R)c each now have three components, Z is a 6 × 6 matrix, and νL has

6 For simplicity, we shall not include the further very interesting possibility that
there are light sterile neutrinos in addition to the three light active ones.
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six components. We then introduce the field ν via a six-component version
of (1.15):

ν ≡ νL + (νL)c ≡




ν1

ν2

...
ν6


 . (1.24)

It is then easily shown, as before, that the mass term Lmν of (1.21) may be
rewritten as

Lmν = −
6∑
i=1

mi

2
νiνi . (1.25)

Thus, the νi are the neutrinos of definite mass, the mass of νi being mi.
From (1.24), we see that each νi is a Majorana neutrino.

To complete the treatment of the leptonic sector, we introduce for the
charged leptons a (Dirac) mass term Lm�

given by [7]

Lm�
= −�0RM��

0
L + h.c. (1.26)

Here,

�0L ≡

 �0Le

�0Lµ
�0Lτ


 (1.27)

is a column vector whose αth component is the LH weak-eigenstate charged-
lepton field �0Lα. The quantity �0R is an analogous column vector whose αth
component is the RH weak-isospin singlet charged-lepton field �0Rα. Finally,
M� is the 3×3 charged-lepton mass matrix. This matrix may be diagonalized
by the transformation [7]

A†
RM�AL = D� , (1.28)

where AL,R are two distinct 3× 3 unitary matrices, and

D� =

me 0 0

0 mµ 0
0 0 mτ


 (1.29)

is the diagonal matrix whose diagonal elements are the charged-lepton
masses.

If we define the three-component column vectors �L,R via

�0L,R = AL,R �L,R (1.30)

and then introduce the vector

� ≡ �L + �R , (1.31)

we quickly find that

Lm�
= −�D� � = −

∑
α=e,µ,τ

�αmα�α . (1.32)
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Thus, the components �α of the vector � are the charged leptons of definite
mass: e, µ, and τ.

To recast the SM weak interaction LW, (1.20), in terms of mass eigen-
states, it is convenient to write the 6× 6 matrix Z in the form

Z =
[
V Y
X W

]
, (1.33)

in which V , W , X , and Y are 3×3 submatrices. If the Dirac mass matrix mD

is much smaller than the Majorana mass matrix mR, then X and Y are much
smaller than V and W for the same reason as the off-diagonal elements of the
2× 2 version of Z, (1.12), are small. Similarly, from (1.13) we may conclude
that in the three-generation, six-neutrino case, the first three neutrinos, ν1,2,3,
are light, but the second three, ν4,5,6, are very heavy. To emphasize this, we
shall call the first three neutrinos νLight

1,2,3 and the second three νHeavy
1,2,3 , From

experimental searches for heavy neutral leptons, we know that there are none
with masses below 80GeV [8]. Thus, in neutrino experiments at energies less
than this (and even at much higher energies if the heavy neutrinos are at the
TeV or even the grand unification scale), it is only the light neutrinos that
play a significant role. Now, from the 6×6 analogue of (1.14) and from (1.33),

ν0
Lα =

3∑
i=1

(
VαiνLight

Li + YαiνHeavy
Li

) ∼=
3∑
i=1

VαiνLight
Li , (1.34)

where we have used Y � V in the second step. From (1.34) and (1.30), we
may rewrite the weak interaction (1.20) as

LW
∼= − g√

2
W−
ρ �Lγ

ρUνLight
L − g√

2
W+
ρ νLight

L γρU †�L . (1.35)

Here,

νLight
L ≡


νLight

L1

νLight
L2

νLight
L3


 (1.36)

is a column vector whose ith component is the left-handed projection of the
field of the ith light-neutrino mass eigenstate, and

U ≡ A†
LV (1.37)

is the “leptonic mixing matrix”. This is the same matrix as the one called
U in (1.1). However, we are now assuming that there are only three light
neutrinos, so that U is 3×3, and we are relating U to the matrices AL and V
that take part in the diagonalization of the underlying charged-lepton and
neutrino mass matrices.

Equation (1.35) expresses the charged-current weak interaction in terms of
charged leptons and neutrinos of definite mass. Since the matrix Z is unitary,
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and X and Y are much smaller than V and W , the matrix V is to a good
approximation unitary itself. From the unitarity of AL and (1.37), this means
that the leptonic mixing matrix U is approximately unitary as well.

It is not hard to count the number of independent parameters necessary
to fully determine U [9]. This matrix has nine entries, each of which may have
a real and an imaginary part, leading to a total of 18 parameters. On these
parameters, unitarity imposes nine constraints. First of all, each of the three
columns of U must be a vector of unit length. Secondly, any two columns
must be orthogonal to each other. This requirement leads to three orthogo-
nality conditions, each of which has a real and an imaginary part, for a total
of six constraints. With the nine unitarity constraints taken into account,
nine parameters are left.

With the charged-lepton and neutrino indices indicated explicitly, (1.35)
for the weak interaction reads

LW = − g√
2
W−
ρ

∑
α=e,µ,τ
i=1,2,3

�Lαγ
ρUαiνLight

Li + h.c. (1.38)

From (1.38), we see that, apart from the overall strength factor g/
√
2, Uαi is

essentially just the amplitude 〈�−α |HW|νLight
i 〉 for the transition νLight

i → �−α
via emission or absorption of a W boson, caused by the action of the weak
Hamiltonian HW corresponding to LW. Now, we are always free to rede-
fine what we mean by the state 〈�−α | by multiplying it by a phase fac-
tor: 〈�−α | → eıϕα〈�−α |. Obviously, this phase redefinition causes the Uαi,
for all i, to undergo the change Uαi → eıϕαUαi. Thus, phase redefinition
of the three charged leptons can be used to remove three phase parame-
ters from U , leaving a matrix that contains 9 − 3 = 6 parameters. One
might think that additional phase parameters could be removed by phase
redefinition of the neutrinos. If the neutrinos are Dirac particles, this is
true. But if, as we are assuming, they are Majorana particles, then one
can show that phases removed from U by phase-redefining the neutrinos
simply show up somewhere else, and still have the same physical effects
as they do when they are located in U [9, 10]. Thus, we shall leave them
in U , which consequently retains six parameters. These may be chosen to
be mixing angles, which would be present even if U were real, and com-
plex phase factors. To see how many of the six parameters are mixing
angles and how many are complex phase factors, we assume for a mo-
ment that the latter are turned off (set to unity), so that U is real. It
then contains nine real entries. On these entries, unitarity imposes six con-
straints: each column of U must be a vector of unit length and each pair
of columns must be orthogonal. Thus, when the complex phase factors are
turned off, U contains 9 − 6 = 3 independent parameters – the mixing
angles. Since the complex U , with the complex phase factors turned on,
contains a total of six parameters, three of these must be complex phase
factors.
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A common parameterization of U in terms of mixing angles and phases
is [11, 12]

U =


 1 0 0
0 c23 s23

0 −s23 c23




 c13 0 s13 e−ıδ

0 1 0
−s13 eıδ 0 c13




 c12 s12 0
−s12 c12 0
0 0 1




 eıα1/2 0 0

0 eıα2/2 0
0 0 1




=


 c12c13 eıα1/2 s12c13 eıα2/2 s13 e−ıδ

(−s12c23 − c12s23s13 eıδ)eıα1/2 (c12c23 − s12s23s13 eıδ)eıα2/2 s23c13
(s12s23 − c12c23s13 eıδ)eıα1/2 (−c12s23 − s12c23s13 eıδ)eıα2/2 c23c13


 .

(1.39)

Here, cij ≡ cos θij and sij ≡ sin θij , where θ12, θ13, and θ23 are the three
mixing angles, and δ, α1, and α2 are the three phases. The phase δ, referred
to as the Dirac phase, is the leptonic analogue of the single phase that may
be found in the 3 × 3 quark mixing matrix. The phases α1 and α2, known
as Majorana phases, are the extra physically significant phases that U may
contain when the neutrino mass eigenstates are Majorana particles. As may
be seen in (1.39), the phase α1 is common to all elements of the first column
of U . Thus, this phase could be removed from U by phase-redefining the neu-
trino νLight

1 . Similarly, α2 could be removed by redefining νLight
2 . However,

as we have mentioned, when neutrinos are Majorana particles, phases re-
moved from U by phase-redefining neutrinos simply reappear elsewhere, and
continue to have the same physical consequences as they had when located
in U [2].

At the origin of coordinates, xµ = 0, the weak interaction LW of (1.35)
transforms under CP as

(CP)LW(CP)−1 = − g√
2
W−
ρ �Lγ

ρU∗νLight
L − g√

2
W+
ρ νLight

L γρUT�L . (1.40)

In writing this expression, we have taken some arbitrary phase factors that
in principle could be present to be unity. Comparing the CP mirror image of
LW in (1.40) with LW itself, (1.35), we see that if U∗ �= U – that is, if U
contains any of the phases δ, α1, and α2, so that it is not real – then the weak
interaction is not CP invariant. In our discussions of neutrino oscillation and
double beta decay, we shall see examples of the CP-violating physical effects
that these phases can produce.

1.2 What is a Majorana Neutrino?

As we have seen, the seesaw mechanism predicts that neutrinos are Majorana
particles. We have also seen that, quite apart from the specific details of the
seesaw mechanism, it is rather likely that nature contains Majorana neutrino
mass terms. From the procedure we followed to diagonalize the combined
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Majorana and Dirac mass term of (1.8) (see (1.8)–(1.16) and the accompa-
nying discussion), it is clear that when Majorana mass terms are present,
the neutrino mass eigenstates are Majorana particles. Thus, it is rather likely
that neutrinos are indeed Majorana particles. Since the behavior of Majorana
neutrinos can – at first – be rather puzzling, it is worth trying to clarify the
nature of these particles.

A Majorana neutrino mass eigenstate νi is a particle whose field goes into
itself under charge conjugation. Thus, the neutrino is identical to its antipar-
ticle: νi = νi. Now, in descriptions of neutrino processes, it is sometimes as-
sumed that there is a conserved lepton number L, where L(negatively charged
lepton) = L(neutrino) = −L(positively charged lepton) = −L(antineutrino)
= 1. Particles are then identified as neutrinos or antineutrinos in accordance
with the process through which they are produced. For example, if the pro-
duction process is π+ → µ++νµ, the outgoing neutral particle is identified as
a neutrino, not an antineutrino, because L(π+) = 0 and L(µ+) = −1, and it
is being assumed that L is conserved. Similarly, if the production process is
π− → µ− + νµ, the outgoing neutral particle is identified as an antineutrino.
Now, we know that, when interacting in a detector, the “neutrino” produced
in π+ decay will create a µ−, while the “antineutrino” produced in π− decay
will create a µ+. (For simplicity, we are disregarding mixing and neutrino
oscillation here.) This behavior appears to suggest that “neutrinos” and “an-
tineutrinos” are different particles, and that L is indeed conserved. But there
is another, equally viable interpretation of this behavior. We know from mea-
surements of the muon polarization in pion decays that the “νµ” produced
in π+ → µ+ + νµ has LH (negative) helicity, while the “νµ” produced in
π− → µ−+νµ has RH (positive) helicity. Let us now assume that nature con-
tains Majorana mass terms, so that lepton number L is not conserved, and
neutrinos are Majorana particles. For simplicity, we also continue to neglect
mixing, so that νµ is a mass eigenstate. Then, for a given helicity h, νµ and
νµ are the same particle. Nevertheless, the neutral particles produced in π+

and π− decay still differ from each other, because they have opposite helic-
ity. Under the assumption that they are Majorana neutrinos, helicity is the
only difference between them. But helicity is a sufficient difference to explain
why the neutral particle originating from π+ decay will yield a µ− when it
interacts, while the particle originating from π− decay will yield a µ+. After
all, the weak interaction is maximally parity-violating, so it is not surpris-
ing at all that oppositely polarized particles interact differently. Indeed, it is
easily verified that in the charged-current weak interaction of (1.35), the first
term completely dominates for an incoming Majorana neutrino with negative
helicity, while the second term completely dominates for the same incoming
neutrino when its helicity is positive. As we can see, the first term will cre-
ate a negatively charged lepton, but the second term will create a positively
charged one. Thus, what happens when a neutrino interacts can be under-
stood without invoking a conserved lepton number. It can be explained by
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assuming that neutrinos are Majorana particles, and simply noting that by
reversing the helicity of a Majorana neutrino, we can reverse the charge of
the lepton that this neutrino creates when it interacts. In this picture, the
role played by the “neutrino” when L conservation is assumed is played by
the LH helicity state of the Majorana neutrino, and the role played by the
“antineutrino” is played by the RH helicity state of the same particle.

Correlating the charge of a produced lepton with the helicity of the Ma-
jorana neutrino that produces it leads to a puzzle. Suppose a Majorana neu-
trino, as seen by observer (a), is moving to the right with LH helicity, as
shown in Fig. 1.2a. As seen by observer (b), who is moving to the right faster
than the neutrino, the latter is moving to the left. However, its spin is still
pointing to the left, just as it was for observer (a). Thus, as seen by ob-
server (b), the neutrino has RH helicity, as shown in Fig. 1.2b. Now, suppose
our neutrino interacts with a target that is at rest in the frame of observer
(a) (frame (a)) and creates a µ−, a lepton with the charge expected in view
of the neutrino’s helicity. But, as seen by observer (b), this same neutrino
has RH helicity. Does this mean that, as seen from the frame of observer (b)
(frame (b)), the neutrino’s interaction with the target produces a µ+, rather
than a µ−? Clearly, it had better not mean that. Lorentz-transforming the
µ− from frame (a) to frame (b) certainly does not change its electric charge.
Consequently, the collision of the neutrino with the target at rest in frame
(a) yields a µ−, regardless of whether the collision is viewed from frame (a)
or frame (b). But how can this be the case, given that, when an incident neu-
trino has RH helicity, as ours does in frame (b), the weak interaction of (1.35)
appears to strongly favor the production of a positively charged lepton over
that of a negatively charged one?

The solution to this puzzle is that any collision between a neutrino and
a target depends on two weak currents: the leptonic current in (1.35) and
a current for the target. Each of these currents is a Lorentz four-vector, and
can look very different in different frames. But the amplitude for the collision
is the scalar product of the two currents, and a scalar product of two four-
vectors is Lorentz invariant. Thus, the result of the collision, and in particular
the charge of the produced lepton, will be the same as seen by all observers.

To illustrate this point, let us consider a collision between a Majorana
muon neutrino νµ and a spinless target N (a spinless nucleus, for example).
We neglect mixing, so that νµ is a mass eigenstate. We assume that νµ has LH

Fig. 1.2. A neutrino as seen from two different frames of reference
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helicity in the rest frame of N, and that the collision produces an outgoing
muon and a spinless nuclear recoil N′. Given the helicity of the νµ, we expect
the probability for the muon to be negative to far outweigh that for it to be
positive, but we shall allow both possibilities, and compute the amplitudes
for the two reactions νµ +N → µ∓ +N′±, where N′

+ is a nuclear recoil whose
charge is one unit greater that that of N, and N′

− is a nuclear recoil whose
charge is one unit less. To keep the illustrative calculation simple, we take
the matrix element of the weak current of the nuclear target, JρN, to have the
form

〈N′
±(k′)|JρN|N(k)〉 = c(k + k′)ρ . (1.41)

Here, k and k′ are, respectively, the four-momenta of N and N′
±, and c is

a constant whose value we assume to be the same for N′
+ and N′

−. We consider
the case of forward scattering, in which, in the rest frame of N, the µ and
the N′ both leave the collision with momenta parallel to the momentum of
the incident νµ. The reaction, as seen in this frame, is depicted in Fig. 1.3a.
We assume that in this frame all particles, save the initial nucleus, are highly
relativistic, and that, to a sufficiently good approximation, the initial nucleus
and the nuclear recoil have the same mass. For this case, we find by explicit
calculation in the rest frame of N, using the leptonic current of (1.35) and
the nuclear current of (1.41), that

A[νµ(LH) + N → µ+ +N′
−]

A[νµ(LH) + N → µ− +N′
+]

∼= 1
2
mν

Eν

mµ

Eµ

EN′

mN′
. (1.42)

Here, A[. . .] is the amplitude for the process in the brackets, and Eν, Eµ, and
EN′ are, respectively, the energies of the neutrino, muon, and nuclear recoil,
whose masses are, respectively,mν, mµ, and mN′ . As expected, µ− production
dominates over µ+ production because of the small value of mν/Eν, and in
the limit where mν/Eν → 0, this dominance is total.

Next, we calculate the amplitudes for µ+N′
− and µ−N′

+ production in
a frame where all particles are highly relativistic, and all of them, including
the νµ and N, move in the direction opposite to that of the νµ in the rest

Fig. 1.3. (a) The forward reaction νµ +N→ µ+N′ as seen in the rest frame of N,
where the νµ has LH helicity. The single lines show momenta, and the double line
shows the νµ spin. (b) The same reaction as seen in a frame in which all particles
move at highly relativistic speeds in a direction opposite to that of the νµ in the
rest frame of N
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frame of N. The view from this frame, in which the νµ has RH helicity, is
shown in Fig. 1.3b. By explicit calculation in this frame, we find that

A[νµ(RH) + N → µ+ +N′
−]

A[νµ(RH) + N → µ− +N′
+]

=
E∗

ν +mν + |p∗
ν |

E∗
ν +mν − |p∗

ν |
E∗

µ +mµ + |p∗
µ|

E∗
µ +mµ − |p∗

µ|
(E∗

N + E∗
N′)− (|k∗|+ |k′∗|)

(E∗
N + E∗

N′) + (|k∗|+ |k′∗|) .

(1.43)

Here, A once again denotes an amplitude, and the helicity of the νµ that
appears here is the helicity seen in the new frame. The quantities E∗

ν and |p∗
ν |

are, respectively, the energy and momentum of the neutrino in this frame,
and similarly for E∗

µ and |p∗
µ|, E∗

N and |k∗|, and E∗
N′ and |k′∗|.

It is tedious but straightforward to reexpress the right-hand side of (1.43)
in terms of quantities in the rest frame of N. When one does this, one finds
that the ratio of the amplitudes in (1.43) is exactly the same as the ratio of
the amplitudes in (1.42). That is, the relative rates at which µ+N′− and µ−N′

+

are produced are exactly the same in both of the frames we have considered,
as demanded by Lorentz invariance. In particular, µ− production dominates
over µ+ production in both frames, despite the fact that in one of the frames
the incoming neutral lepton is right-handed.

1.3 Neutrino Flavor Change

There is now a strong conviction that neutrinos do have nonzero masses and
mix. As indicated at the start of this chapter, this conviction is based on the
compelling evidence that neutrinos can change from one flavor to another.
In this section, we shall briefly review the physics of neutrino flavor change,
and see why this phenomenon implies neutrino masses and mixing.

Neutrino flavor change in vacuo is the process in which a neutrino is cre-
ated together with a charged lepton �α of flavor α, then travels a macroscopic
distance L in vacuum, and finally interacts with a target to produce a second
charged lepton �β whose flavor β is different from that of the first charged
lepton. That is, in the course of traveling from source to target, the neutrino
morphs from a να to a νβ . The process, commonly referred to as να → νβ
oscillation, is depicted in the upper diagram of Fig. 1.4. As shown in the
lower diagram of Fig. 1.4, the intermediate neutrino can be any of the (light)
mass eigenstates νi, and the amplitude for the oscillation is the coherent sum
of the contributions of the various mass eigenstates. (From this point on, we
use the simplified notation νi, without a superscript “Light”, to mean a light-
neutrino mass eigenstate.) The contribution of a given νi is a product of three
factors. First, from (1.1) or (1.38), the amplitude for the created να to be
the mass eigenstate νi is U∗

αi. Secondly, the amplitude for this νi to travel
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Fig. 1.4. Neutrino flavor change in vacuo. As shown in the upper diagram, the
neutrino is created together with a charged lepton �+α by a source. After traveling
a distance L, it interacts with a target and produces a second charged lepton �−β .
As shown in the lower diagram, the amplitude for this process is a sum over the
contributions of all the neutrino mass eigenstates νi

a distance L if the neutrino energy is E is exp(−ım2
iL/2E) [11].7 Thirdly,

the amplitude for νi, having arrived at the target, to produce the particular
charged lepton �−β is, from (1.38), Uβi. Thus, the amplitude Amp[να → νβ ]
for να → νβ oscillation is given by

Amp[να → νβ ] =
∑
i

U∗
αi e

−ım2
i (L/2E)Uβi , (1.44)

where the sum runs over all the light mass eigenstates. Squaring this relation
and using the (at least approximate) unitarity of the mixing matrix U , we
find that the probability P (να → νβ) for να → νβ oscillation is given by [11]

P (να → νβ) = |Amp[να → νβ ]|2
= δαβ − 4

∑
i>j

Re (U∗
αiUβiUαjU

∗
βj) sin

2[∆m2
ij(L/4E)]

+2
∑
i>j

Im (U∗
αiUβiUαjU

∗
βj) sin[∆m2

ij(L/2E)] , (1.45)

where ∆m2
ij ≡ m2

i − m2
j . This expression for P (να → νβ) is valid for an

arbitrary number of neutrino mass eigenstates, and holds whether β is dif-
ferent from α or not. However, we see that if all the neutrino masses, and
7 Some of the treatment in the present section follows the treatment in this refer-
ence.
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consequently all the splittings ∆m2
ij , vanish, then P (να → νβ) = δαβ . Thus,

the oscillation in vacuo of να into a different flavor νβ implies neutrino mass.
From (1.44), we see that this change of flavor also implies neutrino mixing:
in the absence of mixing, the matrix U is diagonal, so that Amp[να → νβ ]
vanishes if β �= α. Finally, from (1.45), we see that the probability for neu-
trino oscillation really does oscillate as a function of L/E, justifying the name
“oscillation”.

Assuming that CPT invariance holds,

P (να → νβ) = P (νβ → να) . (1.46)

However, from (1.45), we see that

P (νβ → να;U) = P (να → νβ ;U∗) . (1.47)

Thus,
P (να → νβ ;U) = P (να → νβ ;U∗) . (1.48)

That is, the probability for να → νβ is the same as for να → νβ , except that
U is replaced by U∗. But this means that if U is not real, then P (να → νβ)
differs from P (να → νβ) by a reversal of the last term of (1.45). This difference
is a violation of CP invariance, which would require να → νβ and να → νβ
to have equal probability.

Neutrino oscillation depends on the interference of different contributions
to an amplitude (see (1.44)), so it is a quintessentially quantum mechanical
phenomenon. It raises a number of subtle questions, some of which have been
addressed by treatments based on wave packets [13]. However, it has also been
shown that, for a number of the observations of oscillation that have been
made in practice, a wave packet treatment is not necessary [14]. Sophisticated
analyses of oscillation continue to yield new insights [15]. However, they lead
to the same oscillation probability as we have obtained here.

If neutrinos pass through enough matter between their source and a target
detector, then their coherent forward scattering from particles in this matter
can significantly modify their oscillation pattern. This is true even if, as in the
Standard Model, forward scattering of neutrinos from other particles does not
by itself change neutrino flavor. The flavor change in matter that grows out
of an interplay between flavor-nonchanging neutrino–matter interactions and
neutrino mass and mixing is known as the Mikheyev–Smirnov–Wolfenstein
(MSW) effect [16].

To treat a neutrino in matter, it is convenient to describe its state by
a column vector in flavor space, 

 ae(t)
aµ(t)
aτ(t)


 , (1.49)

where ae(t) is the amplitude for the neutrino to be a νe at time t, and similarly
for the other flavors. The time evolution of the neutrino state is then described



18 Boris Kayser

by a Schrödinger equation in which the Hamiltonian H is a 3×3 matrix that
acts on this column vector [17]. To illustrate, we shall make the simplifying
assumption that we are dealing with an effectively “two-neutrino” problem,
in which only νe and νµ, and two corresponding mass eigenstates ν1 and ν2,
matter. In this case the neutrino is described by a two-component column
vector, [

ae(t)
aµ(t)

]
, (1.50)

and H is 2× 2. If our neutrino is traveling in vacuo, the mixing is described
by the vacuum mixing matrix

1 2

UV =
e
µ

[
cos θV sin θV

− sin θV cos θV

]
, (1.51)

in which θV is the mixing angle in vacuo, and the symbols above and to the
left of the matrix label the columns and rows. It is easy to show that, apart
from an irrelevant multiple of the identity, H in vacuo is then [17]

HV =
∆m2

V

4E

[− cos 2θV sin 2θV

sin 2θV cos 2θV

]
. (1.52)

Here, ∆m2
V ≡ m2

2 −m2
1 is the (mass)2 splitting in vacuo, and E is the neu-

trino energy. One can straightforwardly show that this HV predicts that the
probability PV(νe → νµ) for νe → νµ oscillation in vacuo is given by

PV(νe → νµ) = sin2 2θV sin2

(
∆m2

V

L

4E

)
. (1.53)

This is the well-known formula for two-neutrino oscillation in vacuo. This
formula follows also from (1.45) for the special case of two neutrinos, if we
take α = e, β = µ, i = 2, j = 1, ∆m2

21 ≡ ∆m2
V, and U to be the matrix UV

of (1.51).
In matter, W-exchange-induced coherent forward scattering of νe from

ambient electrons adds an interaction energy V to the νe–νe element of H.
(The νµ–νµ element is not affected, because the reaction νµe → νµe cannot
be induced by W exchange.) Obviously, V must be proportional to GF, the
Fermi constant, and to Ne, the number of electrons per unit volume. Indeed,
it can be shown that [18]

V =
√
2GFNe . (1.54)

In addition, Z-exchange-mediated scattering from ambient particles adds
a further interaction energy to all diagonal elements of H. However, since
the coupling of Z to neutrinos is flavor-independent, this further addition
to H is a multiple of the identity matrix, and no such addition has any effect
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on neutrino flavor oscillation [17]. Thus, we may safely omit the Z-exchange-
induced energy. The 2× 2 Hamiltonian in matter is then

H =
∆m2

V

4E

[− cos 2θV sin 2θV

sin 2θV cos 2θV

]
+
[
V 0
0 0

]
. (1.55)

Harmlessly adding to thisH the multiple −V/2 of the identity, we may rewrite
it as

H =
∆m2

M

4E

[− cos 2θM sin 2θM

sin 2θM cos 2θM

]
. (1.56)

Here,

∆m2
M = ∆m2

V

√
sin2 2θV + (cos 2θV − x)2 (1.57)

is the effective mass splitting in matter, and

sin2 2θM =
sin2 2θV

sin2 2θV + (cos 2θV − x)2
(1.58)

is the effective mixing angle in matter. In these expressions,

x ≡ V

∆m2
V/2E

(1.59)

is a dimensionless measure of the relative importance of the interaction with
matter in the behavior of the neutrino.

If a neutrino travels through matter of constant density, then H (1.56)
is a position-independent constant. As we can see, it is exactly the same as
the vacuum Hamiltonian (1.52), except that the vacuum mass splitting and
mixing angle are replaced by their values in matter. As a result, the oscillation
probability is given by the usual formula, (1.53), but with the mass splitting
and mixing angle replaced by their values in matter. The latter values can
differ markedly from their vacuum counterparts. A striking example is the
case where the vacuum mixing angle θV is very small, but x ∼= cos 2θV. Then,
as we see from (1.58), sin2 2θM

∼= 1. Interaction with matter has promoted
a very small mixing angle into a maximal one.

One important example of neutrino propagation in matter is the jour-
ney of solar neutrinos, which are created as electron neutrinos in the center
of the sun, outward through solar material. Of course, the electron density
encountered by these neutrinos is not a constant, so H depends on the dis-
tance r from the center of the sun. Nevertheless, under certain conditions,
the propagation of the neutrinos is adiabatic. That is, the electron density
Ne(r) varies slowly enough that one may solve the Schrödinger equation for
neutrino propagation for one r at a time, and then patch together the solu-
tions. This is true, in particular, for the large-mixing-angle (LMA) version of
the MSW picture of what happens to the solar neutrinos, which is the most
favored explanation of their observed behavior.



20 Boris Kayser

In the LMA MSW scenario, ∆m2
V ∼ 5× 10−5 eV2 [19]. For the most

closely scrutinized solar neutrinos, the ones from 8B decay, typical energies
E are 6–7MeV. For these neutrinos, ∆m2

V/4E ∼ 0.2× 10−5 eV2/MeV. Now,
at r � 0, where the solar neutrinos are born, the electron density Ne �
6× 1025 /cm3 [20]. This value yields the magnitude V ∼ 0.75× 10−5 eV2/MeV
for the interaction energy V at r � 0. Consequently, where the neutrinos are
born, the interaction (second) term of the Hamiltonian H of (1.55) dominates
over the vacuum (first) term, at least to some extent. As a result, H is ap-
proximately diagonal at r � 0. This means that at birth, a 8B neutrino is not
only a νe but also, approximately, in an eigenstate ofH. Since V > 0, the neu-
trino is in the heavier of the two eigenstates. The neutrino then propagates
outward adiabatically. This means that it continues to be in an eigenstate
of H – an r-dependent eigenstate that changes slowly as H changes. It will
then emerge from the sun as one of the two eigenstates of the zero-density
(vacuum) Hamiltonian. That is, our neutrino leaves the sun as one of the
mass eigenstates of HV. Since, as one may readily verify, the eigenlevels of
H (1.55) never cross, and the neutrino started in the heavier eigenlevel at
r � 0, it will leave the sun as the heavier of the two mass eigenstates of HV.
If we define ∆m2

V = m2
2−m2

1 to be positive, then this is the eigenstate called
ν2. Being an eigenstate of the vacuum Hamiltonian, this state will propagate
without mixing all the way to the surface of the earth. Now, from (1.51), ν2

has the flavor composition

|ν2〉 = |νe〉 sin θV + |νµ〉 cos θV . (1.60)

The probability that a 8B solar neutrino still has the flavor νe with which it was
born when it arrives at the earth is just the νe fraction of this state, sin2 θV.

When information from atmospheric neutrino oscillation observations is
taken into account, one learns that the “other flavor” with which solar elec-
tron neutrinos mix is not νµ but a 50–50 mixture of νµ and µτ. However,
if one simply understands “νµ” in our analysis of the solar neutrinos to be
a shorthand for this 50–50 mixture, then our analysis remains valid.

Like oscillation in vacuo, neutrino flavor change in matter requires neu-
trino masses and mixing. If either ∆m2

V or θV vanishes, then the Hamiltonian
in matter (1.55) is diagonal. Thus, a neutrino born with a given flavor will
retain that flavor forever.

Flavor change has been reported for atmospheric neutrinos, solar neutri-
nos, and the accelerator neutrinos studied by the Liquid Scintillator Neutrino
Detector (LSND) experiment. Each of these three reported flavor changes
calls for a splitting ∆m2 that is of an order of magnitude different from the
orders of magnitude called for by the other two. Obviously, these three very
different splittings cannot all be accommodated if there are only three neu-
trino mass eigenstates, since there are then only three splittings ∆m2

ij , and
they obviously satisfy

∆m2
32 +∆m2

21 +∆m2
13 = 0 . (1.61)
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Thus, if all three reported flavor changes prove to be genuine, then nature
must contain at least four neutrino mass eigenstates νi. Now, three linear
combinations of these νi, namely νe, νµ, and ντ, couple to the W boson and
one of the three charged leptons. If there are exactly four νi, then there is
a fourth linear combination of them, νs, orthogonal to νe, νµ, and ντ, which
has no charged-lepton partner, and hence cannot couple to the W. Moreover,
since the decays Z → νανα of the Z into neutrino pairs are found to produce
only three distinct neutrino flavors [21], the fourth neutrino νs evidently does
not couple to the Z either. Thus, νs does not have any of the Standard Model
weak couplings. Such a neutrino is called “sterile”. Obviously, it is quite
unlike the “active” neutrinos, νe, νµ, and ντ. Consequently, it will be very
interesting to see whether all three of the reported neutrino flavor changes
are confirmed, so that nature must contain a sterile neutrino.

1.4 Double Beta Decay

Given the theoretical expectation that neutrinos are Majorana particles, it
would obviously be desirable to confirm experimentally that this is indeed
the case. As mentioned in Sect. 1.1, the observation of neutrinoless double
beta decay, the reaction Nucl → Nucl′ + 2e−, would provide the sought-for
confirmation [6].

If neutrinoless double beta decay (often referred to as 0νββ) does occur,
it is quite likely to be dominated by a mechanism in which the parent nucleus
emits a pair of virtual W− bosons, turning into the daughter nucleus, and
then the W− bosons exchange one or another of the light neutrino mass eigen-
states νi to create the outgoing electrons. The heart of this mechanism is the
second step, W−W− → e−e− via Majorana neutrino exchange. The diagram
for this step is shown in Fig. 1.5. There, the Standard Model weak interaction
is assumed to act at each vertex. If neutrinos and antineutrinos differ, this
interaction creates the exchanged particle as an antineutrino, but can absorb

Fig. 1.5. The process at the heart of neutrinoless double beta decay. The exchanged
particle can be any of the light neutrinos νi
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it only as a neutrino. Thus, the diagram is forbidden unless neutrinos and
antineutrinos do not differ – the Majorana case.

As indicated in Fig. 1.5, the amplitude for W−W− → e−e− is the co-
herent sum of the contributions of all the light neutrino mass eigenstates νi.
From (1.38), the contribution of νi involves the current �Leγ

ρUeiνLi, acting
at both vertices. Thus, this contribution is proportional to U2

ei. It is also pro-
portional to mi. The latter factor may be understood by recalling that the
exchanged νi is produced as an “antineutrino”, which in the Majorana case
simply means that it has the helicity normally associated with an antineu-
trino. That is, it is right-handed, except for a small left-handed piece with an
amplitude of order mi/E, E being its energy. It is only this left-handed piece
that the LH weak current acting to absorb the νi can accommodate without
further suppression. Thus, the amplitude for 0νββ is proportional to a factor
mββ given by

mββ =

∣∣∣∣∣
∑
i

miU
2
ei

∣∣∣∣∣ . (1.62)

This mββ is referred to as the effective neutrino mass for double beta decay.
While neutrino oscillation has provided us with the evidence that neu-

trino masses are nonzero, this process cannot determine the masses mi of the
individual neutrino mass eigenstates. Rather, oscillation can only determine
the (mass)2 splittings ∆m2

ij , as (1.45) for P (να → νβ) makes very evident.
One approach to gaining some information about the mi, and thereby some
knowledge of the absolute scale of the neutrino masses, is to look for kinematic
effects of neutrino mass in the leptonic tritium decays 3H → 3He + e− + νi
(see Chap. 2). Another approach is to look for 0νββ, since a knowledge of
mββ (1.62) would clearly provide at least some information about the scale
of the masses mi.

The effective mass mββ could, in principle, also provide some information
about the CP-violating phases in the matrix U of (1.39). From (1.44), we
see that only the Dirac phase δ in this matrix can influence neutrino os-
cillation. Any Majorana phase, such as α1, is common to an entire column
of U . Thus, this phase cancels out of the oscillation amplitude, in which the
νi contribution, as we see in (1.44), is proportional to U∗

αiUβi. On the other
hand, a Majorana phase, say in the ith column of U , would not cancel out of
mββ, since, as (1.62) shows, the νi contribution to mββ is proportional to U2

ei,
rather than U∗

eiUei. Thus, if we know the masses mi and the mixing angles in
U , and we also know mββ with sufficient precision, we can in principle learn
something about the Majorana phases, or at least demonstrate that they are
present. Whether this would be feasible in practice is being explored [22].
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1.5 Conclusion

Neutrino flavor change, either in vacuo or in matter, implies neutrino mass
and mixing. Thus, the very strong evidence for flavor change makes a com-
pelling case that neutrinos have nonzero masses. Owing to the possibility –
unique to neutrinos – of Majorana mass terms, the physics underlying neu-
trino mass may be quite different from that underlying the masses of the
quarks and charged leptons. In addition, if Majorana mass terms are present,
the neutrinos are Majorana particles, making them quite different from the
other fundamental fermions.

Progress in understanding the world of neutrinos has been quite striking
in recent years. However, we are still only beginning to uncover the secrets
of this world. Exciting years lie ahead.
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2 Laboratory Limits on Neutrino Masses

Christian Weinheimer

The recent neutrino oscillation experiments have obtained nonzero differences
of squared neutrino masses and therefore proven that neutrinos are massive
particles. The values of the neutrino masses have to be determined in a dif-
ferent way. There are two classes of laboratory experiments, both of which
have yielded up to now only upper limits on neutrino masses. The direct
mass experiments investigate the kinematics of weak decays, obtaining in-
formation about the neutrino mass without further requirements. Here, the
tritium β decay experiments give the most stringent results. The search for
neutrinoless double β decay is also very sensitive to the neutrino mass states.
However, this search is complementary to direct neutrino mass experiments,
since it requires neutrinos to be identical to their antiparticles and probes
a linear combination of neutrino masses including complex phases.

This chapter is structured as follows. After an introduction in Sect. 2.1,
the two approaches are discussed together with the current experimental
results in Sects. 2.2 and 2.3, followed by consideration of the outlook for
future activities in Sect. 2.4.

2.1 Introduction

Recent experimental results from atmospheric and solar neutrinos give strong
evidence that neutrinos oscillate from one flavor state into another (see
Chap. 4). Therefore, a neutrino of one specific flavor eigenstate να is a non-
trivial superposition of neutrino mass states νi. This is described by a unitary
mixing matrix Uαi:

να =
∑
i

Uαiνi . (2.1)

Future oscillation experiments will determine the elements Uαi with great
precision.

However, ν-oscillation experiments do not yield the values of the neutrino
masses; in the case of pure vacuum oscillation they are only sensitive to
differences between squared neutrino masses ∆m2

ij = |m2(νi)−m2(νj)|. The
values ∆m2

ij obtained from oscillation experiments only give lower limits on
neutrino masses

Guido Altarelli, Klaus Winter (Eds.): Neutrino Mass, STMP 190, 25–52 (2003)
c© Springer-Verlag Berlin Heidelberg 2003
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max (m(νi),m(νj)) ≥
√
∆m2

ij . (2.2)

On the other hand, if the absolute value of one mass eigenstate νi is
known, all other neutrino masses can be reconstructed with the help of the
differences between the squared neutrino masses, if the signs of the different
m2(νi)−m2(νj) values are known (see Chap. 1).

Information about the neutrino masses can also be deduced from cosmol-
ogy (see Chap. 3). Independent information about neutrino masses comes
from the measurement of the arrival time distribution of neutrinos emitted
in a supernova explosion; the present limit from SN1987a ism(νe) < 23 eV [1]
(see Sect. 2.2 for remarks on m(νe)).

Direct information about neutrino masses can be obtained by laboratory
experiments using two different approaches: the investigation of the decay
kinematics of weak decays and the search for neutrinoless double β decay.
The two methods give complementary information about the neutrino masses
m(νi).

As a result of assuming CPT invariance, we do not distinguish here be-
tween the masses of neutrinos m(νi) and of the corresponding antineutrinos
m(νi).

2.2 Decay Kinematics of Weak Decays

The investigations of the kinematics of weak decays are based on measure-
ments of the charged decay products. Using energy and momentum conser-
vation, the missing neutrino mass can be reconstructed from the kinematics
of the charged particles. The part of the phase space which is most sensitive
to the neutrino mass is that which corresponds to the emission of a nonrel-
ativistic massive neutrino. Therefore, decays that release charged particles
with a small free kinetic energy are preferred.

In principle, a kinematic neutrino mass measurement yields information
about the different mass eigenstatesm(νi), since it performs a projection onto
energy and mass. Usually, however, the different neutrino mass eigenstates
cannot be resolved by the experiment. Therefore, an average over neutrino
mass eigenstates is obtained, which is specific to the flavor of the weak decay
considered, and hence is labeled m(νe), m(νµ), or m(ντ).1 This fact will be
discussed in more detail for the case of the muon neutrino νµ.

1 This average value is not a unique quantity but depends also on how the exper-
iment is analyzed, in particular, whether the analysis is done under the assump-
tion of a single neutrino mass state. Considering, however, the small differences
of squared masses ∆m2

ij obtained by neutrino oscillation measurements and com-
paring those differences with the experimental resolution of the present kinematic
measurements, this question appears to be of a rather academic nature.
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2.2.1 m(νµ)

The muon neutrino mass m(νµ) has been investigated in the two-body decay
of a pion at rest:

π+ → µ+ + νµ or π− → µ− + νµ . (2.3)

Energy and momentum conservation result in a sharp muon momentum p(µ),
from which the mass of the muon neutrino m(νµ) could be obtained as

m2(νµ) = m2(π) +m2(µ)− 2m(π)
√
m2(µ) + p2(µ) . (2.4)

Equation (2.4) applies only if the muon neutrino νµ is a well-defined mass
eigenstate, which is not so in the case of neutrino mixing. Hence, if the muon
momentum p(µ) for pion decay at rest could be measured with sufficient pre-
cision, one would detect three different values p2

i (µ) with relative fractions
|U2

µi|, corresponding to the three mass eigenstates m(νi) contributing to the
muon neutrino νµ. Up to now, however, no direct neutrino mass measure-
ment has discriminated between different neutrino masses or has established
a signal of any nonzero neutrino mass.

Therefore, in the left-hand side of (2.4), we define a mean squared average
of the mass eigenstates of the muon neutrino as

m2(νµ) =
∑
i

|U2
µi|m2(νi) . (2.5)

To deduce m2(νµ) from (2.5), three quantities have to be measured with very
high precision: the muon mass m(µ) = 105.6583568(52)MeV [1], the pion
mass m(π) = 139.570180(350)MeV [1], and the muon momentum obtained
from pion decay at rest p(µ) = 29.791998(110)MeV, which was measured in
a dedicated experiment at the Paul Scherrer Institute, Zürich [2]. Putting
these values into (2.4), one obtains [2]

m2(νµ) = − 0.016± 0.023MeV2 , (2.6)

from which an upper limit on the muon neutrino mass can be derived [1],

m(νµ) < 190 keV (90% C.L.) . (2.7)

2.2.2 m(ντ)

The most sensitive information about m(ντ) comes from the investigation of
τ pairs produced at electron–positron colliders decaying into multiple pions.
Owing to the large mass of the τ, decays into five and six pions give the
highest sensitivity because they restrict the available phase space of the ντ.
However, the corresponding branching ratios are rather small.
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The quantity looked at is the invariant mass of the multiple pions Mπ.
Although Mπ does not have a direct physical meaning, the mass of the tau
neutrino m(ντ) restricts Mπ owing to energy and momentum conservation.
In the rest frame of the decaying τ lepton, M2

π is expressed by

M2
π =

(∑
j

Ej(π),
∑
j

pj(π)
)2

=
(
m(τ)− E(ντ),−p(ντ)

)2

(2.8)

≤
(
m(τ)−m(ντ)

)2

. (2.9)

The most sensitive investigation has been performed by the ALEPH exper-
iment at LEP. Its two-dimensional analysis in the Mπ −∑j Ej,lab(π) plane
restricts m(ντ) as follows [3]:

m(ντ) < 18.2MeV (95% C.L.) . (2.10)

A further improvement based on data from B-factories can be expected, with
an estimated sensitivity limit of 3MeV.

Using the most recent results on atmospheric and solar neutrino oscilla-
tions (see Chap. 4), the neutrino mixing matrix Uαi and the squared mass
differences ∆m2

ij suggest that the averagesm
2(νµ) and m2(ντ) (see (2.5)) are

rather close, owing to the strong νµ–ντ mixing and the very small difference
∆m2

23. Therefore, m(ντ) is already constrained by the limit on the muon
neutrino mass (2.7).

2.2.3 m(νe)

Attempts are being made to determine the mass of the electron neutrino
by investigation of the electron energy spectrum (β spectrum) of a nuclear
β decay [4, 5, 6]. In a β− decay

(Z,A) → (Z + 1, A)+ + e− + νe , (2.11)

the available energy is shared between the β electron and the electron an-
tineutrino, because the recoiling nucleus receives practically no kinetic energy
owing to its much heavier mass. The phase space region of nonrelativistic
neutrinos, where the highest sensitivity to the neutrino mass is achieved, cor-
responds to the very upper end of the β spectrum. To maximize this part,
a β emitter with a very low endpoint energy E0 is required. This require-
ment is fulfilled by 187Re and tritium (T or 3H), which have the two lowest
endpoint energies, of 2.6 keV and 18.6 keV, respectively.

Although tritium has a higher endpoint energy than has 187Re, its use
has several advantages:
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– Tritium decays by a super-allowed2 transition into its mirror nucleus 3He,
resulting in a half-life of 12.3 years, compared with the primordial half-
life of the forbidden transition of 187Re of 5× 1010 yr. The short half-life
yields a high specific activity and minimizes the inelastic processes of
β electrons within the tritium source.

– Owing to the super-allowed decay, the transition matrix element does not
depend on the electron energy: the β spectrum is determined entirely by
the available phase space.

– Tritium has the simplest atomic shell, minimizing the corrections that are
necessary because of the electronic final states or inelastic scattering in
the β source.

These arguments clearly favor tritium for the standard setup, which consists
of a β source connected to a β spectrometer (sometimes called a “passive
source” setup). The advantage of the lower 187Re endpoint energy can only be
exploited if the β source and the spectrometer are the same object (sometimes
called an “active source” setup); this situation is realized in the case of a
cryogenic bolometer, for instance.

β spectrum. According Fermi’s Golden Rule, the transition rate for a β de-
cay where an electron with kinetic energy between E and E+∆E is emitted
is given by the transition matrix element M and the density of final states
ρ(E):

d2N

dtdE
=

2π
h̄
|M2|ρ(E) . (2.12)

Let us first calculate the density of the final states. The number of different
states dn in a volume V with momenta between p and p+dp, or with energies
in the corresponding interval around the total energy Etot, is

dn =
4πp2dpV

h3
=

4πpEtot dEtotV

h3
, (2.13)

This gives a state density per unit energy interval of

dn
dEtot

=
4πpEtotV

h3
=

pEtotV

2π2h̄3 . (2.14)

Since the mass of the nucleus is – especially in our case – much larger than
the energies of the two emitted leptons, we can use the following simplifica-
tion: the nucleus takes up no energy but balances all momenta. Therefore,
2 An allowed or super-allowed transition is not hampered by the conservation

of angular momentum. The outgoing lepton pair couples to give a total spin
of either 0 or 1. Therefore, the angular momentum of the nucleus changes by
∆Ihad = 0,±1 without changing parity.
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we can count the densities of states of the electron and of the neutrino inde-
pendently:3

ρ(E) =
dne

dE
dnν

dE
=

dne

dEe

dnν

dEν
=

peEepνEνV
2

4π4h̄6 . (2.15)

We have used in (2.15) the fact that the differential of the kinetic energy dE
is identical to the differentials of the total energies dEe and dEν .

Using Eν = E0 − E, we can write all energies and momenta in terms of
the kinetic energy of the electron E and its mass m, yielding

ρ(E) =
pe(E +m)

√
(E0 − E)2 −m2(νe)(E0 − E)V 2

4π4h̄6 . (2.16)

The transition matrix element M can be divided into a leptonic part Mlep

and a hadronic part Mhad. Usually the coupling is written separately and
expressed in terms of the Fermi coupling constant GF and the Cabibbo angle
ΘC:

M = GF cosΘCMlepMhad . (2.17)

For an allowed or super-allowed decay such as that of tritium, the leptonic
part |M2

lep| results essentially in the probability for the two leptons to be
found at the nucleus, which is 1/V for the neutrino and (1/V )F (E,Z + 1)
for the electron, yielding

|M2
lep| =

1
V 2

F (E,Z + 1) . (2.18)

The Fermi function F (E,Z + 1) accounts for the final electromagnetic
interaction of the emitted β electron with the daughter nucleus. The Fermi
function is approximately given by [5]

F (E,Z + 1) =
2πη

1− exp(−2πη) , (2.19)

where the Sommerfeld parameter η = α(Z + 1)/β with fine structure con-
stant α and relativistic velocity β = ve/c.

For an allowed or super-allowed transition, the hadronic matrix element
is independent of the kinetic energy of the electron. Generally, this matrix
3 In (2.15), we have not considered the spin of the leptons yet. The two possible

spin orientations of each lepton would give another factor of 2 × 2 if the spins
were independent, which is not the case. The parity-violating V–A structure of
the weak interaction correlates the spin of the electron with that of the neutrino
in a maximum way. And we have just neglected the nucleus concerning energy
and momentum, which we cannot do for the angular momenta. The conservation
of angular momentum connects the lepton spins to the change of the spin of the
decaying nucleus. Therefore, the accounting for the possible spin states is usually
done in the calculation of the nuclear part Mhad of the matrix element M .
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element can be divided into a vector current or Fermi part (∆Ihad = 0) and
an axial current or Gamow–Teller part (∆Ihad = ±1). The hadronic matrix
element for tritium is [4]

|M2
had(tritium)| = 5.55h̄6 . (2.20)

Using (2.12), (2.15), (2.17), and (2.18) and the energy difference ε =
E0 − E, the β spectrum of an allowed or super-allowed decay is given by

d2N

dtdE
=

G2
F cos2 ΘC

2π3h̄7 |M2
had|F (E,Z + 1)p(E +m)ε

×
√
ε2 −m2(νe)Θ(ε−m(νe))

= AF (E,Z + 1)p(E +m)ε

×
√
ε2 −m2(νe)Θ(ε−m(νe)) . (2.21)

Equation (2.21) holds only for the decay of a bare, infinitely heavy nucleus.
For the more realistic case of an atom or a molecule, the possible excitation
of the electron shell due to the sudden change of the nuclear charge by one
unit has to be taken into account. The atom or molecule will end up in a spe-
cific state of excitation energy Vj with a probability Wj . The corresponding
excitation probabilities can be calculated in the sudden approximation from
the overlap of the primary electron wave function Ψ0 with the wave functions
of the daughter ion Ψf,j:

Wj = | 〈Ψ0|Ψf,j〉 |2 (2.22)

Equation (2.21) is thus modified into a sum of β spectra of amplitude Wj

with different endpoint energies E0,j = E0 − Vj :

d2N

dtdE
= AF (E,Z + 1) p (E +m)

×
∑
j

Wjεj

√
ε2j −m2(νe)Θ(εj −m(νe)) . (2.23)

The energy differences εj are then defined by εj = E0 − Vj − E.
In case of neutrino mixing, the spectrum is a sum of the components of

decays into mass eigenstates:

d2N

dtdE
= AF (E,Z + 1) p (E +m)

×
∑
j

Wjεj

(∑
i

|Uei|2
√
ε2j −m2(νi)Θ(εj −m(νi))

)
. (2.24)

When this spectrum is convoluted with an experimental resolution function
which is much wider than the mass differences |m(νi) −m(νj)| (which has
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Fig. 2.1. Tritium β spectrum according to (2.24), not taking into account the elec-
tronic final-state distribution. Left, full β spectrum; right, expanded region around
tritium endpoint E0 for m(νe) = 0 (dashed line) and for two neutrino mass states
with arbitrarily chosen values m(ν1) = 1.0 eV, |Ue1|2 = 0.7, and m(ν2) = 1.5 eV,
|Ue2|2 = 0.3 (solid line). The gray shaded area corresponds to a fraction 2 × 10−13

of all tritium β decays

always been the case so far), the resulting spectrum can be analyzed in terms
of a single mean squared electron neutrino mass

m2(νe) =
∑
i

|Uei|2m2(νi) , (2.25)

and (2.23) applies again.
The square-root term of (2.21) shows that the neutrino mass influences

the β spectrum only at the upper end below E0, and its relative influence
decreases in proportion to m2(νe)/ε2 (see Fig. 2.1), leading far below the
endpoint to a small, constant offset proportional to −m2(νe).

Figure 2.1 defines the requirements of a direct neutrino mass experiment
which investigates a β spectrum: the task is to resolve the tiny change in
the spectral shape due to the neutrino mass in the region just below the
endpoint E0, where the count rate is about to vanish. Therefore, high energy
resolution is required, combined with large source strength and acceptance
and a low background rate.

Tritium β Decay Experiments. The majority of the direct laboratory
results onm(νe) published originate from the investigation of tritium β decay,
while one single result from 187Re has been reported at conferences.4 In the
long history of tritium β decay experiments, about a dozen experimental
results have been reported, starting with the experiment of Curran in the
late 1940s, which yielded m2(νe) < 1 keV [21]. A pioneering breakthrough
4 There are also results from investigations of electron capture [19] and bound-

state β decay [20], which are about two orders of magnitude less stringent on the
neutrino mass.
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was obtained by Bergkvist in the early 1970s [22] by constructing a high-
luminosity, high-resolution

√
2π magnetic spectrometer, resulting in an upper

limit on the neutrino mass of 55 eV. This was also the first work which took
into account the influence of the excitations of the electron shell.

After a claim of a discovery of a nonzero neutrino mass around 30 eV
at the beginning of the 1980s by a group from the Institute of Theoretical
and Experimental Physics (ITEP) in Moscow [23] a series of new experi-
ments were started to check this result. The ITEP group used a thin film of
tritiated valine as the β source, combined with a new type of magnetic spec-
trometer. This Tretyakov spectrometer had a superior luminosity and energy
resolution compared with previous spectrometers. The first results testing the
ITEP claim came from experiments at the University of Zürich [24] and the
Los Alamos National Laboratory (LANL) [25]. Both of those groups used
similar Tretyakov-type spectrometers, but more advanced tritium sources
than that of the ITEP group. The Zürich group used a solid source of tri-
tium implanted into carbon and, later, a self-assembling film of tritiated hy-
drocarbon chains. The LANL group developed a gaseous molecular-tritium
source, thereby avoiding solid-state corrections. Both experiments disproved
the ITEP result. The reason for the ITEP “mass signal” was twofold: the
energy loss correction was probably overestimated, and a measurement of
the 3He–T mass difference [26] confirming the endpoint energy of the ITEP
result turned out later to be significantly wrong [27].

In the 1990s, tritium β decay experiments again yielded controversial re-
sults. Figure 2.2 shows the final results of the experiments at LANL and
Zürich together with the results from other, more recent measurements with
magnetic spectrometers at the University of Tokyo, Lawrence Livermore Na-
tional Laboratory, and Bejing. The sensitivity to the neutrino mass has im-
proved a lot, but the observed values ofm2(νe) populate the unphysical region
of negative m2(νe). In the case of two experiments, significantly negative re-
sults for the mass were obtained. In 1991 and 1994, two new experiments
started taking data at Mainz and at Troitsk; these use a new type of elec-
trostatic spectrometer, called a MAC-E filter, which is superior in energy
resolution and luminosity with respect to the magnetic spectrometers used
previously. However, the early data of those experiments confirmed the large
negative m2(νe) values of the LANL and Livermore experiments when the
data were analyzed over the last 500 eV of the β spectrum below the end-
point E0. However, a new feature was observed. The large negative values of
m2(νe) disappeared when only small intervals below the endpoint E0 were
analyzed (see Fig. 2.6). This effect, which could only be investigated with the
high-resolution MAC-E filters, pointed towards an energy loss process that
had been underestimated or not taken into account, seemingly present in all
experiments. The only common feature of the various experiments seemed to
be the calculations of the excitation energies Vi of the daughter ions and of
the probabilities Wi. Various theory groups checked these calculations in de-
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Fig. 2.2. Results of tritium β decay experiments in terms of the observed value
of m2(νe) over the last decade. The experiments at Los Alamos, Zürich, Tokyo,
Beijing, and Livermore [7, 8, 9, 10, 11], which have been completed, used magnetic
spectrometers; the ongoing experiments at Mainz and Troitsk [12, 13, 14, 15, 16,
17, 18] are using electrostatic spectrometers of the MAC-E Filter type (see text)

tail. The expansion was calculated to one further order and new, interesting
insight into this problem was obtained, but no significant changes were found
(see [28] and references therein).

Then the Mainz group found the origin of the energy loss process in its
experiment that was missing from the analysis. The Mainz experiment uses
as the tritium source a film of molecular tritium quench-condensed onto an
aluminum or graphite substrate. Although the film was prepared as a homo-
geneous thin film with a flat surface, detailed studies showed that the film
underwent a temperature-activated roughening transition to an inhomoge-
neous film by formation of microcrystals, leading to an unexpectedly large
inelastic-scattering probability.

The Troitsk experiment, on the other hand, uses a windowless gaseous
molecular tritium source, similar to that in the LANL apparatus. Here, the
influence of large-angle scattering of electrons magnetically trapped in the
tritium source was not considered in the first analysis. The Troitsk group
stated that if this effect was taken into account it gave a correction large
enough to make the negative values of m2(νe) disappear.

It is very likely that for the experiments at LANL and Livermore also,
experimental effects caused the negative values ofm2(νe). A missing or under-
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estimated experimental correction leads to a negative value of m2(νe). This
can be understood by the following consideration. For ε � m(νe), (2.21) can
be expanded into

dN
dE

∝ ε2 −m2(νe)/2 . (2.26)

On the other hand, the convolution of a β spectrum (2.21) with a Gaussian
of width σ leads to

dN
dE

∝ ε2 + σ2 . (2.27)

Therefore, in the presence of a neglected experimental broadening with a
Gaussian width σ, one expects a shift of the result for m2(νe) of

∆m2(νe) ≈ −2σ2 , (2.28)

which gives rise to a negative value of m2(νe).

MAC-E Filter. The significant improvement in the sensitivity to the ν mass
obtained by the Troitsk and Mainz experiments is due to the use of MAC-
E filters. This new type of spectrometer is based on early work by Kruit
and Read [29] and was later redeveloped for application to the study of
tritium β decay independently at Mainz and Troitsk [30, 31]. The MAC-
E filter combines high luminosity with a low background and a high energy
resolution. Both features are essential to measuring the neutrino mass from
the endpoint region of a β decay spectrum. The name “MAC-E filter” stands
for Magnetic Adiabatic Collimation followed by an Electrostatic Filter.

The main features of the MAC-E filter are illustrated in Fig. 2.3. Two
superconducting solenoids produce a guiding magnetic field. The β electrons,
which start from the tritium source in the left solenoid and are emitted into
the forward hemisphere, are guided magnetically, in a cyclotron motion along
the magnetic field lines, into the spectrometer, thus resulting in an accepted
solid angle of nearly 2π. On their way into the center of the spectrometer,
the magnetic field B drops by several orders of magnitude. Therefore, the
magnetic gradient force transforms most of the cyclotron energy E⊥ into
longitudinal motion. This is illustrated in Fig. 2.3 at the bottom by the mo-
mentum vector. Owing to the slowly varying magnetic field, the momentum
transforms adiabatically, keeping the magnetic moment µ constant: in the
the nonrelativistic approximation,

µ =
E⊥
B

= const. (2.29)

This transformation can be summarized as follows: the β electrons, emitted
isotropically at the source, are transformed into a broad beam of electrons
flying almost parallel to the magnetic field lines.

This parallel beam of electrons is energetically analyzed by applying an
electrostatic potential generated by a system of cylindrical electrodes. Those
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Fig. 2.3. Principle of the MAC-E filter. Top, experimental setup; bottom, momen-
tum transformation due to adiabatic invariance of the orbital magnetic moment µ
in the inhomogeneous magnetic field

electrons which have enough energy to pass the electrostatic barrier are reac-
celerated and collimated onto a detector; all other electrons are reflected.
Therefore, the spectrometer acts as an integrating high-energy-pass filter.
The relative sharpness of this filter is given simply by the ratio of the mini-
mum magnetic field Bmin in the analyzing plane in the middle to the max-
imum magnetic field between the β electron source and the spectrometer,
Bmax:

∆E
E

=
Bmin

Bmax
. (2.30)

By scanning the electrostatic retarding potential, the β spectrum can be
measured.

The experiments at Mainz and Troitsk use similar MAC-E filters, which
differ slightly in size. The diameter and length of the Mainz spectrometer are
1m and 4m, respectively, and those of the Troitsk spectrometer are 1.5m
and 7m, respectively. The major differences between the two setups are in
the tritium sources.

The Troitsk Neutrino Mass Experiment. The windowless gaseous tritium
source of the Troitsk experiment [17] is essentially a tube 5 cm in diame-
ter filled with T2, with a column density of ρd ≈ 1017 molecules/cm2. The
source is connected to the ultrahigh vacuum of the spectrometer by a series
of differential-pumping stations.
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From their first measurement in 1994 on, the Troitsk group has reported
the observation of a small but significant anomaly in its experimental spectra
starting a few eV below the β endpoint E0. This anomaly appears as a sharp
step in the count rate [16]. Since a MAC-E filter is integrating, this step
should correspond to a narrow line in the primary spectrum, with a relative
intensity of about 10−10 of the total decay rate. In 1998 the Troitsk group
reported that the position of this line oscillates with a periode of 0.5 years,
between 5 eV and 15 eV below E0 [17]. In 2000, the anomaly did not follow
the 0.5 year periodicity anymore, but still existed [39]. In total, the Troitsk
experiment has taken 200 days of tritium data, and in almost all of the runs
this anomaly has been observed.

The reason for such an anomaly with such features is not clear. Detailed
investigations are continuing at Troitsk. In addition, synchronous measure-
ments with the Mainz experiment have been performed. In 2001, the Troitsk
group improved the differential pumping between the gaseous tritium source
and the spectrometer, lowered the electric field strength in a critical region,
and improved the vacuum. The first two runs of 2001 either gave no indi-
cation of an anomaly or showed only a small effect with an amplitude of
2.5× 10−3 /s, to be compared with the previously observed effects with am-
plitudes between 2.5× 10−3 /s and 13× 10−3 /s. These findings also support
the assumption that the Troitsk anomaly is due to an still unidentified ex-
perimental artefact [32].

By fitting a standard β spectrum to the data, the Troitsk group obtained
significantly negative values of m2(νe) of −10 to −20 eV2 (see filled circle in
Fig. 2.2). Describing the anomaly phenomenologically by adding a monoen-
ergetic line, free in amplitude and position, to a standard β spectrum results
in values of m2(νe) compatible with zero [17] (see open circles in Fig. 2.2).
After this correction, the average over all runs until 2001 amounts to [32]

m2(νe) = −2.3± 2.5± 2.0 eV2 ,

which corresponds – under the assumption that the run-by-run correction
with an additional line is correct – to an upper limit [32] of

m(νe) ≤ 2.2 eV (95% C.L.) .

The Mainz Neutrino Mass Experiment. The Mainz experiment uses a film
of molecular tritium quench-condensed onto a graphite (HOPG) substrate.
The film has a diameter of 17mm and a typical thickness of 40 nm, which
is measured by laser ellipsometry. The problem of the roughening transition
mentioned above has been investigated by the Mainz group in cooperation
with Leiderer’s condensed-matter group at Konstanz, Germany, using con-
version electron spectroscopy and scattered-light techniques on the various
hydrogen isotopes [33, 34]. The following results were obtained. The roughen-
ing transition follows an Arrhenius-type law. Thus, it cannot be avoided, but
it can be drastically slowed down by using lower temperatures. A T2 film at
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2K has a time constant of order 10 yr [34], i.e. much longer than the typical
duration of a measurement.

In the years 1995–1997, the Mainz setup was upgraded with a new cryo-
stat, providing a temperature of the tritium film below 2 K, to avoid the
roughening transition. Also, a new, tilted pair of superconducting solenoids
was installed (see Fig. 2.4). Consequently, β particles from the source are still
guided magnetically into the spectrometer, whereas tritium molecules evapo-
rating from the source are trapped in the bend of a liquid-helium-cooled tube
covered with graphite. This measure eliminated source-correlated background
and allowed us to increase the source strength significantly. The upgrade of
the Mainz setup was completed by the application of high-frequency pulses to
one of the electrodes in between measurements every 20 s, and a full automa-
tion of the apparatus and remote control. The former improvement lowers
and stabilizes the background; the latter improvement allows long-term mea-
surements.

Figure 2.5 shows the endpoint region of the Mainz 1998 and 1999 data [15],
in comparison with the earlier Mainz 1994 data [13]. An improvement in the
signal-to-background ratio by a factor of 10 and a significant enhancement
in the statistical quality of the data are clearly visible. A fit with m2(νe)
fixed to zero fits perfectly the latter data set over the last 15 eV of the
β spectrum. This limits any persistent spectral anomaly in this range to
an amplitude below 10−3 /s (as against a total flux of 108 /s entering the
spectrometer). A spectral anomaly like the fluctuating anomaly reported by
the Troitsk group [16, 17], on the other hand, would reaches an amplitude of
up to 10−2 /s.

The main systematic uncertainties of the Mainz experiment originate from
the physics and properties of the quench-condensed tritium film: the inelastic
scattering of β electrons within the tritium film, the excitation of neighboring
molecules due to the β decay, and the self-charging of the tritium film by
radioactivity.

Fig. 2.4. The upgraded Mainz setup, shown schematically. The outer diameter is
1 m; the distance from source to detector is 6 m
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Fig. 2.5. Averaged count rate of the Mainz 1998 and 1999 data [15] (points), with
fit (line), in comparison with earlier Mainz data from 1994 [13], as a function of
the retarding energy near the endpoint E0, and the effective endpoint E0,eff . The
position of the latter takes into account the width of the response function of the
setup and the mean rotation–vibration excitation energy of the electronic ground
state of the 3HeT+ daughter molecule

These systematic uncertainties were studied in detail by various investi-
gations [35, 36, 37], and the knowledge of the corresponding corrections was
significantly improved.

Figure 2.6 shows the fit results of the combined Mainz 1998 and 1999 data
for m2(νe) as a function of the lower limit of the fit interval. The monotonic
trend towards negative values of m2(νe) for larger fit intervals, as observed
for the Mainz 1991 and 1994 data [12, 13], has vanished. This shows that
the dewetting of the T2 film from the graphite substrate [33, 34] was indeed
the reason for this behavior. Now this effect is safely suppressed by the much
lower temperature of the T2 film. The data do not show any indication of
other residual distortions. The energy interval below the endpoint that yields
the smallest combined statistical and systematic uncertainty in the neutrino
mass corresponds to the last 70 eV below the endpoint E0, and gives [15]

m2(νe) = −1.6± 2.5± 2.1 eV2 ,

which is compatible with a zero neutrino mass. Considering its uncertainties,
this value corresponds to an upper limit on the electron neutrino mass of [15]
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Fig. 2.6. Mainz fit results for m2(νe) as a function of the lower limit of the fit
interval (upper limit always 18.66 keV, well above E0), for data from 1991 [12]
(open squares), from 1994 [13] (open triangles), and from the last four runs of 1998
and 1999 [15] (filled circles)

m(νe) ≤ 2.2 eV (95 % C.L.) .

Further data have been taken at Mainz in 2000 and 2001, reducing slightly
the uncertainties and bringing m2(νe) closer to zero, but without improving
the limit on m(νe) [32, 38].

Indications of a “Troitsk-like” anomaly at Mainz were observed only once,
in summer 1998. This single coincidence did not appear in previous or later
runs [14]. Of special interest are the Mainz 2000 runs, although they were done
under less favorable conditions. In particular, part of the data was taken in
parallel with the Troitsk experiment. Whereas the Troitsk experiment again
found indications of the anomaly [39], at Mainz no indication of a Troitsk-like
anomaly was found [40]. In summary, the Mainz data clearly indicate that
the anomaly observed at Troitsk is caused by some experimental artifact [32].

β Decay Experiments with Cryogenic Bolometers. Owing to the com-
plicated electronic structure of 187Re and its β decay (see Sect. 2.2.3), the
advantage of the seven times lower endpoint energy E0 of 187Re compared
with tritium can only be exploited if the β spectrometer measures the entire
released energy, except that of the neutrino. This situation can be realized
by using a cryogenic bolometer, which at the same time contains the 187Re
β emitter, as the β spectrometer (see Fig. 2.7).



2 Laboratory Limits on Neutrino Masses 41

electro−thermal link

particle absorber
 emitter andβ

thermometer

Fig. 2.7. Principle of a cryogenic bolometer for direct neutrino mass measurements,
consisting of a β-emitting crystal, which serves at the same time as the particle
and energy absorber. The energy release ∆W gives rise to a temperature increase
∆T = ∆W/C, where C is the heat capacity; the temperature rise is measured
by a thermometer. The electric readout wires of the thermometer link the whole
bolometer to a thermal bath

One disadvantage of this method is the fact that one always measures
the entire β spectrum. Even in the case of the very low endpoint energy of
187Re, the relative fraction of events in the last eV below E0 is only of order
10−10 (compare Fig. 2.1). Considering the long time constant of the signal of
a cryogenic bolometer (typically several hundred microseconds), only large
arrays of cryogenic bolometers can deliver the signal rate needed.

At present, two groups are working on 187Re β decay experiments, in
Milan [41] and Genoa [42]. Although cryogenic bolometers with an energy
resolution of 5 eV have been produced with other absorbers, this has yet not
been achieved for rhenium. The two groups are using different ways to pro-
duce the crystals used in the experiments. The MANU2 experiment in Genoa
has succeeded in preparing crystals from metallic rhenium. This group has
reported a limit on m(νe) of 26 eV [43]. The Genoa group understands its
measured spectra well and has seen, for the first time, the oscillation pattern
of the β environmental fine structure [44], which describes the interference
between the outgoing electron wave function with its own after being coher-
ently scattered on the crystal. This effect is similar to the interference on
crystals observed near the photon absorption edges for photoelectrons un-
der the name X-ray environmental fine structure (XEFS). The Genoa group
expects a sensitivity to m(νe) of 10 eV in the near future. A significant fur-
ther improvement could be obtained by improving the energy resolution of
the crystals, by using new, superconducting transition thermometers. The
MiBeta experiment in Milan uses AgReO4 crystals with a typical energy
resolution of 35 eV. There is no result for m(νe) yet; the expected sensitivity
is similar to that for the Genoa experiment.

2.3 Search for Neutrinoless Double β Decay

The second way to look for neutrino masses is to search for neutrinoless double
β decay, 0νββ [45, 46, 47, 48, 49]. In contrast to the direct neutrino mass
determination based on the investigation of the kinematics of weak decays,
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0νββ decay requires that neutrinos are identical to their antiparticles. This
method is sensitive to the phases of the neutrino mixing matrix, as outlined
in the following. For these reasons, the search for neutrinoless double β decay
is complementary to the direct neutrino mass investigations.

2.3.1 Double β Decay

In 1937 Majorana discussed the possibility that the neutral neutrinos could be
their own antiparticles (“Majorana particles”) [50]. Earlier, Goeppert-Mayer
had calculated that double-β lifetimes were of order 1020 yr [51].

After indirect proof by geochemical methods [52], a double β decay of 82Se
was directly observed for the first time in 1987 [53], yielding in both cases
halflives in accordance with theoretical expectations. This twofold conversion
of a neutron into a proton (or vice versa) in one nucleus at the same time is
a weak process of second order which emits two electrons and two electron
antineutrinos (or two positrons and two electron neutrinos):

β−β− : (Z,A) → (Z + 2, A)2+ + 2e− + 2νe ,

β+β+ : (Z,A) → (Z − 2, A)2− + 2e+ + 2νe . (2.31)

This second-order decay can be observed if single β decay is not allowed
energetically or is highly forbidden. Double-β candidates are provided by pairs
of even–even nuclei; this can be explained by the two separate mass parabolas
for even–even and odd–odd nuclei. About a dozen double-β emitters have
been detected experimentally (see Table 2.1).

Let us consider now the case in which one virtually emitted antineutrino
(or neutrino for β+β+ decay) at one decay vertex is absorbed at the other
vertex as a neutrino (see Fig. 2.8). This process is called neutrinoless double
β decay:

0νβ−β− : (Z,A) → (Z + 2, A)2+ + 2e− ,

0νβ+β+ : (Z,A) → (Z − 2, A)2− + 2e+ . (2.32)

The existence of this process requires neutrinos to be identical to their
antiparticles, i.e. Majorana particles (see Chap. 1). This process violates con-
servation of lepton number by two units. Therefore, this process cannot be
described in the framework of the Standard Model, but it is predicted in most
theories going beyond it.

In addition, the left-handed structure of the weak interaction requires
that the antineutrino is emitted at the first vertex as a right-handed particle,
but it has to be absorbed at the second vertex as a left-handed particle.
Therefore, a helicity flip of the neutrino is necessary. To see the dependence
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Table 2.1. Experimentally measured 2νββ half-lives (lower limit for 136Xe),
from [49] (where details and further references may be found).

Isotope T2ν
1/2 (yr)

48Ca (4.2 ± 1.2) × 1019

76Ge (1.3 ± 0.1) × 1021

82Se (9.2 ± 1.0) × 1019

96Zr† (1.4+3.5
−0.5) × 1019

100Mo (8.0 ± 0.6) × 1018

116Cd (3.2 ± 0.3) × 1019

128Te(1) (7.2 ± 0.3) × 1024

130Te(2) (2.7 ± 0.1) × 1021

136Xe > 8.1 × 1020 (90% C.L.)
150Nd† 7.0+11.8

−0.3 × 1018

238U(3) (2.0 ± 0.6) × 1021
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Fig. 2.8. Double β decays; left, 2νββ; right, 0νββ

on the neutrino mass,5 we write down the part of the two lepton currents
JαJβ of the transition matrix element M for the ordinary double β decay
and use the neutrino mass states (2.1) directly:

Mαβ ∝ JαJβ (2.33)
= 〈e|γα(1 − γ5)|νe〉 〈e|γβ(1− γ5)|νe〉 (2.34)

=


∑

i

Uei 〈e| γα(1− γ5) |νi〉



∑

j

Uej 〈e| γβ(1− γ5) |νj〉

 .(2.35)

We can turn the bracketed quantity denoting the second current into its
transpose:
5 The existence of weak right-handed currents would also allow the coupling of

a right-handed neutrino at the second vertex, without requiring a nonzero neu-
trino mass. However, a rather general theorem predicts nonzero neutrino masses
for all cases in which 0νββ decay takes place [54].
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JαJβ =


∑

i

Uei 〈e|γα(1− γ5)|νi〉



∑

j

Uej 〈νjc|(1− γ5)γβ |ec〉

 .

(2.36)
To describe a neutrinoless double β decay, we have to contract two neutrinos
of (2.36) into an inner spin-1/2 propagator of the neutrinos (which needs to
be summed over all neutrino spins). For this purpose, we have to transform
the antineutrino states νic into neutrino states νi, which gives rise to Majo-
rana phases eıα

′
i . Considering in addition the orthogonality of the different

neutrino mass eigenstates νi, we obtain∑
i

Uei| νi〉
∑
j

Uej 〈νjc | =
∑
i

Uei| νi〉
∑
j

Uej eıα
′
i 〈νj | (2.37)

=
∑
i

U2
ei e

ıα′i | νi〉 〈νi | (2.38)

→
∑
i

U2
ei e

ıα′i
γµpµ +m(νi)
p2 −m2(νi)

. (2.39)

The numerator of (2.39) has two terms. Since γ5 and γµ anticommute, the first
term, proportional to γµpµ, vanishes between the two left-handed projectors
(1−γ5), whereas the second term, proportional to m(ν), survives. Therefore
the leptonic part of the 0νββ decay matrix element M is proportional to an
effective neutrino mass:

M ∝
∣∣∣∣∣
∑
i

U2
ei e

ıα′im(νi)

∣∣∣∣∣ := mee . (2.40)

When we include the nuclear part of the matrix element Mnucl and the phase
space factor G0ν, we obtain the following for the half-life:

(
T

0νββ
1/2

)−1

= G0ν|Mnucl|2mee
2 . (2.41)

Although the measured nuclear matrix elements of normal 2νββ decay can be
calculated quite successfully, the calculation of the nuclear part of the matrix
element for 0νββ decay is a difficult task, and gives rise to a systematic
uncertainty with regard to mee of about a factor of 2. The reason for this
is the virtual neutrino exchange in the case of 0νββ decay, which transfers
momenta up to ≈ 100MeV (≈ h̄/Rnucleus), possibly exciting intermediate
states with L ≤ 5.

In addition to the Majorana phases α′
i, the values U

2
ei are in general com-

plex, owing to a possible CP-violating phase δ in the lepton sector. The lat-
ter is in principle observable in oscillation experiments; the former Majorana
phases α′

i are not. We combine both phases into new phases αi:

mee =

∣∣∣∣∣
∑
i

eıα
′
iU2

eim(νi)

∣∣∣∣∣ =
∣∣∣∣∣
∑
i

eıαi |U2
ei|m(νi)

∣∣∣∣∣ . (2.42)
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In the case of CP conservation, each phase gives only a sign:

eıαi = ±1 . (2.43)

Equation (2.42) has to be compared with the average neutrino mass measured
in β decay,

m2(νe) =
∑
i

|U2
ei|m2(νi) . (2.44)

Equation (2.44) describes a real average with coefficients 0 ≤ |U2
ei| ≤ 1 origin-

ating from an incoherent sum, whereas in (2.42), cancellation can take place,
since it describes a coherent sum over all mass eigenstates contributing to the
inner neutrino propagator. In principle, neutrinos could be massive Majorana
particles while mee vanishes owing to cancellation effects.

Since the value of Ue3 is very small (see Chap. 4), especially in the case
of quasi-degenerate neutrino masses (m(ν1) ≈ m(ν2) ≈ m(ν3)) and large
mixing for solar neutrinos (sin 2Θ� → 1), the 0νββ decay signal is strongly
reduced in the case where eıα1 eıα2 = −1. The following relation [55] connects
the “effective neutrino mass” mee measured in 0νββ decay (2.42) with the
“electron neutrino mass” m(νe) determined in direct mass measurements by
investigating β decays (2.44) and the two-flavor mixing angle Θ� of solar
neutrino oscillation (see Chap. 4):

mee ≤ m(νe) ≤ mee

| | cos 2Θ�| (1− |U2
e3|)− |U2

e3| |
. (2.45)

It should be noted that in theories beyond the Standard Model, such as
Supersymmetry, additional, new particles can appear in the inner propagator,
which would require us to enlarge (2.40).

2.3.2 Double-β-Decay Experiments

The signature of a 0νββ decay in the case of a β−β− decay (or β+β+ decay)
is the emission of two decay electrons (or positrons) which carry the whole
available energy Q, since no neutrinos are emitted. The sum energy spectrum
of the two electrons should exhibit a sharp line at the Q-value of the double
β decay (see Fig. 2.9). The phase space factor for 0νββ decay is larger than
that for 2νββ decay and scales with Q5. For mee = 1 eV, the correspond-
ing half-lives for 0νββ decay range from 1022 yr to 1025 yr, depending on the
phase space factor and the nuclear matrix elements (see Table 2.2). The long
half-life requires experiments to use large masses and to have a sufficiently
small background. Therefore, all such experiments have been installed in un-
derground laboratories with several thousands of meter water-equivalent of
overburden to shield muons. In the case of experiments with moderate en-
ergy resolution or ultrahigh sensitivity, not only is environmental background
a problem, but also the background from the normal double β decay plays
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Fig. 2.9. Schematic illustration of sum energy spectra for 2νββ and 0νββ decays.
The 0νββ decay signal was convoluted with an arbitrarily chosen experimental
Gaussian resolution function

Table 2.2. Limits on 0νββ decay at 90% confidence level (except where noted),
from [49] (where details may be found). The limits and ranges of m(ν) are those
deduced by the authors of the papers cited, using their choice of matrix elements

Isotope T 0ν
1/2 (yr) mee (eV) Reference

48Ca > 9.5 × 1021(76%) < 8.3 [61]
76Ge > 1.9 × 1025 < 0.35 [62]

> 1.6 × 1025 < 0.33–1.35 [63]
82Se > 2.7 × 1022(68%) < 5 [56]
100Mo > 5.5 × 1022 < 2.1 [57]
116Cd > 7 × 1022 < 2.6 [64]
128,130Te T1/2(130)/T1/2(128) < 1.1–1.5 [65]

= (3.52 ± 0.11) × 10−4

(geochemical)
128Te > 7.7 × 1024 < 1.1–1.5 [65]
130Te > 1.4 × 1023 < 1.1–2.6 [60]
136Xe > 4.4 × 1023 < 1.8–5.2 [59]
150Nd > 1.2 × 1021 < 3 [66]

a role. A way to enhance the signal-to-background ratio is to use isotopically
enriched material.

There are several experimental approaches to search for 0νββ decay. One
way to obtain a sufficient background suppression is to identify both of the
electrons emitted from a thin foil and measure their energy. The pioneering
University of California at Irvine (UCI) group used a time projection chamber
(TPC) to do this with 82Se, 100Mo, and 150Nd [56]. The Electron Gamma-
Ray Neutrino Telescope (ELEGANT) experiments use several methods to
perform spectroscopy on the two double-β-decay electrons of 48Ca, 100Mo,
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and 116Cd [57]. The Neutrino Ettore Majorana Observatory (NEMO) detec-
tors use foils of 82Se, 94,96Zr, 100Mo, and 116Cd and tracking chambers [58].

An alternative way is to use the double-β-emitter source as an active
detector: one realization of this principle uses xenon as a counting gas in
a TPC. The Gotthard xenon experiment is searching for the double β decay
of 136Xe [59]. The cryogenic bolometer technique allows one, in principle,
to use various double-β emitters as active sources. The MiBeta experiment
at Gran Sasso [60] currently uses 20 TeO2 crystals with a total weight of
6.8 kg. The energy resolution in the signal region is 8 keV. Although four of
the 20 crystals are isotopically enriched, the high natural abundance of 130Te
does not in fact require isotopic enrichment. The third way to perform an
active-source experiment is to use the semiconductor material germanium,
which contains the double-β-decay isotope 76Ge with a 7.8% natural abun-
dance. Table 2.2 lists the experimental results obtained in the search for
0νββ decay.

At present, the most sensitive experiment is the Heidelberg–Moscow ex-
periment, which uses about 11 kg of enriched germanium with an isotopic
abundance of 76Ge of 86% [62]. Five detectors have been running for ten
years in the Gran Sasso underground laboratory. The use of good shielding,
low-level materials, and pulse shape discrimination has led to a very low back-
ground in the signal region of b = 0.06 (yr kg keV)−1 (see Fig. 2.10). Descrip-
tion of the various background lines by a detailed background model allowed
the researchers to subtract the line-induced background. The remaining back-
ground below the signal region is mainly due to 2νββ decay (see Fig. 2.11).
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Fig. 2.10. Summed spectra of all five Germanium detectors in the Heidelberg–
Moscow experiment in the region of interest for 0νββ decay, after 53.9 kg yr of
measurement (light gray), and “single-side events” after pulse shape discrimination
to reduce photon-induced background after 35.5 kg yr of measurement (dark). The
curves correspond to the excluded signals for T 0ν

1/2 ≥ 1.3 × 1025 yr (90% C.L.) and

T 0ν
1/2 ≥ 1.9 × 1025 yr (90% C.L.). From [62].
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Fig. 2.11. Summed spectra of all five germanium detectors in the Heidelberg–
Moscow experiment after 47.7 kg yr of measurement (histogram), residual spectrum
after subtracting all identified background components (gray-shaded histogram),
and fitted 2νββ decay signal (solid line), from [62]

Until recently, the Heidelberg–Moscow collaboration reported a lower limit
on the half-life of

T 0νββ
1/2 ≥ 1.9× 1025 yr (90% C.L.) , (2.46)

and an upper limit on the effective neutrino mass mee of

mee ≤ 0.35 eV (90% C.L.) (2.47)

(not considering the systematic uncertainty in the nuclear matrix element of
about a factor of 2) [62]. Very similar values are being obtained from the
IGEX collaboration, which also uses detectors containing enriched 76Ge [63].
Considering (2.45), the germanium double-β-decay experiments and the di-
rect tritium β decay experiments have reached about the same sensitivity for
the electron neutrino mass m(νe).

In December 2001, a subgroup of the Heidelberg–Moscow collaboration
published evidence for a 0νββ decay signal [67]. This statement was based on
nearly the same data as that of the previous analysis, but this time the exis-
tence of several peaks around the signal region was assumed. This assumption
decreases the average background rate, and a signal peak at the expected po-
sition shows up at a significance of 2–3σ giving a best value of mee = 0.39 eV.
This result provoked several critical comments (see [68, 69, 70, 71]), which
stated that a much better understanding of the background was needed be-
fore this claim could be accepted. Therefore, further investigation and an
independent check are needed.

The current 0νββ decay experiments are not sensitive enough to check the
Heidelberg–Moscow claim, but two next-generation experiments have just
started to take data. NEMO 3 [72], a large follow-up of the two previous
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NEMO experiments, started to run in spring 2002. NEMO 3 uses double-β-
decay active foils with a total mass of about 10 kg, in between drift chambers
operating in Geiger mode in a magnetic field. CUORICINO [73], a follow-
up of the MiBeta TeO2 cryogenic bolometers, but with a better energy
resolution, lower background, and higher total mass, has started to take data
in 2002. Both experiments aim for a sensitivity to mee well below 1 eV.

2.4 Summary and Outlook

As shown in Chap. 4, there is strong evidence for neutrino masses from exper-
iments with atmospheric, solar and reactor neutrinos, clearly indicating that
neutrinos have nonzero masses. Oscillation experiments are sensitive to the
neutrino mixing matrix Uαi and differences between squared neutrino masses
∆m2

ij , but not to neutrino masses directly. At least one neutrino mass has
to be determined to fix the neutrino mass scale. As shown in Chaps. 1, 3,
and 6, the scale of the neutrino masses is of crucial importance for cosmology
and astrophysics, as well as for particle physics. The sensitivity which should
be aimed for is at least a few tenths of an eV, which would clarify whether
neutrino masses are relevant for cosmology and would check all models with
quasi-degenerate neutrino masses. Of course, a sensitivity improvement by at
least another order of magnitude is needed to test all possible scenarios and
to be sure of finding the neutrino masses.

One important way to determine the neutrino mass scale is to search for
neutrinoless double β decay. This method is important on its own, since it
is the only way to probe the question of whether Neutrinos are Majorana
particles (ν = ν) or of Dirac type (ν �= ν). A few double-β-decay experi-
ments which will reach a sensitivity to mee of 0.1 eV or below [49] are under
way or have been proposed. Common to all experiments is their large scale,
with about 1 t total mass of material of high isotopic abundance, and their
very stringent demands on background suppression. These experiments are
exploring all possible ways to lower the background. The background reduc-
tion is limited by the 2νββ decay mode, requiring a good energy resolution,
especially in cases with short 2νββ half-lives.

There are two projects using enriched germanium detectors. Special em-
phasis is put here on background suppression. The Majorana experiment
(named after E. Majorana) aims to reach a very low background by stan-
dard low-level techniques and active vetoing of subdivided germanium detec-
tors [74]. The GErmanium NItrogen Underground Setup (GENIUS) aims
to put naked germanium detectors in a huge tank of liquid nitrogen to
shield the detector with this ultrapure liquid [75]. Owing to the low en-
ergy threshold, it will serve as a dark-matter search experiment at the same
time. The GENIUS test facility has been funded; its operation has started in
2003. The Enriched Xenon Observatory (EXO) is an ambitious project for
a xenon TPC, currently in the research and development phase. The idea
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of EXO is to obtain a very low background by not only measuring the sig-
nal of the two β electrons but also identifying the daughter barium ions by
laser spectroscopy in coincidence [76]. The Cryogenic Underground Obser-
vatory for Rare Events (CUORE) is a large array of cryogenic bolometers
made from TeO2 crystals, with a total mass of 0.76 t, based on the Mi-
Beta experiment. The prototype experiment CUORICINO has started tak-
ing data in 2002 [77]. The Mo Observatory Of Neutrinos (MOON) plans
to use 100Mo as the double-β-decay source [78]. This detector could also
serve as a solar-neutrino detector, since an inverse β decay into 100Tc caused
by a solar νe will be followed shortly afterwards by a β decay into 100Ru
with a lifetime of 16 s, which could serve as a coincidence for background
suppression.

In Sect. 2.3.1, we described how neutrinoless double β decay and direct
ν mass measurements give complementary information with respect to the
neutrino mass and mixing matrix. Considering in addition the possible can-
cellation effects summarized in (2.45), a direct neutrino mass experiment is
mandatory. Since a nearby supernova cannot give a sub-eV sensitivity to the
neutrino mass, a laboratory β decay experiment with a sensitivity one order of
magnitude higher is needed. The cryogenic bolometers have bright prospects
in many fields, but in the near future they will probably not reach a sub-eV
sensitivity to the neutrino mass.

Therefore, the KArlsruhe TRItium Neutrino (KATRIN) experiment,
a next-generation tritium β decay experiment with sub-eV sensitivity to the
neutrino massm(νe), has been proposed [79]. The international collaboration
includes most of the previous and present tritium β decay groups. The exper-
iment is based on the superior MAC-E filter principle explored by the Mainz
and Troitsk experiments. A huge spectrometer with a diameter of 10m and
an energy resolution of ∆E = 1 eV, in combination with a windowless gaseous
tritium source, will give small enough systematics as well as the resolution
and the luminosity to reach a sensitivity on m(νe) of 0.2 eV [80]. This value
of 0.2 eV corresponds to an upper limit with 90% C.L. if a non-zero neu-
trino mass would not be found. A neutrino mass of 0.30 eV (0.35 eV) would
be detected with 3σ (5σ) significance. For such small neutrino masses it is
enough to investigate the last few ten eV below the β endpoint E0. Owing
the energy thresholds, the electronic excitations of the T3He+ ion and the
inelastic scattering processes in T2 play only a minor role. The start of data
taking by KATRIN is planned for 2007.

Acknowledgments

We would like to thank Herbert Dreiner, Guido Drexlin, and Ernst Otten for
helpful discussions.



2 Laboratory Limits on Neutrino Masses 51

References

1. D.E. Groom et al. (Particle Data Group), Eur. Phys. J. C 15, 1 (2000). 26,
27

2. K. Assamagan et al., Phys. Rev. D 53, 6065 (1996). 27
3. R. Barate et al., Eur. Phys. J. C 2, 3 (1998). 28
4. R.G.H. Robertson and D.A. Knapp, Annu. Rev. Nucl. Sci. 38, 185 (1988). 28,

31
5. E. Holzschuh, Rep. Prog. Phys. 55, 1035 (1992). 28, 30
6. J.F. Wilkerson and R.G.H. Robertson, in Current Aspects of Neutrino Physics,

ed. D.O. Caldwell (Springer, Berlin, Heidelberg, 2001), p. 39. 28
7. R.G.H. Robertson et al., Phys. Rev. Lett. 67, 957 (1991). 34
8. E. Holzschuh et al., Phys. Lett. B 287, 381 (1992). 34
9. H. Kawakami et al., Phys. Lett. B 256, 105 (1991). 34

10. C.R. Ching et al., Int. J. Mod. Phys. A10, 2841 (1995). 34
11. W. Stoeffl and D.J. Decman, Phys. Rev. Lett. 75, 3237 (1995). 34
12. C. Weinheimer et al., Phys. Lett. B 300, 210 (1993). 34, 39, 40
13. H. Backe et al., in Proceedings of Neutrino 96, ed. K. Enquist, K. Huitu,

J. Maalampi (World Scientific, Singapore, 1997), p. 259. 34, 38, 39, 40
14. C. Weinheimer et al., Phys. Lett. B 460, 219 (1999). 34, 40
15. J. Bonn et al., Nucl. Phys. B (Proc. Suppl.) 91, 273 (2001). 34, 38, 39, 40
16. A.I. Belesev et al., Phys. Lett. B 350, 263 (1995). 34, 37, 38
17. V.M. Lobashev et al., Phys. Lett. B 460, 227 (1999). 34, 36, 37, 38
18. V.M. Lobashev et al., Nucl. Phys. B (Proc. Suppl.) 91, 280 (2000). 34
19. S. Yasumi et al., Phys. Lett. B 334, 229 (1994). 32
20. M. Jung et al., Phys. Rev. Lett. 69, 2164 (1992). 32
21. S.C. Curran et al., Phil. Mag. 40, 53 (1949). 32
22. K.E. Bergkvist, Nucl. Phys. B 39, 317 (1972). 33
23. V.A. Lubimov et al., Phys. Lett. B 94, 66 (1980); S. Boris et al., Phys. Rev.

Lett. 58, 2019 (1987). 33
24. M. Fritschi et al., Phys. Lett. B 173, 485 (1986). 33
25. J.F. Wilkerson et al., Phys. Rev. Lett. 58, 2023 (1987). 33
26. E.T. Lippmaa et al., Sov. Phys. Dokl. 30, 393 (1985). 33
27. R.S. Van Dyck et al., Phys. Rev. Lett. 70, 2888 (1993). 33
28. A. Saenz et al., Phys. Rev. Lett. 84, 242 (2000). 34
29. P. Kruit and F.H. Read, J. Phys. E 16, 313 (1983). 35
30. A. Picard et al., Nucl. Instrum. Meth. B 63, 345 (1992). 35
31. V.M. Lobashev, Nucl. Instrum. Meth. A 240, 305 (1985). 35
32. C. Weinheimer, Nucl. Phys. B (Proc. Suppl.) 118, 279 (2003). 37, 40
33. L. Fleischmann et al., J. Low Temp. Phys. 119, 615 (2000). 37, 39
34. L. Fleischmann et al., Eur. Phys. J. B 16, 521 (2000). 37, 38, 39
35. V.N. Aseev et al., Eur. Phys. J. D 10, 39 (2000). 39
36. H. Barth et al., Prog. Part. Nucl. Phys. 40, 353 (1998). 39
37. B. Bornschein et al., J. Low Temp. Phys. 131, 69 (2003) 39
38. C. Kraus et al., Nucl. Phys. B (Proc. Suppl.) 118, 482 (2003) 40
39. V.M. Lobashev, Prog. Part. Nucl. Phys. 48, 123 (2002). 37, 40
40. J. Bonn et al., Prog. Part. Nucl. Phys. 48, 113 (2002). 40
41. A. Nucciotti et al., Nucl. Instrum. Meth. A 444, 77 (2000). 41
42. M. Galeazzi et al., Phys. Rev. C 63, 014302 (2001). 41



52 Christian Weinheimer

43. F. Gatti, Physics B (Proc. Suppl.) 91, 293 (2001). 41
44. F. Gatti et al., Nature 397, 137 (1999). 41
45. H. Ejiri, Phys. Rep. 338, 265 (2000). 41
46. A. Faessler and F. Simkovic, J. Phys. G 24, 2139 (1998). 41
47. K. Zuber, Phys. Rep. 305, 295 (1998); arXiv:hep-ph/9811267 41
48. P. Vogel, in Current Aspects of Neutrino Physics, ed. D.O. Caldwell, (Springer,

Berlin, Heidelberg, 2001), p. 177. 41
49. S.R. Elliott and P. Vogel, Annu. Rev. Nucl. Part. Sci. 52, (2002); arXiv:hep-

ph/0202264. 41, 43, 46, 49
50. E. Majorana, Nuovo Cim. 14, 171 (1937). 42
51. M. Goeppert-Mayer, Phys. Rev. 48, 512 (1935). 42
52. T. Kirsten et al., Phys. Rev. Lett. 50, 474 (1983). 42
53. S.R. Elliott et al., Phys. Rev. Lett. 59, 2020 (1987). 42
54. J. Schechter and J.W.F. Valle, Phys. Rev. D 25, 2951 (1982). 43
55. Y. Farzan, O.L.G. Peres, and A.Yu. Smirnov, Nucl. Phys. B 612, 59 (2001).

45
56. S.R. Elliott et al., Phys. Rev. C 46, 1535 (1992). 46
57. H. Ejiri et al., Phys. Rev. C 63, 065501 (2001). 46, 47
58. R. Arnold et al., Nucl. Phys. A 658, 29 (1999). 47
59. R. Luescher et al., Phys. Lett. B 434, 407 (1998). 46, 47
60. A. Alessandrello et al., Phys. Lett. B 486, 13 (2000). 46, 47
61. Ke You et al., Phys. Lett. B 265, 53 (1991). 46
62. H.V. Klapdor-Kleingrothaus et al., Eur. Phys. J. A 12, 147 (2001). 46, 47, 48
63. C.E. Aalseth et al., Phys. Rev. C 59, 2108 (1999); arXiv:hep-ex/0202026 46,

48
64. F.A. Danevich et al., Phys. Rev. C 62, 045501 (2000). 46
65. T. Bernatowicz et al., Phys. Rev. C 47, 806 (1993). 46
66. A. De Silva et al., Phys. Rev. C 56, 2451 (1997). 46
67. H.V. Klapdor-Kleingrothaus, A. Dietz, H.L. Harney, and I.V. Krivosheina

(Heidelberg–Moscow Collaboration), Mod. Phys. Lett. A 16, 2409 (2001);
arXiv:hep-ph/0201231. 48

68. C.E. Aalseth et al., arXiv:hep-ex/0202018. 48
69. F. Feruglio et al., arXiv:hep-ph/0201291. 48
70. H.V. Klapdor-Kleingrothaus, arXiv:hep-ph/0205228. 48
71. H.L. Harney, arxiv:hep-ph/0205293. 48
72. R. Arnold et al., Nucl. Instrum. Meth. A 474, 93 (2001). 48
73. A. Alessandrello et al., Nucl. Phys. (Proc. Suppl.) 87, 78 (2000). 49
74. C.E. Aalseth et al., arXiv:hep-ex/0201021. 49
75. H.V. Klapdor-Kleingrothaus et al., J. Phys. G 24, 483 (1998). 49
76. M. Danilov et al., Phys. Lett. B 480, 12 (2000). 50
77. S. Pirro et al., Nucl. Instrum. Meth. A 444, 71 (2000). 50
78. H. Ejiri et al., Phys. Rev. Lett. 85, 2917 (2000). 50
79. A. Osipovicz et al., arXiv:hep-ph/0109032. 50
80. C. Weinheimer, in Proceedings of the 10th Int. Workshop on Neutrino Tele-

scopes, ed. M. Baldo Ceolin, Venice, Italy, 2003, arXiv:hep-ex/0306057.

50



3 Astrophysical and Cosmological Constraints

on Neutrino Masses

Kimmo Kainulainen and Keith A. Olive

We review some astrophysical and cosmological properties and implications
of neutrino masses and mixing angles. These include constraints based on the
relic density of neutrinos, limits on their masses and lifetimes, limits from big
bang nucleosynthesis on mass parameters, and the relation of neutrinos to
supernovae and high-energy cosmic rays.

3.1 Introduction

The role of neutrinos in cosmology and astrophysics cannot be under-
stated [1]. They play a critical role in the physics of the early universe, at
temperatures scales of order 1MeV, and strongly determine the abundances
of the light elements produced in big bang nucleosynthesis. They almost cer-
tainly play a key role in supernova explosions and, if they have mass, could
easily contribute to the overall mass density of the universe. At the present
time, the only indicators of neutrino masses are from astrophysical sources,
i.e. the inferred oscillations of neutrinos produced in the sun, and of those
produced in cosmic-ray collisions in the atmosphere. Indeed, their elusive
character has meant that a great deal of information about neutrino proper-
ties can be gained by studying their behavior in astrophysical and cosmolog-
ical environments. Here, we shall try to elucidate some of the constraints on
neutrino masses.

In our discussion below, we shall assume that the early universe is well
described by a standard Friedmann–Lemaitre–Robertson–Walker metric

ds2 = dt2 −R2(t)
(

dr2

1− kr2
+ r2 (dθ2 + sin2 θ dϕ2)

)
. (3.1)

We assume further that thermal equilibrium was established at some early
epoch and that we can describe the radiation by a black-body equation of
state, p = ρ/3, at a temperature T . Solutions to Einstein’s equations allow
one to determine the expansion rate of the universe, defined by the Hubble
parameter, in terms of the energy density of radiation, the curvature, and the
cosmological constant. In the early universe, the latter two quantities can be
neglected, and we write

Guido Altarelli, Klaus Winter (Eds.): Neutrino Mass, STMP 190, 53–75 (2003)
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H2 ≡
(
Ṙ

R

)2

=
8πGNρ

3
, (3.2)

where the energy density is

ρ =

(∑
B

gB +
7
8

∑
F

gF

)
π2

30
T 4 ≡ π2

30
N(T )T 4 . (3.3)

The present neutrino contribution to the total energy density, relative to the
critical density (for a spatially flat universe), is

Ων =
ρν

ρc
, (3.4)

where ρc = 1.06× 10−5 h2 GeV/cm3 and h = (H/[100 (km/s)/Mpc]) is the
scaled Hubble parameter. For a recent review of standard big bang cosmology,
see [2].

3.2 The Cosmological Relic Density of Stable Neutrinos

The simplicity of the standard big bang model allows one to compute in
a straightforward manner the relic density of any stable particle if that parti-
cle was once in thermal equilibrium with the thermal radiation bath. At early
times, neutrinos were kept in thermal equilibrium by their weak interactions
with electrons and positrons. Equilibrium is achieved whenever some rate Γ
is larger than the expansion rate of the universe, or Γi > H . Recalling that
the age of the universe is determined by H−1, this condition is equivalent to
requiring that, on average, at least one interaction has occurred over the life-
time of the universe. On dimensional grounds, one can estimate the thermally
averaged low-energy weak-interaction scattering cross section as

〈σv〉 ∼ g4T 2/m4
W (3.5)

for T � mW. Recalling that the number density scales as n ∝ T 3, we can
compare the weak-interaction rate Γ ∼ n〈σv〉 with the expansion rate given
by (3.2) and (3.3). Neutrinos will be in equilibrium when Γwk > H , or

T 3 >
√
8π3N/90m4

W/MP , (3.6)

where MP = G
−1/2
N = 1.22× 1019 GeV is the Planck mass. For N = 43/4

(accounting for photons, electrons, positrons, and three neutrino flavors), we
see that equilibrium is maintained at temperatures greater than O(1) MeV
(for a more accurate calculation, see [3]).

The decoupling scale of O(1) MeV has an important consequence for the
final relic density of massive neutrinos. Neutrinos more massive than 1MeV
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will begin to annihilate prior to decoupling and, while in equilibrium, their
number density will become exponentially suppressed. Lighter neutrinos de-
couple like radiation, on the other hand, and hence do not experience the
suppression due to annihilation. Therefore, the calculations of the number
densities of light (mν <∼ 1MeV) and heavy (mν >∼ 1MeV) neutrinos differ
substantially.

The number of density of light neutrinos with mν <∼ 1MeV can be ex-
pressed at late times as

ρν = mνYνnγ , (3.7)

where Yν = nν/nγ is the density of neutrinos relative to the density of photons,
which today is 411 photons per cm3. It is easy to show that in an adiabatically
expanding universe, Yν = 3/11. This suppression is a result of the e+e−

annihilation which occurs after neutrino decoupling and heats the photon
bath relative to the neutrinos. In order to obtain an age of the universe
t > 12Gyr, one requires that the matter component is constrained by

Ωh2 ≤ 0.3 . (3.8)

From this, one finds the strong constraint (upper bound) on Majorana neu-
trino masses [4]

mtot =
∑

ν

mν <∼ 28 eV , (3.9)

where the sum runs over neutrino mass eigenstates. The limit for Dirac neu-
trinos depends on the interactions of the right-handed states (see discussion
below). As one can see, even very small neutrino masses, of order 1 eV, may
contribute substantially to the overall relic density. The limit (3.9) and the
corresponding initial rise in Ωνh

2 as a function of mν are displayed in Fig. 3.1
(at the low-mass end, where mν <∼ 1MeV).

The calculation of the relic density for neutrinos more massive than
∼ 1MeV is substantially more involved. The relic density is now determined
by the freeze-out of neutrino annihilations, which occurs at T <∼ mν, after
annihilations have begun to seriously reduce the number density of neutri-
nos [5]. The annihilation rate is given by

Γann = 〈σv〉annnν ∼ m2
ν

m4
Z

(mνT )3/2 e−mν/T , (3.10)

where we have assumed, for example, that the annihilation cross section is
dominated by νν → ff via Z-boson exchange1 and that 〈σv〉ann ∼ m2

ν/m
4
Z.

When the annihilation rate becomes slower than the expansion rate of the
universe, the annihilations freeze out and the relative abundance of neutrinos
1 While this is approximately true for Dirac neutrinos, the annihilation cross sec-
tion of Majorana neutrinos is p-wave suppressed and is proportional to the final-
state fermion masses rather than mν.
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Fig. 3.1. Summary plot of the relic density of Dirac neutrinos (solid line), including
the effect of a possible neutrino asymmetry of ην = 5× 10−11 (dotted line)

becomes fixed. Roughly, Yν ∼ (m〈σv〉ann)−1 and hence Ωνh
2 ∼ 〈σv〉ann−1, so

that parametrically Ωνh
2 ∼ 1/m2

ν. As a result, the constraint (3.8) now leads
to a lower bound [5, 6, 7] on the neutrino mass, of about mν >∼ 3−7GeV,
depending on whether it is a Dirac or a Majorana neutrino. This bound and
the corresponding downward trend Ωνh

2 ∼ 1/m2
ν can be seen in Fig. 3.1. The

result of a more detailed calculation is shown in Fig. 3.2 [7] for the case of
a Dirac neutrino. The two curves show a slight sensitivity to the temperature

Fig. 3.2. The relic density of heavy Dirac neutrinos due to annihilation [7]. The
curves are labeled by the assumed quark–hadron phase transition temperature
in MeV
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scale associated with the quark–hadron transition. The result for a Majorana-
mass neutrino is qualitatively similar. Indeed, any particle with roughly weak-
scale cross sections will tend to give an interesting value of Ωh2 ∼ 1.

The deep drop in Ωνh
2 visible in Fig. 3.1 at around mν = MZ/2, is

due to a very strong annihilation cross section at the Z-boson pole. For
yet higher neutrino masses the Z-annihilation channel cross section drops as
∼ 1/m2

ν, leading to a brief interval of an increasing trend in Ωνh
2. However,

for mν >∼ mW, the cross section regains its parametric form 〈σv〉ann ∼ m2
ν

owing to the opening up of a new annihilation channel to W-boson pairs [8],
and the density drops again as Ωνh

2 ∼ 1/m2
ν. The tree-level W-channel cross

section breaks the unitarity at around a few TeV [9], however, and the full
cross section must be bound by the unitarity limit [10]. This behaves again
as 1/m2

ν, whereby Ωνh
2 has to start increasing again, until it becomes too

large again at 200–400TeV [9, 10] (or perhaps somewhat earlier as the weak
interactions become strong at the unitarity-breaking scale).

3.3 Neutrinos as Dark Matter

On the basis of the leptonic and invisible widths of the Z boson, exper-
iments at LEP have determined that the number of neutrinos is Nν =
2.9841± 0.0083 [11]. Conversely, any new physics must fit within these brack-
ets, and thus LEP excludes additional neutrinos (with standard weak inter-
actions) with masses mν <∼ 45GeV. Combined with the limits displayed in
Figs. 3.1 and 3.2, we see that the mass density of ordinary heavy neutrinos
is bound to be very small; Ωνh

2 < 0.001 for masses mν > 45GeV up to
mν ∼ O(100) TeV.

A bound on neutrino masses even stronger than (3.9) can be obtained
from the recent observations of active–active mixing in both solar- and
atmospheric-neutrino experiments. The inferred evidence for νµ–ντ and νe −
νµ,τ mixings is on the scales m2

ν ∼ 1−10× 10−5 and m2
ν ∼ 2−5× 10−3. When

this is combined with the upper bound on the mass of an electron-like neu-
trino mν < 2.8 eV [12] and the LEP limit on the number of neutrino species,
one finds the following constraint on the sum of neutrino masses:

0.05 eV <∼ mtot <∼ 8.4 eV . (3.11)

Conversely, the experimental and observational data imply that the cosmolog-
ical energy density of all light, weakly interacting neutrinos can be restricted
to the range

0.0005 <∼ Ωνh
2 <∼ 0.09 . (3.12)

Interestingly, there is now also a lower bound due to the fact that at least
one of the neutrino masses has to be larger than the scale m2 ∼ 10−3 eV2

set by the atmospheric neutrino data. Combined with the results on the relic
mass density of neutrinos and the LEP limits, the bound (3.12) implies that
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the ordinary weakly interacting neutrinos, once the standard dark-matter
candidate [13], can be ruled out completely as a dominant component of
dark matter.

However, this conclusion can be avoided if neutrinos are Dirac particles
and have a nonzero asymmetry, since then the relic density could be governed
by the asymmetry rather than by the annihilation cross section. Indeed, it is
easy to see that the neutrino mass density corresponding to an asymmetry
ην ≡ (nν − nν)/nγ is given by [14]

ρ = mνηνnγ , (3.13)

which implies
Ωνh

2 
 0.004 ην10 (mν/GeV) , (3.14)

where ην10 ≡ 1010ην. We have shown the behavior of the energy density
of neutrinos with an asymmetry by the dotted line in Fig. 3.1. At low mν,
the mass density is dominated by the symmetric, relic abundance of both
neutrinos and antineutrinos which have already frozen out. At higher values
of mν, annihilations suppress the symmetric part of the relic density, until
Ωνh

2 eventually becomes dominated by the linearly increasing asymmetric
contribution. In the figure, we have assumed an asymmetry of ην ∼ 5×10−11

for neutrinos with a standard weak-interaction strength. In this case, Ωνh
2

begins to rise when mν >∼ 20GeV. Obviously, the bound (3.8) is saturated for
mν = 75GeV/ην10.

There are also other cosmological considerations that give rise to interest-
ing mass constraints on the eV scale. Indeed, light neutrinos were problematic
in cosmology long before the improved mass limits leading to (3.12) were es-
tablished, owing to their effect on structure formation. Light particles which
are still relativistic at the time of matter domination erase primordial pertur-
bations, owing to free streaming out to very large scales [15]. Given a neutrino
with mass mν, the smallest surviving nonlinear structures are determined by
the Jeans mass

MJ = 3× 1018
M�

m2
ν(eV )

. (3.15)

Thus, for eV-mass neutrinos, the large-scale structures, including filaments
and voids [16, 17], must form first, and galaxies, whose typical mass scale
is 
 1012M�, are expected to fragment out later. Particles with the above
property are termed hot dark matter (HDM). It seemed that neutrinos were
ruled out because they tend to produce too much large-scale structure [18],
and galaxies formed too late [17, 19], at z ≤ 1, whereas quasars and galaxies
are seen out to redshifts z >∼ 6.

Subsequent to the demise of the HDM scenario, there was a brief revival of
consideration of neutrino dark matter as part of a mixed dark-matter model,
now using more conventional cold dark matter along with a small component
of hot (neutrino) dark matter. The motivation for doing this was to recover
some of the lost power on large scales that is absent in CDM models [20].
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However, galaxies still form late in these models, and, more importantly,
almost all evidence now points away from models with Ωm = 1, where Ωm

is the total matter density, and strongly favors models with a cosmological
constant (ΛCDM).

Combining the rapidly improving data on key cosmological parameters
with the better statistics from large-redshift surveys has made it possible to
go a step forward along this path. It is now possible to set stringent limits
on the light-neutrino mass density Ωνh

2 and hence on the neutrino mass on
the basis of the power spectrum of the Ly α forest [21], mtot < 5.5 eV, and
the limit is even stronger if Ωm is less than 0.5. This limit has recently been
improved by the 2dF galaxy redshift [22] survey by comparing the power
spectrum of fluctuations derived from that work with structure formation
models. If we focus on the the presently favored ΛCDM model, the neutrino
mass bound becomes mtot < 1.8 eV for Ωm < 0.5.

Finally, right-handed or sterile neutrinos may also contribute to dark mat-
ter. The mass limits for neutrinos with less than full weak-strength interac-
tions are relaxed [23]. For Dirac neutrinos, the upper limit varies between
100 and 200 eV, depending on the strength of their interactions. For Majo-
rana neutrinos, the limit is further relaxed to 200–2000 eV. This relaxation
is primarily due to the dilution of the number density of super-weakly inter-
acting neutrinos owing to entropy production by the decay and annihilation
of massive states after their decoupling from equilibrium [24]. Such neutrinos
make excellent warm-dark-matter candidates, even though the viable mass
range for galaxy formation is quite restricted [25].

3.4 Neutrinos and Big Bang Nucleosynthesis

“Big bang nucleosynthesis” (BBN) is the cosmological theory of the origin
of the light element isotopes D, 3He, 4He, and 7Li [26]. The success of the
theory when it is compared with the observational determinations of the light
elements allows one to place strong constraints on the physics of the early
universe at a time scale of 1–100 seconds after the big bang. 4He is the most
sensitive probe of deviations from the Standard Model, and its abundance
is determined primarily by the neutron-to-proton ratio when nucleosynthesis
begins at a temperature of ∼100 keV (to a good approximation, all neutrons
are then bound to form 4He). The ratio n/p is determined by the competition
between the weak interaction rates which interconvert neutrons and protons,

p + e− ↔ n + νe , n + e+ ↔ p + νe , n ↔ p + e− + νe (3.16)

and the expansion rate, and is largely given by the Boltzmann factor

n/p ∼ e−(mn−mp)/Tf , (3.17)
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where mn −mp is the difference between the masses of the neutron and the
proton. As in the case of neutrinos discussed above, these weak interactions
also freeze out at a temperature of roughly 1MeV, when

GF
2Tf

5 ∼ Γwk(Tf) = H(Tf) ∼
√

GNNTf
2 . (3.18)

The freeze-out condition implies the scaling T 3
f ∼ √

N . From (3.17) and (3.18),
it is then clear that changes in N , caused for example by a change in the num-
ber of light neutrinos Nν, would directly influence n/p, and hence the 4He
abdundance. The dependence of the light-element abundances onNν is shown
in Fig. 3.3 [27], where the mass fraction of 4He, Y , and the abundances by
number of D, 3He, and 7Li are plotted as a function of the baryon-to-photon
ratio η, for values of Nν = 2−7. As one can see, an upper limit on Y combined
with a lower limit on η will yield an upper limit on Nν [28].

Assuming no new physics at low energies, the value of η is the sole in-
put parameter to BBN calculations. It is fixed by the comparison between
the BBN predictions and the observational determinations of the isotopic
abundances [29]. From the results for 4He and 7Li, one finds a relatively
low value [29, 30] of η ∼ 2.4 × 10−10, corresponding to a low baryon den-
sity ΩBh

2 = 0.009 with a 95% C.L. range of 0.006–0.017. The results for
deuterium, on the other hand, imply a large value of η and hence a large
baryon density: η ∼ 5.8 × 10−10, and ΩBh

2 ∼ 0.021 with a 95% C.L. range

Fig. 3.3. The light-element abundances as a function of the baryon-to-photon ratio
for different values of Nν [27]
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Fig. 3.4. Left : the distribution of Nν, assuming a value of η = 2.4×10−10 obtained
from the abundance of 4He and 7Li and the CBI measurement of the microwave
background anisotropy [27]. The curves show the effect of the expected increased
accuracy in the determination of η from the cosmic microwave background. Right :
as on the left, but assuming a value of η = 5.8×10−10 obtained from the abundance
of D and the DASI and BOOMERanG measurements of the microwave background
anisotropy

of 0.018–0.027. The value of the baryon density has also been determined re-
cently from measurements of microwave background anisotropies. The recent
result from DASI [31] indicates that ΩBh

2 = 0.022+0.004
−0.003, while a result from

BOOMERanG-98 [32] indicates ΩBh
2 = 0.021+0.004

−0.003 (using 1σ errors).
With the value of η fixed, one can use He abundance measurements to set

limits on new physics. In particular, one can set upper limits on the number
of neutrino flavors. Taking Yp = 0.238±0.002±0.005 (see e.g. [33]), we show
in Fig. 3.4 the likelihood functions for Nν based on both the low and the
high values of η [27]. The curves show the impact of an increasingly accurate
determination of η, where the accuracy is assumed to vary from 30% to 3%.
If one assumes a 20% uncertainty in η (the current uncertainty level), these
calculations provide upper limits of

Nν < 3.9 , η = 2.4× 10−10 ,

Nν < 3.6 , η = 5.8× 10−10 (3.19)

at the 95% C.L. Although, as noted above, LEP has already placed a very
stringent limit on Nν, the limit (3.19) is useful, because it actually applies
to the total number of degrees of freedom of new particles and is not tied
specifically to neutrinos. In fact, more generally, the neutrino limit can be
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translated into a limit on the expansion rate of the universe at the time
of BBN, which can be applied to a host of other constraints on particle
properties.

3.4.1 BBN Limits on Neutrino Masses and Lifetimes

As discussed above, the prediction from nucleosynthesis theory for light-
element abundances is sensitive to the changes in the expansion rate of the
universe, which depends on the energy density of the universe during the
BBN era (3.2). This extra energy density could be in the form of new mass-
less degrees of freedom, in which case their number is directly constrained
by (3.19). Equally well, the extra energy density could reside in the form
of massive long-lived but unstable neutrinos, in which case nucleosynthesis
provides interesting constraints on their masses and lifetimes.

We have already pointed out that the relic density of neutrinos depends
strongly on whether they decouple while relativistic or nonrelativistic. Here,
the calculations also depend on how the neutrino lifetimes relate to the BBN
timescale of about 100 seconds. Also, in order to obtain reliable results for the
light-element abundances, one must keep track of the induced perturbations
(electron-neutrino heating) in the weak reaction rates (3.16) in addition to
computing changes in the expansion rate. Nevertheless, even in this case it is
customary to measure the change in helium abundance in units of equivalent
effective neutrino degrees of freedom Neff , such that the limit (3.19) can be
applied to Neff(∆Y (mν, τν)).

When the neutrino lifetime is much larger than 100 seconds, neutrinos are
effectively stable on a nucleosynthesis scale [34, 35, 36, 37]. While accounting
for changes in the rates in (3.16) is important for the detailed bounds, the

Fig. 3.5. Plot of the effective number of neutrino degrees of freedom during BBN
for a Dirac neutrino (dashed line) and a Majorana neutrino (solid line) [35]
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bulk behavior of Neff(mν) is dictated by the neutrino mass contribution to
the energy density. Obviously, when mν � 0.1MeV, neutrinos are effectively
massless during BBN, and Neff(mν) → 3 when mν → 0. For masses in excess
of 0.1MeV, but below the neutrino decoupling temperature of a few MeV,
their number density is unsuppressed and their mass density can be large
during BBN, causing Neff to increase. For even larger masses, however, the
Boltzmann factor in (3.10) begins to suppress the mass density and eventually
turns Neff down again. This behavior is shown in Fig. 3.5 for massive Dirac-
and Majorana-type tau neutrinos [35]. The bound (3.19) yields an excluded
region of stable neutrino masses centered around a few MeV. ForNν < 3.6, the
lower bound is mν > 42MeV (Majorana) and mν > 30MeV (Dirac) [35]. This
is only relevant to ντ, and is complementary to the present laboratory limit
on the τ-like neutrino, mν < 18MeV [38]. Owing to contributions from pion
decays and inverse decays to neutrinos, the upper bound from BBN depends
on the QCD phase transition temperature, TQCD, and is also different for τ
and µ neutrinos because of their different scattering rates off muons. Imposing
again the constraint Nν < 3.6 and taking TQCD = 200MeV gives [39]

mν <∼ 230 keV µ-like ,

mν <∼ 290 keV τ-like . (3.20)

Fig. 3.6. Plot of BBN constraint on the mass and lifetime of an unstable tau
neutrino. The contours are labeled with the corresponding values of Yp, which
deviate by 1σ (dashed lines) and 2σ (solid lines) from the observed value. The
upper right corner is excluded owing to too much 4He being produced and the
lower part of the graph by too little being produced
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The laboratory limit on the muon-like neutrino, for comparision, is mν <∼
170 keV [40]. To improve on this, the BBN limit would need to improved to
Nν <∼ 3.4 [39].

When the neutrino lifetime is smaller than or comparable to the nucle-
osynthesis timescale, one has to account for neutrino decay processes as well.
This involves solving for the distributions of the final-state decay products,
which might include new particles such as majorons, and their possible direct
effect on BBN. (For example, energetic photons would cause the dissociation
of the newly generated light nuclei.) Such calculations have been done by
many groups [41, 42], and the results are given in exclusion plots in the
mass–lifetime plane. Constraints are possible for masses of order 1MeV and
lifetimes of order 1 second. In Fig. 3.6, we show a constraint on the tau
neutrino mass and lifetime as an example (data taken from [42]).

3.4.2 BBN Limits on Neutrino Mixing Parameters

Despite losing the competitive edge with respect to masses and lifetimes,
BBN continues to put interesting limits on other neutrino mass parameters
relevant to neutrino oscillations. The LEP limit of course applies only to
neutrinos with weak interactions, while neutrinos without weak interactions,
or sterile neutrinos, have been proposed in many different contexts over the
years. At present, a prime motivation for introducing sterile neutrinos is to
explain the LSND neutrino anomaly [43] in conjunction with the solar and
atmospheric neutrino deficits.

BBN, on the other hand, is sensitive to any type of energy density that
changes the expansion rate in the O(0.1–1) MeV range, irrespective of the
interactions. It is therefore very interesting to observe that even if no sterile
neutrinos were created at very early times, they could be excited by mixing
effects in the early universe prior to nucleosynthesis. The basic mechanism is
very simple. Suppose that an active state να (α = e,µ, τ) mixes with a sterile
state νs. That is, the neutrino mass matrix, and hence the Hamiltonian, is
not diagonal in the interaction basis. The mixing is further affected by the
forward-scattering interactions with the background plasma, which are felt by
the active state. As a result, even if a neutrino state was initially produced in
a purely active projection, after some time t it becomes some coherent linear
combination of both active and sterile states:

ν(t) = ce(t)νe + cs(t)νs . (3.21)

The coherent evolution of this state is interrupted by collisions, which effect
a sequence of quantum mechanical measurements of the flavor content of the
propagating state. Since the sterile state has no interactions, each measure-
ment is complete, and collapses the wave function to the sterile state with
a probability Pνe→νs(t) = |cs(t)|2. As a result, the sterile states are populated
at an average rate of roughly
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Γνs = Γν〈|cs(t)|2〉coll =
1
2
sin2 2θmΓνα

, (3.22)

where Γνα is the weak-interaction rate of the active state να, and we have
assumed that the oscillation time is short in comparision with the collision
timescale. The mixing angle in matter θm is given by [44]

sin2 2θm =
sin2 2θ0

1− 2χ cos 2θ0 + χ2
, (3.23)

where sin 2θ0 is the mixing angle in vacuum and χ ≡ 2p|V |/δm2, where δm2

is the mass-squared difference between the vacuum mass eigenstates, p ∼ T
is the momentum, and |V | is the matter-induced effective potential in the
Hamiltonian [44, 45]. The weak rate scales as Γνα

∼ T 5. Moreover, χ ∼ T 6

at very high temperatures, which causes a strong suppression of mixing by
matter, and hence Γνs ∼ T−7. At very small temperatures, θm → θ0, on
the other hand, and hence Γνs ∼ T 5. The rate is thus suppressed both at
very large and at very small temperatures [46]. In the intermediate region
of a few MeV, however, Γνs can exceed the expansion rate, bringing a sig-
nificant amount of sterile neutrinos into equilibrium. An accurate treatment
of the problem requires a numerical solution of the appropriate quantum ki-
netic equations, and the results depend on whether the mostly active state
is the heavier (δm2 < 0) or the lighter (δm2 > 0) of the mixing states.
We show the results of such a calculation in Fig. 3.7 [44]. The lines are
labeled by constant effective number of degrees of freedom during BBN,
δNν ≡ Nν − 3. The most recent limits corresponding to (3.19) can be in-
terpolated from the curves shown. The area above the curves is excluded by
the BBN limit.

The BBN limit can be converted to an upper bound on the sterile-neutrino
flux [47] in the atmospheric and solar neutrino observations. Using Nν < 3.6,
one finds

sin2 θµs <∼ 0.03 (atmospheric) ,
sin2 θes <∼ 0.06 (solar LMA) , (3.24)

whereas the bounds from the atmospheric and solar neutrino experiments are
about an order of mangitude weaker: sin2 θµs <∼ 0.48 and sin2 θes <∼ 0.72.

The constraints shown in Fig. 3.7 and in (3.24) depend on the assump-
tion that the primordial lepton asymmetry is not anomalously large [48].
In [49], it was suggested that a large effective asymmetry that violated
this assumption could actually be generated by oscillations, given a par-
ticular neutrino mass and mixing hierarchy. For a while, those ideas gener-
ated a lot of interest, as they would have allowed one to reconcile all ob-
served anomalies (including that of LSND) with the nucleosynthesis con-
straints. However, in such a scenario at least one of the active states
would have to be much heavier than the two others, which is not al-
lowed by the atmospheric and solar neutrino flux observations. As a re-
sult, the bounds (3.24) hold and, in particular, nucleosynthesis is very much
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Fig. 3.7. The BBN constraints on the active–sterile neutrino mixing param-
eters [44] for να = νe (left) and να = νµ,τ (right). Regions to the right of
the contours, labeled by the bound on the effective neutrino degrees of freedom
δNeff = Neff −3, are excluded. The currently accepted regions corresponding to the
active–sterile mixing parameters for atmospheric neutrinos (ATM) and the large-
mixing-angle (LMA) solar neutrino solutions are also shown

at odds with the possible existence of an LSND-type sterile state. To see
this, observe that creating a large enough effective mixing between νµ and
νe to explain the anomaly [43] would require a sterile intermediate with
mνs 
 1 eV and sin2 2θµe 
 (1/2) sin2 2θµs sin2 2θse >∼ 10−2(δm2/eV2)−2.
In other words, at least one of the active–sterile mixings would have to
satisfy sin2 2θ(µ,e)s >∼ 0.15(δm2/eV2)−1, which is well within the BBN ex-
cluded regions shown in Fig. 3.7. (This requirement would be excluded
even by Neff <∼ 3.9, although we do not show the corresponding contour
in Fig. 3.7).

It should be noted, finally, that active–active-type oscillations have hardly
any effect on the expansion rate or the weak-interaction rates [50], and hence
are not constrained in the above sense by BBN. However, large-mixing-angle
active–active oscillations could equilibrate the lepton asymmetries prior to
BBN. This consideration has been used to put strong bounds on muon and
tau-lepton asymmetries [51], which exclude the possibility of degenerate nu-
cleosynthesis.

3.5 Neutrinos and Supernovae

Neutrinos have long been known to play important role in the physics of
supernovae. It is clear that by far the largest part, roughly 99%, of the grav-
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itational binding energy of about 3× 1053 erg involved in the explosion of
a type II supernova is carried away by neutrinos, while just 1% powers the
shock wave responsible for blowing out the mantle of the star, and only a tiny
fraction, of about 0.1%, escapes in the form of the light responsible for the
spectacular sights observed in the telescopes watching the sky.

The formation of the neutrino burst in the collapse of a type II supernova
is rather well understood. The temporal structure of the burst and the energy
spectrum of the emitted neutrinos can be computed fairly well [52]. It will
be possible to use existing or planned large-scale neutrino detectors [53] to
observe deviations from these signatures and to obtain interesting information
about neutrino masses and mixing parameters [54], given a future observation
of a galactic supernova. We show an example of a compilation of neutrino
fluxes and spectra in Fig. 3.8.

A number of constraints on new physics and, in particular, on neutrino
parameters have already been deduced from the well-known SN1987A event
in the Small Magellanic Cloud. Of these, perhaps the most direct is the upper
bound on the neutrino mass derivable from the maximum duration of the ob-
served neutrino pulse of about 10 seconds. Given the initial energy spectrum
of the neutrinos and the distance to the supernova, one can compute the ex-
pected spread in the arrival times of the neutrinos at the earth as a function
of the neutrino mass. Comparing the predictions with the observations has
been shown to yield the bound [55]

mνe
<∼ 6−20 eV . (3.25)

The observed pulse length also leads to the classic cooling argument: any
new physics that would enhance the neutrino diffusion such that the cooling

Fig. 3.8. Time evolution of neutrino luminosities and average energies: νx repre-
sents the spectrum of νµ, ντ, νµ and ντ. Figure taken from [53]
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time drops below the observed duration must be excluded. Cooling argu-
ments have been used to set limits on various neutrino properties [56], such
as active–sterile neutrino mixing [57] and neutrino magnetic moments. The
magnetic-dipole-moment bound was recently revised by Ayala et al. [58] to

µνe
<∼ 1−4× 10−12µB , (3.26)

which is two orders of magnitude more stringent than the best laboratory
bounds, and comparable to the bound derived from the cooling of red giants
in globular clusters [59], which gives µνe

<∼ 3× 10−12µB.
At present, most of the activity concerning neutrinos in supernovae has

focused on the effects of neutrino transport in supernova explosion dynamics
rather than on finding constraints on neutrino mixing parameters or masses.
Indeed, the details of the physics responsible for the actual visibly observed
supernova explosion, including the blowing out of the stellar mantle, are
not very well understood. In particular, the shock wave, which forms deep
within the iron core as the infall of matter is reversed owing to the stiffen-
ing of the equation of state of nuclear matter, is typically found to be too
weak to explode the star. This is believed to be due to energy loss from
the shock and dissociating iron nuclei as the shock makes its way out from
the core to the mantle. In the popular “delayed explosion scenario”, the
stalling shock wave is rejuvenated by energy transfer to the shock from the
huge energy flux of neutrinos streaming freely away from the core. Recent
numerical simulations including diffusive neutrino transport do not verify
this expectation, however [60]; while neutrinos definitely help, they do not
appear to solve the problem. These results are not conclusive, because the
diffusive transport equations used so far [60] do not include all relevant neu-
trino interactions, most notably the nuclear bremsstrahlung processes [52, 61].
Furthermore, processes other than diffusive processes, such as convective
flows in the core and behind the shock, appear to play an important role
as well [62].

It is of course possible that a succesful supernova explosion requires help
from some new physics to channel energy more efficiently to the shock, and
neutrino oscillations have already been considered for this role [63]. The idea
is that νµ and ντ interact more weakly, and hence escape more energetically
from deeper in the core, than do electron neutrinos. Arranging the mixing
parameters so that νµ,τ turn resonantly into νe in the mantle behind the
shock could increase the energy deposited in the shock significantly. Unfortu-
nately, the mass difference needed for the resonant transition would be very
big:

δm2 ∼ 2EVeff 
 1.5× 105ρeE100
ν eV2 , (3.27)

where ρe is the electron density in units of 1010 g/cm3, which at the shock
front is equal to about 10−3, and E100

ν is the neutrino energy in units of
100MeV. So one obtains mν >∼ 10 eV, which is excluded by the present data.
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A similar idea was behind the suggestion [64] that neutrino magnetic mo-
ments induce resonant transitions from νR (which escape energetically from
deep in the core) to νL behind the mantle. This mechanism could actually
be used to evade the bound (3.26), but as it demands a magnetic moment
of order µν ∼ 10−11µB, it has problems in coping with the red-giant cooling
bound [59].

Sterile neutrinos could also be relevant to supernovae by alleviating the
problems with r-process nucleosynthesis, which is thought to be responsible
for creation of the most heavy elements. In the standard supernova calcula-
tions, r-process nucleosynthesis is not effective, owing to excessively efficient
de-neutronization by the process νe + n → e− + p. If electron neutrinos
mixed with a sterile state, however, this process could be made less effec-
tive, increasing the neutron density in the mantle, and hence improving the
efficiency of the r-process [65].

Finally, there is also the old problem of the “kick” velocities of pulsars
(neutron star remnants of supernova explosions). It has proven difficult to
account for these velocities, which average around 450 km/s, on the basis of
the normal fluid dynamics in asymmetric supernova explosions. The momen-
tum carried away by neutrinos, pν 
 Eν, on the other hand, is about 100
times larger than the kinetic energy of a pulsar, so that a mere 1% asymme-
try in the neutrino emission would be enough to power the pulsar velocities.
Interesting attempts have been made to explain such asymmetric emission
by an asymmetric distribution of inhomogeneities in the magnetic field of the
supernova, combined with a large neutrino magnetic moment [64], or just the
magnetic-field-induced deformation of the neutrino spheres [66]. However, the
former possibility would again probably need too large a magnetic moment
to work, and a detailed analysis of the latter possibility suggests that the
a symmetric flux is very suppressed, requiring perhaps unrealistically large
magnetic fields; according to [67], the field needs to be in excess of 1017 G,
while the authors of [68] argue that a field of 1014−15G would suffice. The
true nature of the physics explaining the kick velocities may remain ambigu-
ous for some time to come, but a neutrino solution looks definitely appealing
from the point of view of pure energetics.

Before we conclude this section, we would like to mention several other
astrophysical limits on neutrino properties. A sure limit on the mean-
life/mass ratio is obtained from solar X- and γ-ray fluxes [69]. This limit
is τ/mν1 > 7× 109 s/eV. This is far superior to the laboratory bound of
300 s/eV [70]. Other, much stronger limits (>O(1015) s/eV) can be deduced
from the lack of observation of γ-rays in coincidence with neutrinos from SN
1987A [71]. This latter limit applies to the heavier neutrino mass eigenstates,
ν2 and ν3, as well.
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3.6 Neutrinos and Cosmic Rays

One of the most interesting puzzles in astrophysics today concerns the ob-
servations of ultrahigh-energy cosmic rays (UHECRs), beyond the Greisen–
Zatsepin–Kuzmin (GZK) cutoff

EGZK 
 5× 1019 eV . (3.28)

The problem is that cosmic rays at these energies are necessarily of extra-
galactic origin, since their gyromagnetic radius within the galactic magnetic
field far exceeds galactic dimensions. However, the attenuation lengths of
both protons and photons are rather small in comparision with intergalactic
distances, and neither can have originated further than about 50Mpc away
from us, owing to their scattering off the intergalactic cosmic photon back-
ground. As a result, one would expect that the cosmic-ray spectrum would
end abruptly around E ∼ EGZK owing to scattering off the microwave back-
ground. This cutoff is represented by the dotted line in Fig. 3.9. In contrast,
several groups, most notably the HiRes [72] and AGASA [73] collaborations,
have reported events with energies well above the GZK cutoff: the latest
compilation by AGASA, for example, contains ten events above the scale
E > 1020 eV observed since 1993.

The origin of UHECRs has been the subject of lively discussion over the
last few years. Apart from the suggestion that they have an astrophysical
origin, being accelerated in extreme environments at extragalactic distances

Fig. 3.9. Spectrum, scaled by E3, of the highest-energy cosmic rays near the GZK
cutoff. The dotted line corresponds to the expectation from uniformly distributed
extragalactic sources, and the solid line shows the prediction of a Z-burst model [74].
(Figure modified from the original on the AGASA Web site [73])
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(in Active Galactic Nuclei (AGNs), Gamma-Ray Bursts (GRBs), or blazars),
they have been attributed to the decay products of very heavy particles or
of topological defects. All these explanations have problems, however. Astro-
physical explanations face the difficult task of accelerating particles to the
extreme energies required, with little or no associated sub-TeV-scale pho-
tonic component (as no such component has ever been observed). This is
in addition to the above-mentioned problem of the propagation of UHECRs
over extragalactic distances. Decay explanations are somewhat disfavored by
the growing evidence of doublets and triplets in the AGASA data, and by
the correlation between the UHECR arrival directions and distant, compact
blazars [75], which appears rather to point towards an astrophysical origin.

The attenuation problem for extragalactic UHECRs can be avoided, how-
ever, if they cross the universe in the form of a neutrino beam, since neutrinos
travel practically freely over super-Hubble distances. Indeed, should this be
the case, the initial νUHE’s could occasionally interact with the cosmological
relic neutrino background close to us, giving rise to “Z-bursts” of hadrons and
photons [76], which then would give rise to the observed UHECR events. In-
deed, given a neutrino mass mν, such a collision has sufficient center-of-mass
energy for resonant Z production if

Eν =
M2

Z

2mν

 4.2× 1021 eV

(
eV
mν

)
. (3.29)

The requirement for a super-GZK energy of the initial νUHE beam leads
immediately to the interesting mass scale for neutrinos: mν ∼ O(1) eV.

Z-burst models have been extensively studied lately [77]. For example,
in [74] it was shown that a Z-burst model with mν = 0.07 eV, correspond-
ing to a degenerate neutrino spectrum, could reproduce the AGASA data,
including the spectral features such as the “ankle” and “bump” observed at
E <∼ EGZK. The best-fit model of [74] is shown by the solid line in Fig. 3.9.
While the agreement with the AGASA data is good, it should be noted that
this model predicts that cosmic-ray primaries are exclusively photons above
E >∼ 1020 eV, whereas the E 
 3× 1020 eV event observed by Fly’s Eye was
almost certainly not caused by a photon [78]. The model also predicts a large
increase in the cosmic-ray flux above a few times 1020 eV (as a direct result
of the huge initial energy needed, EνUHE 
 6× 1022 eV), which exacerbates
the outstanding problem of the origin of UHECRs. These problems could be
ameliorated by assuming somewhat larger neutrino masses, and it has been
argued by Fodor et al. [77] that the Z-burst scenario can be used to constrain
the mass, plausibly to within mν ∼ 0.08−1.3 eV, in very good agreement with
other mass determinations. The analysis of [77] was restricted to Z-resonance
interactions, however, while for higher center-of-mass energies the cross sec-
tion [8] for pair production of gauge bosons νν → ZZ,WW becomes impor-
tant. These reactions have been shown to give accptable solutions with larger
neutrino masses mν >∼ 3 eV [79].
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In summary, although the origin of UHECRs remains a mystery today,
it is almost certain that if it has to do with extragalactic sources, neutrino
physics plays a very important role in the interpretation of these events.
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4 Experimental Results

on Neutrino Oscillations

Achim Geiser

A standard is the standard until replaced by the next ...

Neutrino physics, in particular the question of neutrino mass and oscillations,
is currently giving rise to a minirevolution in particle physics. Here, we re-
view the experimental evidence for and constraints on neutrino oscillations
collected over the past decade. The experimental methods and measurements
are described. The results are placed into their phenomenological context,
including brief discussions of alternative interpretations and possible future
improvements.

4.1 Introduction

... bin ich ... auf einen verzweifelten Ausweg verfallen, um den ,,Wechsel-
satz“ der Statistik und den Energiesatz zu retten. Nämlich die Möglichkeit, es
könnten elektrisch neutrale Teilchen ... existieren, welche den Spin 1/2 haben
und das Ausschließungsprinzip befolgen und sich von Lichtquanten außerdem
noch dadurch unterscheiden, daß sie nicht mit Lichtgeschwindigkeit laufen.

W. Pauli, December 1930

4.1.1 A Brief History of Neutrinos

When Wolfgang Pauli “invented” the neutrino in 1930 [1] to save energy–mo-
mentum conservation and Fermi statistics in nuclear beta decay, it seemed
natural to him that neutrinos should be massive objects. Since then, the
concept of neutrinos has undergone several, sometimes turbulent develop-
ments. Since neutrinos are rather elusive owing to their weak interaction
with matter, many of their properties were determined indirectly long before
direct measurements became accessible. For instance, it took 26 years before
the first neutrino (from a reactor source) could be experimentally detected
by Reines and Cowan [2] in 1956. Upper limits on the neutrino mass could
be obtained much earlier from indirect measurements, eventually leading to
the concept of massless neutrinos [3], which is being reexamined today. The
fact that only left-handed neutrinos participate in weak interactions was first
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c© Springer-Verlag Berlin Heidelberg 2003
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established indirectly from the measurement of the polarization of other par-
ticles involved in the interaction (e.g. [4]). Direct quantitative studies of this
property were later used as a tool to obtain measurements of the fundamen-
tal coupling constants sin2 θW and αs [5]. The conjecture of the conservation
of lepton number and lepton family number implies that a distinct neutrino
should exist for each lepton family [6]. Currently, three charged leptons are
known (e, µ, τ), and the corresponding expectation of three light-neutrino
generations has been beautifully confirmed by the study of Z0 decay at LEP
and SLC [7]. The third of these neutrinos, the ντ, has only recently become
accessible to direct detection [8]. At present, the most stringent upper lim-
its [9] on neutrino masses, lifetimes, charges, and magnetic moments (except
mνe) arise from astrophysical observations. The confirmation and extension of
these indirect measurements by direct means is an important goal of current
neutrino research.
Until recently, there was no compelling evidence that neutrinos have mass.

Consequently, the Standard Model treats neutrinos as massless and genuinely
neutral stable particles. Reflecting parity violation, only left-handed neutri-
nos and right-handed antineutrinos exist in the Standard Model. The ques-
tion of what would happen if neutrinos had mass after all and if one could
rotate their spin was raised by Majorana in 1937 [10], and remains unset-
tled today! An important aspect of a nonzero neutrino mass is the question
of neutrino oscillations. The possibility of such oscillations was first investi-
gated by Pontecorvo [11] in 1958 in the form of neutrino–antineutrino oscil-
lations, similar to the oscillations of neutral kaons. After the discovery of the
muon neutrino, the concept was adapted to neutrino flavor oscillations (e.g.
νµ ↔ νe) [12]. Owing to the intimate relation between neutrino mass and
neutrino oscillations, the observation of such oscillations is currently one of
the most promising approaches to solving the neutrino mass puzzle.
The first indications of nonzero neutrino mass were obtained from the neu-

trino oscillation interpretation of a deficit in the rate at which neutrinos reach
us from the sun, observed since 1970 [13]. These indications were followed by
the observation of anomalies in the spectra of atmospheric neutrinos (created
by cosmic-ray interactions in the Earth’s atmosphere), beginning in 1988 [14].
The recent confirmation of these effects by the Super-Kamiokande [15, 16],
SNO [17], and KamLAND [18] collaborations has triggered a turnaround in
the general perception of the neutrino mass issue, such that a nonzero neu-
trino mass is now an almost universally accepted conjecture. However, this
conjecture needs at least a minimal, if not a major, extension of the Stan-
dard Model (the first required by experimental evidence!). Since the data are
scarce, many possibilities exist, and the question of how the Standard Model
should be extended is one of the central issues of the current debate. A claim
of direct evidence for νµ → νe oscillations by the LSND collaboration [19],
beginning in 1994, and indications of a potentially important role of mas-
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sive neutrinos in cosmology (e.g. the formation of large-scale structures [20])
further enrich and complicate the issue.
This is a very exciting time for neutrino physics, with new data becoming

available every few months. Here, we shall attempt a complete review of the
experimental evidence for and constraints on neutrino oscillations collected
within the last decade, and place them into their phenomenological context.
Parts of this review are an abbreviated update of [21].

4.1.2 Neutrino Sources

Neutrino experiments can be performed either with neutrinos of astrophysical
origin or with neutrinos from artificial, terrestrial sources. The former offer
the advantage of a naturally available flux without the need for accelerators or
reactors, while the latter allow high local fluxes with controlled experimental
conditions.
Historically, the first neutrinos were detected at nuclear reactors [2]. Nu-

clear fission reactions produce neutron-rich nuclei, many of which disintegrate
via β− decay,

n→ pe−νe . (4.1)

These νe’s are emitted isotropically from the reactor core, and the total flux
can reach up to 1021 νe per second. The neutrino energy is of the order of a
few MeV. A typical flux spectrum is shown in Fig. 4.1.
Somewhat higher neutrino energies can be achieved at low-energy pro-

ton accelerators. Here, a primary low-energy (e.g. 800MeV) proton beam is
dumped onto a target and produces pions as secondaries, which are stopped
in the target. While most of the π− are absorbed by nuclei, most of the π+

decay according to the reaction

π+ → µ+νµ , (4.2)

therefore yielding an isotropic flux of monoenergetic νµ’s. The muons pro-
duced are stopped in turn, and their three-body decay

µ+ → e+νeνµ (4.3)

yields a wide spectrum of νe and νµ. Smaller components of the spectrum are
obtained from pion and muon decays in flight. Again, a typical spectrum is
shown in Fig. 4.1.
Finally, neutrino energies ranging from 1GeV to 1 TeV can be obtained

from dedicated neutrino beams at high-energy accelerators (see [22, 23] for
historical articles). Here, protons are accelerated to energies between tens of
GeV and 1TeV in large proton synchrotron rings and sent to a relatively thin
target, such that the secondaries produced in the hadronic showers (mainly
pions and kaons) can escape the target. These secondaries are momentum and
charge selected and focused into an evacuated tunnel, called the decay tunnel.
There, part of the pions and kaons decay leptonically, and yield neutrinos as
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Fig. 4.1. Typical neutrino fluxes from astrophysical sources (left) and terrestrial
sources (right) [21]. The terrestrial fluxes refer to dedicated experimental zones
at the Bugey reactor, Los Alamos (LAMPF), CERN (WANF), and Gran Sasso
(CNGS), whose distances from the source are also indicated

tertiary reaction products. Owing to the large Lorentz boost (typical γ factors
are about 10–1000), the neutrinos are emitted approximately in the direction
of their parent hadrons. Thus they form a reasonably focused “beam”, with
a typical opening angle of order 1mrad. This focusing yields high neutrino
fluxes in the direction of the beam line.
A sketch of a neutrino beam line is shown in Fig. 4.2, and typical spec-

tra are shown in Figs. 4.1 and 4.3. The neutrino spectrum is dominated by
muon neutrinos, since pions decay essentially through the reaction π → µνµ.

Fig. 4.2. Sketch of a typical high-energy neutrino beam line
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Fig. 4.3. Neutrino fluxes for the West Area Neutrino Facility (WANF) at CERN,
integrated over an area of 2.6 × 2.6 m2 at a distance of 850 m from the target, for
109 protons on target (p.o.t.) [24]

Depending on whether positive or negative particles are focused, the main
beam component consists of either νµ or νµ, while some “background” from
the other polarity (of the order of a few percent) remains. A small (of order
1%) component of νe arises mainly from semileptonic K decays. Tau neutri-
nos can only be produced through decays of Ds and B mesons (because of
the τ mass threshold) and are essentially absent.
Neutrino beams could also be produced by accelerating muons instead of

protons, and letting them circulate in muon storage rings until they decay
according to (4.3). Along the straight sections of such a ring, a highly pure
beam of νe and νµ (or νµ and νe) would be produced, with energies ranging
up to 50GeV. Such “neutrino factories” [25] do not yet exist, but might be
one of the next steps in current accelerator programs (Chap. 7).
As an alternative to these terrestrial sources, astrophysical neutrino

sources play an important role in current neutrino-related research. Neu-
trinos left over from the Big Bang (cosmological neutrinos) are expected to
have a “temperature” of 1.9K, and therefore a kinetic energy in the meV
range, which is at present too small to be detected. They do, however, play
a role in the evolution of the early universe [26].
The sun is an intense source of low-energy (< 0.42MeV) electron neutrinos

(solar neutrinos) based on the basic fusion reaction

pp→ De+νe (4.4)

(these neutrinos are called “pp” neutrinos). In addition, electron neutrinos
with energies up to 18MeV are produced in side reactions, the most impor-
tant of which involve the nuclei 7Be and 8B (“7Be” and “8B” neutrinos).
The corresponding spectra are shown in Fig. 4.1. Solar neutrinos were first
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detected in 1970 [13], and play a major role in the current discussion about
a nonzero neutrino mass (Sect. 4.3).
In contrast, interactions of primary cosmic-ray particles in the earth’s

atmosphere are an important source of high-energy neutrinos (atmospheric
neutrinos). They were first detected in 1965 [27]. The processes yielding these
neutrinos are essentially the same as the ones used to produce neutrino beams,
except that the parent particles are not focused, and that pion and muon de-
cays occur here at similar rates. Some specific features of these atmospheric
neutrinos and their impact on our understanding of neutrino masses are dis-
cussed in Sect. 4.4. The corresponding neutrino spectrum is compared with
the other spectra in Fig. 4.1.
Neutrinos from supernova collapses have a spectrum which lies between

the solar and atmospheric neutrino spectra. Since supernovae are rare events
the corresponding rate is discontinous in time. Only one supernova event has
been seen in neutrinos so far (supernova 1987a [28]). However, the sum of
all supernovae which have ever occurred yields a spectrum (Fig. 4.1) which
might be detectable in the near future. Finally, ultrahigh-energy neutrinos
(of the order of a TeV or higher) might originate from extragalactic sources.
Such neutrinos might soon be observed with large-volume ice or underwater
detectors [29, 30].
All neutrino sources have in common the feature that their fluxes decrease

strongly with increasing average neutrino energy. However, this is compen-
sated by the increasing interaction cross section and, in the case of neutrino
beams, by the improved focusing at high energies. The lateral size of these
“beams” is typically of order 1m or more at the detector location, extending
up to the kilometer range for “long-baseline” beams (Sect. 4.6.3).

4.2 Neutrino Oscillations and Their Detection

... there is a possibility of real transitions neutrino→ antineutrino in vacuum,
provided that the lepton (neutrino) charge is not conserved.

B. Pontecorvo, 1958

4.2.1 Neutrino Oscillations

The theory of neutrino oscillations is extensively discussed in Chaps. 1 and 5.
Here, we shall briefly review the most important aspects, and define the
terminology.
In the Standard Model, the neutrino is a massless, strictly neutral, stable

particle. In general, if neutrinos have mass and form mixed states, neutrino
oscillations can occur. Minimal extensions to the Standard Model that allow
a neutrino mass without destroying gauge invariance can be obtained, for
instance, by adding a standard Yukawa coupling term for neutrinos (a Dirac
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mass) or by introducing a “bare” right-handed neutrino mass term (a Majo-
rana mass). The latter explicitly violates lepton number conservation, while
both cases can lead to nonconservation of lepton family number.
In the context of Grand Unified Theories, many more (and much more

complicated) possibilities exist, usually leading to both Dirac and Majorana
mass terms. In such models it is possible to have oscillations between neutri-
nos and antineutrinos, as originally postulated by Pontecorvo [11]. Since an-
gular momentum is conserved, left-handed neutrinos (right-handed antineu-
trinos) will oscillate into left-handed antineutrinos (right-handed neutrinos),
which do not participate in standard weak interactions, and therefore appear
“sterile”. However, in many models (e.g. the seesaw model [31]) such oscil-
lations are strongly suppressed by the introduction of very large Majorana
masses and correspondingly heavy “right-handed” neutrinos, out of reach of
current experiments.
In the following, we shall restrict the discussion to the more familiar case

of the three known (active) neutrinos, yielding oscillations between different
lepton families [32]. Potential additional, sterile neutrinos can be accounted
for straightforwardly by extending this mechanism to four or more neutrinos.
In analogy to the quark case, the three flavor eigenstates can be expressed

as a superposition of mass eigenstates:
 νe

νµ
ντ


 =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3




 ν1

ν2

ν3


 . (4.5)

Here U is a unitary mixing matrix (the Maki–Nakagawa–Sakata matrix [33])
which, in analogy to the Cabibbo–Kobayashi–Maskawamatrix for quarks [34],
has four independent parameters: three mixing angles and one CP-violating
phase.
In an oscillation experiment, one starts with a neutrino flux of defined

flavor eigenstates να at t0 = x0 = 0 and tries to detect its composition in
terms of the flavor states νβ at a different point in space–time, for instance at
a distance x = L. Since the space–time evolution between these two points is
described by the non-flavor-diagonal mass eigenstates, the flavor composition
changes, and the transition probability can be written as

P (να → νβ) =

∣∣∣∣∣
∑
i

Uβi exp [−ı(Eit− pix)]U∗
αi

∣∣∣∣∣
2

. (4.6)

For a fixed neutrino energy, one can express pi and t in terms of Ei = Eν,
mi, and x = L. Neglecting CP violation, which does not yet play a role in
current experiments (i.e. we assume that U is real), we obtain (in natural
units), after some transformations,

P (να → νβ) = δαβ − 4
3∑
i=1

3∑
j=i+1

UαiUβiUαjUβj sin2
(
∆m2

ijL

2Eν

)
. (4.7)
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Thus, the matrix U defines the amplitudes of the resulting oscillations, while
the oscillation frequencies are determined by the differences between the
squared masses ∆m2

ij for the mass eigenstates.
On one hand, this formula can be extended straightforwardly to more

than three neutrino states. On the other hand, it is often useful for practical
purposes to consider the simplified case where only two neutrino flavors a
and b take part in the oscillations(

νa
νb

)
=
(
cos θ sin θ
− sin θ cos θ

)(
ν1

ν2

)
. (4.8)

In this two-flavor approximation, the oscillation probability in vacuum can
be expressed by the well known formulae

Pνa→νb
(L/E) = sin2(2θ) sin2(1.27∆m2L/E) ,

Pνa→νa(L/E) = 1− sin2(2θ) sin2(1.27∆m2L/E) , (4.9)

where L is the distance travelled in km, E is the neutrino energy in GeV, θ
is the neutrino mixing angle, and ∆m2 is the difference between the mass-
squared eigenvalues expressed in eV2. The first formula applies to the ap-
pearance of νb, while the second describes the corresponding disappearance
of νa. Note that there is no CP-violation parameter in the two-neutrino case.
Three kinematical ranges can be distinguished:

– If L/E � 1/∆m2 (E large or L small), the sine function can be approx-
imated by a linear function, and the “oscillation” effect is small even if
the mixing angle is large.

– If L/E ∼ 1/∆m2, the actual sinusoidal oscillation pattern is accessible to
observation.

– If L/E � 1/∆m2 (E small or L large), the sinusoidal oscillations become
so fast that they will be unmeasurable. In this case, only an average
oscillation effect, proportional to sin2 2θ, can be observed.

For the more general case of three generations, the three mass eigenstates
yield two independent ∆m2 scales in (4.7). The third scale is fixed by the
other two, and is very close to the larger one. Any flavor transition can in
principle occur on both scales. CP violation would manifest itself by differ-
ences between the differential transition rates of neutrinos and antineutrinos
(CP-violation effects cancel in time-, space-, or energy-averaged rates). If one
of the nondiagonal elements of the matrix U (e.g. Ue3) becomes very small
or if the experimental L/E range is chosen such that only one of the ∆m2

values can contribute significantly, then the transition probability for each
subset of two flavors can be approximated by a two-flavor formula similar
to (4.9).
On the other hand, the situation can be complicated by the presence of

additional degrees of freedom due to sterile neutrinos which participate in
the oscillations. Furthermore, the presence of matter can significantly affect
the oscillation parameters and distort the oscillation pattern.
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4.2.2 Matter Effects

The properties of neutrinos, in particular their effective masses and mixing
angles, can be affected by the presence of matter. A detailed discussion of
these effects is outside the scope of this review, and the reader is referred to
the literature [32, 35] for more information.
In a nutshell, the difference between the coherent forward-scattering am-

plitudes (on nucleons and electrons) for different kinds of neutrinos can be
expressed phenomenologically in terms of a “refractive index” n, in analogy
to the refractive index in standard optics. Sterile neutrinos do not interact at
all and will therefore have n = 1. Forward scattering of νµ and ντ is possible
via neutral-current (NC) reactions, and will induce a small nonzero value of
ε = n−1. The sign of ε will be opposite for neutrinos and antineutrinos. Elec-
tron (anti)neutrinos have an additional, somewhat larger forward-scattering
amplitude through the charged-current (CC) reaction νee− → e−νe.
In matter, all formulae containing the neutrino momentum p must be

modified by replacing p by np. This induces an additional phase factor in
the neutrino wave function. If we work in the three-neutrino framework and
arbitrarily take the muon neutrino as a reference (only differences in this
phase factor are relevant), this yields an additional term in the neutrino
mass matrix. In the flavor basis, the first diagonal mass matrix element m2

ee

(the “electron neutrino” mass term if mixing is small) must be replaced by

m2
eem = m2

ee − 2p2(ne − nµ) = m2
ee + 2

√
2GFNep , (4.10)

where GF is the Fermi constant and Ne is the electron density. Diagonaliza-
tion of the modified matrix will yield mass eigenstates which are different
from the vacuum mass eigenstates.
Therefore, the effective neutrino mass changes when the neutrinos en-

ter matter, and the size of this change depends on the neutrino energy (or
momentum). The effective mixing angles are affected in a similar, energy-
dependent way. Through this modification, two neutrino masses can become
degenerate for specific values of the matter density. In this case, the oscillation
parameters can go through a resonance which produces maximal oscillations
even if the vacuum oscillation amplitude is small. If a neutrino traverses
a large amount of material with a continously varying density (such as the
interior of the sun) it is likely to go through this resonance point, effectively
yielding almost complete flavor inversion (e.g. all νe become νµ and all νµ
become νe). This is known as the MSW (Mikheyev–Smirnov–Wolfenstein)
effect [36]. In the case of an approximately constant density (e.g. the earth),
the masses and oscillation parameters will still be modified, although not
necessarily resonantly. Three important points to be remembered are the
following:

– νµ–ντ oscillations are unaffected by matter effects, since νµ and ντ have
the same (NC) interactions with ordinary matter. All other kinds of oscil-
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lations can be affected, depending on the vacuum oscillation parameters,
the matter distribution, and the neutrino energy.

– In general, matter effects are different for neutrinos and antineutrinos
(because of the opposite signs of the scattering amplitudes), and could
partially obscure or mimic CP-violation effects. If matter effects are im-
portant, it is useful to consider tan2 θ instead of sin2 2θ as the mixing-angle
parameter, where tan2 θ < 1 corresponds to the occurence of a matter
resonance for neutrinos, and tan2 θ > 1 corresponds to a resonance for
antineutrinos.

– For short distances (� one vacuum or resonance oscillation length) or
large ∆m2 (� 2√2GFNep), matter effects are negligible.

4.2.3 Detection of Neutrino Oscillations

On inspecting (4.7), one finds that neutrino oscillations can be detected in
two fundamentally different ways:

– appearance of νβ in a beam of να, with β �= α;
– disappearance of να into other neutrino flavors, which escape detection.

Since the neutrino flavor is defined by the charged lepton which is pro-
duced in its CC interactions, an appearance measurement implies that

– the neutrino energy is large enough to produce the final-state lepton, i.e.
it is kinematically above the lepton mass threshold, and

– the detector is able to distinguish this final-state lepton from other final
states that may occur.

On the other hand, a disappearance measurement requires a good con-
trol of the expected neutrino flux, since the signal will consist of deviations
from the expected flux normalization and/or energy distribution. The same
is true for appearance measurements if the relevant flavor is already present
as an a priori background in the initial flux. The required knowledge can
be obtained either from precise calculations of the expected flux or by us-
ing two detectors at different distances from the source (or several similar
sources at different distances from the detector). In the latter case, the flux
observed at a “near” distance (before oscillation effects become important)
can be used to calibrate the expected flux at the “far” distance. So far, with
one exception, positive evidence for neutrino oscillations has only been seen
in disappearance measurements.
For either appearance or disappearance, oscillations can be observed in

two ways:

– Indirectly, by integrating over a large range of L/E and detecting an
average oscillation signal. This reduces the requirements on statistics and
experimental resolution, but often does not allow a unique determination
of the oscillation parameters.
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– Directly, by observing the differential oscillation pattern (thereby observ-
ing the sinusoidal variation). This is needed to uniquely distinguish os-
cillations from other hypothetical flavor-changing processes (interactions
and decays) that might yield similar average appearance or disappearance
signals.

Almost all positive evidence for neutrino oscillations so far has been obtained
from experiments yielding averaged measurements. New differential measure-
ments are therefore needed to fully establish the oscillation phenomenon. Fur-
thermore, the observation of CP violation in neutrino reactions will only be
possible through the measurement of differential appearance rates.
Finally, sterile neutrinos could be “detected” in disappearance measure-

ments using the fact that they will produce neither CC nor NC interactions,
while active neutrinos below the charged-lepton mass threshold will “disap-
pear” as far as their CC interactions are concerned, but still “appear” in NC
interactions. Therefore, the observed NC/CC ratio will be enhanced in the
latter case. Depending on the point of view, such an observation can be called
a “CC disappearance” or an “NC appearance” measurement.

4.3 Solar Neutrino Experiments

The quest to understand energy production in the Sun frequently leads to
fascinating discoveries about neutrinos.

J.N. Bahcall, 2001

The first indirect evidence for neutrino oscillations was obtained by Davis,
from 1968 onwards, from the observation of a deficit in the neutrino rate from
the sun detected in an experiment located in the Homestake mine in South
Dakota, USA [13]. This observation, intimately related to our basic under-
standing of the fusion processes inside the sun alluded to by Bahcall [37], was
subsequently confirmed by several other measurements. For detailed reviews,
see [38, 39].
Solar neutrinos are produced by nuclear fusion processes in the core of

the sun (Table 4.1), which yield exclusively electron neutrinos. The expected
spectral composition of the solar neutrinos and its uncertainties are indicated
in Fig. 4.4. The predicted solar-neutrino fluxes (which are also referred to as
the standard solar model, SSM) are rather robust. The dominant pp flux
is directly proportional to the total solar photon luminosity, which is very
well known. The other contributions are constrained by the strong correla-
tion between the occurrence of their corresponding nuclear reactions and the
density and temperature profile of the sun. These profiles have been very ac-
curately tested through the observation of the solar “vibrational” oscillation
eigenmodes, called helioseismology [40].
Owing to the low neutrino energy, νµ and ντ CC reactions cannot occur.

Hence only νe CC (+NC) interactions can be observed, while νµ and ντ (from
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Table 4.1. Average and maximum neutrino energy for the various reactions con-
tributing to the solar neutrino flux [41]

Source Reaction 〈Eν〉 (MeV) Max. Eν (MeV)

pp p + p → d + e+ + νe 0.267 0.423
pep p + e− + p → d + νe 1.445 1.445
hep 3He + p → 4He + e+ + νe 9.628 18.778
7Be e− + 7Be → 7Li + νe 0.386 0.386

0.863 0.863
8B 8B → 8Be∗ + e+ + νe 6.74 ∼ 15
13N 13N → 13C + e+ + νe 0.706 1.198
15O 15O → 15N + e+ + νe 0.996 1.732
17F 17F → 17O + e+ + νe 0.998 1.736

potential oscillations) will produce NC interactions only. All CC solar neu-
trino observations are therefore disappearance measurements. In addition,
different experimental techniques yield different thresholds for neutrino de-
tection, which are also indicated in Fig. 4.4. In the following sections, we
shall first present the current status of the experimental results, and then
discuss the interpretation of these results in terms of neutrino oscillations or
alternative solutions.

Fig. 4.4. BP2000 [42] predictions of the energy spectra of solar neutrinos produced
in the pp-cycle reactions [43]. The continuum spectra are expressed in neutrinos
cm−2 s−1 MeV−1 at one astronomical unit, and the monochromatic lines (pep and
7Be) are given in neutrinos cm−2 s−1



4 Experimental Results on Neutrino Oscillations 87

4.3.1 Radiochemical Experiments

Two classes of experiments have yielded results so far. Radiochemical exper-
iments use the reaction

νe +N(Z)→ N ′(Z + 1) + e− (4.11)

to produce semistable nuclei N ′ (typically a few per month in a target of
nuclei N with a mass of the order of 100 tons), which are chemically ex-
tracted and detected through their radioactive decay. For historical reasons,
neutrino rates are measured in solar neutrino units (SNU), corresponding
to 10× 10−36 events/atom/s. The observed rate is then compared with the
expected flux, averaged over several weeks and over the whole energy spec-
trum. Obviously, only average oscillation signals can be obtained with this
technique. Depending on the neutrino energy threshold of the process (4.11),
different parts of the neutrino spectrum will be covered. The advantage of
these measurements is that these thresholds are typically an order of magni-
tude lower than for the real-time experiments discussed in the next section.
The Homestake chlorine experiment [13, 44] is located 1480m under-

ground at the Homestake gold mine in South Dakota, USA. A tank of volume
6× 105 litres volume is filled with tetrachloroethylene ( C2Cl4). Neutrino de-
tection is based on the reaction

νe + 37Cl → e− + 37Ar (T1/2 = 35 d) , (4.12)

which has a threshold of 0.81MeV, above the endpoint of the pp energy
spectrum and just below the 7Be line. The few 37Ar atoms produced in neu-
trino reactions are extracted every 1–3 months by purging the detector with
4He. The measured rate, which arises mainly from 8B and 7Be neutrinos, plus
a small contribution from pep neutrinos, is 2.56± 0.23 SNU [44], significantly
below the predicted value of 7.6+1.3

−1.1 SNU. Owing to the lack of a suitable ar-
tificial neutrino source, the Homestake detector has not been fully calibrated
experimentally. However, the efficiency of the extraction technique has been
checked by doping the detector with a known amount of radioactive argon
atoms.
A second group of experiments uses gallium as the target medium, ex-

ploiting the reaction

νe + 71Ga → e− + 71Ge (T1/2 = 11.43 d) , (4.13)

for which the energy threshold (0.23MeV) is well below the maximum energy
of the pp neutrinos. This means that gallium experiments, by measuring low-
energy solar neutrinos, are directly sensitive to the thermonuclear nature of
the energy production mechanism in the sun.
The GALLEX experiment [45], now completed, was located at the Gran

Sasso underground laboratory in Italy. It consisted of 30 tons of 71Ga, in the
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form of a concentrated solution of gallium chloride ( GaCl3−HCl) in water.
The 71Ge atoms formed the volatile compound GeCl4, which, at the end of
each run (3–4 weeks), was swept out of the solution by means of a nitrogen
stream. The GALLEX isotope extraction procedure was calibrated using two
independent methods producing 71Ge from radioactive sources [46]. The final
results [45] give a solar neutrino flux of 77.5+7.6

−7.8 SNU, again well below the
theoretical predictions of 128+9

−7 SNU.
In 1998, the experiment was upgraded and continues to run under the

name of GNO (Gallium Neutrino Observatory), aiming at the measurement
of long-term rate variations. The first flux measurement from GNO [47],
65.8+10.7

−10.2 SNU, is consistent with the GALLEX results.
In parallel with GALLEX/GNO, the SAGE experiment [48] is being car-

ried out by a Russian–American collaboration at the underground Baksan
Neutrino Observatory in the northern Caucasus mountains. The detector,
which weighs 57 tons, uses gallium in its metallic form. The germanium
produced in the reaction (4.13) is removed from the metallic gallium by
liquid–liquid extraction into an HCl−H2O2 phase. The results reported
by the SAGE collaboration are based on 10 years of exposure time (from
January 1990 to October 1999), yielding a measured solar neutrino flux of
74+7.8

−7.4 SNU [48], in very good agreement with the GALLEX/GNO results.
The SAGE detector has been calibrated by exposing 13 tons of metallic gal-
lium to an intense 51Cr source [49].

4.3.2 Real-Time Experiments

Complementary results are obtained from large water Cherenkov detectors.
First, we shall discuss detectors filled with purified light water ( H2O). These
detectors are Kamiokande [50] and its successor Super-Kamiokande [16]
(Fig. 4.5), which are also used for detection of atmospheric neutrinos. These
detectors measure Cherenkov light from neutrino–electron scattering,

νx + e− → νx + e− (x = e,µ, τ) , (4.14)

with an energy threshold in the region of 5–10MeV. They are therefore sensi-
tive only to 8B neutrinos, for which the flux is least well predicted. However,
they are able to measure the resulting differential energy spectrum of the
electrons in real time. This yields sensitivity to spectral distortions, and to
short-term (e.g. day/night) variations. Also, they are sensitive to both NC
and νe CC interactions, although the two are experimentally indistinguish-
able.
Both Kamiokande and Super-Kamiokande were/are located 1000m un-

derground in the Kamioka mine in Japan. Kamiokande started its operation
in 1984 and was originally intended to study nucleon decay [52]. It was later
upgraded to detect also low-energy events and succeeded in observing the
first solar neutrinos in 1987. Kamiokande consisted of a cylindrical tank,
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Fig. 4.5. The Super-Kamiokande detector [51]

filled with 4.5 kt of pure water. An inner volume containing 2.14 kt of water
was defined by 980 inward-looking photomultiplier tubes (PMTs), used to
detect the Cherenkov light produced by relativistic particles traversing the
water. Kamiokande ended physics data-taking at the beginning of 1995.
Its successor Super-Kamiokande consists of a huge cylindrical tank filled

with 50 kt of pure water. An inner volume (16.9m in diameter, 36.2m in
height) is defined by an inner surface equipped with 11 146 PMTs of di-
ameter 50 cm, yielding 40% surface coverage. This increased coverage im-
proves the energy, position, and angular resolution. An outer volume, 2m
thick, equipped with 1185 PMTs (diameter 20 cm), surrounds the inner
detector and serves as an active veto counter against gamma rays, neu-
trons, and through-going cosmic muons. The fiducial mass for the solar-
neutrino analysis is 22.5 kt (the fiducial-volume boundaries are 2m inside
the inner surface). Data-taking has recently stopped, and could not be re-
sumed as planned owing to an accident that has destroyed more than half of
the photomultipliers [51].
The reaction (4.14) produces electrons whose direction is very closely re-

lated to the original neutrino direction. It is therefore possible to relate this
direction to the position of the sun at the time of the interaction (Fig. 4.6).
This proves the solar origin of the detected neutrinos, and allows a well-
defined subtraction of the flat background. Moreover, the energy of the re-
coiling electron, whose spectrum can be measured (Fig. 4.7), yields a lower
limit on the energy of the detected incoming neutrino. The energy scale for
this measurement is calibrated at Super-Kamiokande using electrons from
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Fig. 4.6. Super-Kamiokande (1258 days) distribution of the cosine of the angle
θsun between the recoil electron momentum and the vector from the sun to the
earth [16]. The experimental data (points) are shown, together with the best fit to
the solar neutrino signal plus background (solid histogram) and to the background
only (dotted line)
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Fig. 4.7. Super-Kamiokande distributions [16] as a function of the solar zenith
angle (left) and of the electron energy (right), normalized to the SSM prediction.
The three curves on the right-hand graph show the expected shape uncertainty

a small linear accelerator placed near the detector tank [53], and electron
and photon lines from 16N decay [54]. The final energy threshold of 5MeV
(7.5MeV for Kamiokande) limits the measurement to the 8B neutrino flux
(plus a small component from the hep reaction).
The overall value of the 8B neutrino flux measured by Kamiokande, based

on 2079 days of data-taking (from January 1987 to February 1995), is 2.80±
0.19 (stat.)± 0.33 (sys.)× 106 cm−2 s−1 [50]. The current Super-Kamiokande
result, based on 1258 days of data-taking, is 2.32 ± 0.03 (stat.)+0.08

−0.07 (sys.) ×
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106 cm−2 s−1 [16]. For the hep neutrinos, the results set an upper limit of
4× 104 cm−2 s−1, at 90% C.L.
Owing to the ability to perform real-time measurements, this flux can be

measured separately for different times of the day, corresponding to different
zenith angle positions of the sun with respect to the horizon (Fig. 4.7), or for
different seasons of the year, corresponding to a small variation of the distance
between the sun and the earth (Fig. 4.8). Despite the strong suppression of
the rate, no significant shape variations with respect to the SSM expectations
are observed.
A different experimental method, based on a heavy-water filling, is ex-

ploited by the SNO (Solar Neutrino Observatory) experiment [55], which
started data-taking in 1999. SNO is a 1 kt heavy-water Cherenkov detector
located 2 km underground in a working nickel mine in Sudbury, Canada. The
detector is made of a spherical acrylic vessel 12m in diameter containing ul-
trapure D2O, surrounded by an ultrapure H2O shield. The light produced in
the water is detected by 9456 photomultipliers (20 cm in diameter), installed
on a stainless steel structure surrounding the acrylic vessel.
In addition to the elastic-scattering (ES) reaction (4.14) exploited by

(Super-)Kamiokande, SNO can detect 8B solar neutrinos via pure CC and
NC interactions resulting in the dissociation of the target deuterium, namely

νe + d→ p + p + e− (threshold = 1.4MeV) (4.15)

and
νx + d→ n + p + νx (threshold = 2.2MeV) . (4.16)

As explained above, neutrino oscillations can significantly affect the meas-
ured NC/CC ratio. By comparing the rates for these processes with each
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Kamiokande [16] (points), normalized to the average expected SSM flux. Also shown
is the expected seasonal effect due to the eccentricity of the orbit of the earth with-
out oscillations, but normalized to the data (continuous line)
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other and with the rate for the ES reaction, which is, in the no-oscillation
case, expected to be a superposition of about 83% CC + 17% NC, one can
therefore get an additional handle for detection of neutrino oscillations. In
addition, owing to the low threshold of the nuclear CC reaction (4.15), the
corresponding electrons, again detected via their Cherenkov light, carry most
of the energy of the detected neutrino. They therefore provide a better esti-
mator of the initial neutrino energy. The resulting measured energy spectrum
is shown in Fig. 4.9.
Detection of the NC reaction (4.16) requires the detection of the final-

state neutron. To this end, SNO foresees three different methods, exploited
in different phases of the experiment. The first phase, using heavy water only,
has recently been completed. Neutrons were measured through the 6.25MeV
photons produced in the capture of neutrons by deuterium (25% efficiency).
In the current phase, 2.5 tons of NaCl have been added to the water. This al-
lows neutron detection through the 8.6MeV photons produced in the capture
of neutron by Cl (85% efficiency). Finally, in SNO’s third phase, the salt will
be removed and 3He proportional counters will be installed, allowing direct
detection of the neutrons (45% efficiency) with different systematics.
The sample collected during the first phase, when the sensitivity to NC in-

teractions was lower, is essentially dominated by CC interactions, but is nev-
ertheless sensitive to the NC contribution. The different contributions from
CC, ES, and NC events were extracted by means of a maximum-likelihood
function, which combined the information from three variables: the effective

Fig. 4.9. SNO distribution [55] of the measured electron energy spectrum, nor-
malized to the SSM prediction. The bands show the expected shape uncertainty
(unshaded band) and the measured Super-Kamiokande ES flux (shaded)
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kinetic energy of the event, the angle between the reconstructed direction of
the event and the instantaneous sun-to-earth direction and a volume-weighted
radial variable related to the position of the event inside the detector.
In a first analysis, using events with kinetic energy above 6.75MeV only

(i.e. above the NC threshold), the effective 8B neutrino fluxes measured from
CC and ES interactions in SNO were determined and compared with the
Super-Kamiokande ES result [55]. Evidence for flavor change (i.e. a nonzero
νµ + ντ component) was obtained at the 3σ level from this analysis.
In a second analysis, the energy threshold was lowered to 5MeV, so that

the measurements were directly sensitive to the NC contribution [17]. The
cross sections measured with 306.4 days of data-taking are

ΦCC
SNO(νe) = (1.76+0.06

−0.05stat

+0.09
−0.09sys

)× 106 cm−2 s−1 , (4.17)

ΦES
SNO(νe+ ∼0.2(νµ + ντ)) = (2.39+0.24

−0.23stat

+0.12
−0.12sys

)× 106 cm−2 s−1 , (4.18)

ΦNC
SNO(νe + νµ + ντ) = (5.09+0.44

−0.43stat

+0.46
−0.43sys

)× 106 cm−2 s−1 (4.19)

if the standard 8B shape of the neutrino spectrum is used. These cross sec-
tions, when combined yield a non-νe component of

Φ
µτ
SNO = (3.41

+0.45
−0.45stat

+0.48
−0.45sys

)× 106 cm−2 s−1 , (4.20)

5.3σ from 0, which provides strong evidence for flavor transformation in solar
νe’s (Fig. 4.10). The total flux measured with the NC reaction is consistent

Fig. 4.10. Flux of 8B solar neutrinos which are of µ or τ flavor vs. flux of those of
e flavor, as measured by SNO [17]. The diagonal bands show the total 8B flux as
predicted by the SSM [42] (dashed lines) and that measured with the NC reaction
by SNO (shaded bands). The intercepts of the bands with the axes represent the
±1σ errors. The combined fit result (error ellipses) is consistent with neutrino flavor
transformation without distortion of the 8B spectrum
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with solar models. An even more significant result is expected from the on-
going and future direct measurements of the NC rate from phases 2 and 3 of
the SNO experiment.

4.3.3 Discussion of Results

All solar neutrino experiments see a neutrino rate which is significantly sup-
pressed with respect to expectations based on the solar model (Fig 4.11). Even
without the SNO measurement, attempts to explain this suppression by defi-
ciencies of the solar model used in the calculations can be easily refuted [56]
in a model-independent way. On one hand, the (Super-)Kamiokande exper-
iments actually measure the effective 8B neutrino flux to be about half the
expected value. This fully saturates the measured chlorine rate. On the other
hand, the pp contribution to the flux measured by the gallium experiments is
so well constrained by the total solar luminosity and by helioseismology mea-
surements that its error is almost negligible compared with the error from the
other contributions. This, together with half the 8B flux (as measured), satu-
rates the observed gallium rate. Therefore, it is easily deduced from Fig. 4.11
that the only remaining way to explain the measured gallium and chlorine
rates is to assume that the 7Be neutrino rate is essentially completely sup-
pressed. This, however, is impossible, since the 8B neutrinos originate from
the same process cycle as the 7Be ones, and would have to be completely sup-
pressed too, contradicting the (Super-)Kamiokande measurement. The dis-

Fig. 4.11. Measured vs. predicted solar neutrino rates [43] for all of the solar neu-
trino experiments. The predicted rates for the various components of the neutrino
spectrum are taken from the BP2000 model [42]
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crepancy between the SNO CC and Super-Kamiokande ES rates discussed
above further strengthens the contradiction. Similar arguments hold even
if one or two of the experimental measurements are completely discarded.
Therefore, it is considered established that the observed rate suppressions
must be due to a new physics effect beyond standard electroweak interac-
tions, leading to the disappearance of νe.
The fact that the suppression factors are different for the different kinds

of experiments indicates an energy and detection dependence of the neutrino
disappearance mechanism. Such a dependence could be generated by neutrino
oscillations into other active neutrino flavors (νµ, ντ, or a mixture thereof, as
suggested by SNO), either through the matter effects discussed in Sect. 4.2.2,
occurring inside the sun and/or the earth, or through vacuum oscillations
between the sun and the earth. The energy suppression patterns for various
solutions are shown in Fig. 4.12. All these solutions can explain the observed
rate suppression pattern. A detailed discussion of all their features can be
found in [38] and Chap. 5. Here, we present a simplified discussion of some
of their properties, by means of which they can be distinguished in principle.
The further constraints imposed by the recent reactor neutrino results from
KamLAND [18] are not included here, and will be discussed in Sect. 4.5.
The small-angle MSW solution (SMA, ∆m2 ∼ 10−5 eV2, sin2 2θ ∼ 10−2)

actually predicts total suppression of the 7Be neutrinos, and was many
people’s favorite for a long time. However, it also predicts a significant dis-
tortion of the effective 8B flux spectrum, and possibly a significant day/night

Fig. 4.12. Electron neutrino flux suppression as a function of energy for various
neutrino oscillation solutions [57]. The labels SMA, LMA, LOW, and VAC are
explained in the text
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difference due to matter effects in the earth, neither of which is observed
(Fig. 4.7). This solution is therefore disfavored.
The several variants of the vacuum solution (VAC, ∆m2 ∼ 10−10 eV2,

sin2 2θ ∼ 0.5−1) typically predict again a distortion of the 8B spectrum,
and/or a deviation from the standard seasonal dependence due to variations
of the earth/sun distance (Fig. 4.8). Initial indications of such deviations [58]
have almost vanished, and do not favor this solution anymore.
The large-angle MSW solution (LMA, ∆m2 of the order of a few times

10−5 eV2, sin2 2θ∼0.8) predicts a flat, strong rate suppression at high ener-
gies, and a somewhat weaker suppression at lower energies. Some day/night
effect is expected, but it may be small enough to be undetectable. This is
currently the most favored solution.
Finally, the low-∆m2 matter solution (LOW, ∆m2 ∼ 10−7 eV2, sin2 2θ ∼

0.9) predicts an almost flat suppression inside the sun for all energies. An
energy dependence is introduced through strong matter effects in the earth,
leading to a large day/night dependence. However, this day/night depen-
dence is concentrated at low energies, and can therefore be detected neither
by the real-time experiments (because of the energy threshold) nor by the
radiochemical experiments (because of the time integration). This solution
was disfavored by the rate measurements for many years, but has recently
become one of the prime candidates again.
Variants of the vacuum and SMA solutions are also possible for oscillations

into sterile neutrinos. However, these would not alter the NC/CC ratio, since
both the CC and NC rates would be suppressed. These are therefore strongly
disfavored [59] but maybe not completely excluded [60] by the inclusion of
the recent SNO results [61].
Figure 4.13 shows the surviving parameter space obtained from a recent

analysis [62] combining all the information discussed above except the most
recent SNO NC measurement. At the 3σ level, only the LMA and LOW so-
lutions and parts of the vacuum solution for oscillations into active neutrinos
survive if the overall absolute minimum (LMA solution) is taken as a refer-
ence. However, the local minima of the SMA and sterile-neutrino solutions
(not shown) still feature a goodness of fit at the 5–10% level, and should
not be completely discarded yet. The inclusion of the NC measurement in-
creases the preference for the LMA solution [17, 61] and further disfavors the
alternatives.
So far, we have discussed solutions based on neutrino oscillations, which

are the solutions which require the smallest deviation from classical Standard
Model physics. Alternative solutions based on flavor transitions initiated by
neutrino magnetic moments (resonant spin–flavor precession), new flavor-
changing interactions, or violation of the equivalence principle are beyond
the scope of this summary, but can offer equally viable solutions [63]. The
neutrino oscillation interpretation, although very plausible, can therefore not
be considered to be fully experimentally established yet.
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Fig. 4.13. Allowed regions in the ∆m2 vs. tan2 θ plane from a recent global solar-
neutrino analysis [62] performed before the result from KamLAND [18]. The shaded
areas denote the 68%, 90%, 95%, and 99% C.L. regions. The points denote local
minima corresponding to the LMA, LOW, and VAC solutions discussed in the text

New experiments are constraining the possible solutions further. The
Borexino experiment [64] is aimed at an explicit measurement of the flux
of the 7Be line in real time. It can check the various solar neutrino solutions
via the absolute 7Be rate, and through day/night and seasonal variations.
Phases 2 and 3 of the SNO experiment [55] should settle even more firmly
the question of whether the νe’s disappear into active or sterile neutrinos.
Most recently, the first results from the KamLAND experiment [18] have
beautifully confirmed the LMA MSW solution using reactor neutrinos (see
Sect. 4.5). If the tentative observation of an actual oscillation pattern is fur-
ther established, it will finally rule out not only the other solar neutrino
oscillation solutions, but also most nonoscillation scenarios.

4.4 Atmospheric Neutrino Experiments

We conclude that the atmospheric neutrino data, especially from Super-
Kamiokande, give evidence for neutrino oscillations.

T. Kajita, for the Super-Kamiokande collaboration, June 1998

The sentence above, expressed at the Neutrino 1998 conference in Ta-
kayama [65], marked the turning point for the perception of neutrino oscilla-
tions as almost an established mainstream physics effect. Extensive reviews
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of atmospheric neutrino physics can be found in [66]. Recent updates are
given in [67, 68].
Atmospheric neutrinos are generated through interactions of primary cos-

mic rays (mainly protons and iron nuclei) in the upper atmosphere. The
processes that yield neutrinos (π and K decay) are the same as the ones
used to produce high-energy neutrino beams. Atmospheric neutrinos are
therefore a natural variant of these beams. The combination of an isotropic
primary cosmic-ray flux with the spherical symmetry of the target (the
atmosphere) ensures that the total neutrino flux must be up/down sym-
metric with respect to the horizon [69]. Small deviations from this sym-
metry due to the earth’s magnetic field are relevant only at low energies,
and corresponding measurements agree with calculations [70]. A detector
placed near the earth’s surface is therefore simultaneously a medium-baseline
(∼20 km, from above) and very long-baseline (up to 13 000 km, from below)
experiment (Fig. 4.14).
Experiments to detect atmospheric neutrinos are placed underground

to shield them from the cosmic-ray muon background. The neutrino flux
is roughly proportional to E−2 (Fig. 4.1). At sub-GeV energies, the fla-
vor composition in the absence of oscillations can be approximated by
νµ : νµ : νe : νe = 2 : 2 : 1 : 1. At higher energies, the νµ : νe ratio increases
gradually with E. Neutrinos from below traverse several different regions of
roughly uniform matter densities. These include the earth’s mantle (density
� 4.5 g/cm3) and the earth’s core (density � 11.5 g/cm3). Neutrinos from

Fig. 4.14. Sketch of the earth showing the principle of an atmospheric-neutrino
measurement. An atmospheric-neutrino detector near the earth’s surface (at the
Gran Sasso laboratory in Italy in this figure) simultaneously measures neutrinos
from a large range of distances. Examples of a downgoing (∼30 km) and an upgoing
(∼ 12 000 km) neutrino, emerging from atmospheric shower cascades, are shown.
A typical long-baseline neutrino beam (the CNGS beam from CERN) pointing to
the same location is also shown for comparison
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above are unaffected by potential matter effects. By using both CC and NC
events which occur inside the detector, and muons from CC events occurring
below the detector, a neutrino energy range from about 200MeV to 1 TeV
can be explored. Events occuring above the detector cannot be used, owing
to the large background from cosmic-ray muons.

4.4.1 Main Experimental Results

The first indication of an anomaly in the observation of atmospheric neutrinos
came from the detection of the νµ/νe flavor ratio [14, 15, 71, 76]. Measure-
ments of the ratio of ratios R′ = (µ/e)data/(µ/e)MonteCarlo, in which most
systematic errors cancel, are shown in Fig. 4.15.
Recently, there were three underground experiments which were accumu-

lating atmospheric neutrino data (and in some cases still are). The largest
one, Super-Kamiokande [15], has also been used for the detection of solar
neutrinos (see Sect. 4.3 and Fig. 4.5). It is a 50 kt water Cherenkov detector
deployed in a configuration with two concentric cylindrical volumes. The in-
ner volume is the 22.5 kt fiducial region, while the surrounding outer volume
is used to veto entering tracks and to tag exiting tracks. The flavor tagging of
events is based upon the relative sharpness or diffuseness of Cherenkov rings,
with muon tracks yielding sharp rings and electrons yielding diffuse ones [65].
MACRO [72] and Soudan 2 [73] are tracking calorimeter detectors.

MACRO is a large-area, planar tracker located in the Gran Sasso laboratory
in Italy. It is optimized for tracking in the vertical direction and is sufficiently
massive (about 5.3 kt) to be effective as a neutrino detector. Charged-particle
tracking is carried out using horizontal layers of streamer tubes with wire and
stereo-strip readout. Three horizontal planes and also vertical walls of liquid
scintillator counters provide timing information with a resolution of about
0.5 ns.
Soudan 2 is a fine-grained iron tracking calorimeter of total mass 963 tons

in the Soudan mine in the USA. Its tracking elements are plastic drift tubes,
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Fig. 4.15. Measurements of the atmospheric-neutrino ratio of flavor ratios [67]
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sandwiched with steel sheets. The calorimeter is surrounded on all sides by
an active shield of two or three layers of proportional tubes.
The various measurements of R′ shown in Fig. 4.15, obtained by different

experiments with different techniques and systematics, give a consistent pic-
ture, and are statistically dominated by the Super-Kamiokande result. They
are consistent with an interpretation in terms of neutrino flavor oscillations,
which either deplete the νµ flux or enhance the νe flux, or do both.
To decide between these possibilities and to support the neutrino oscil-

lation hypothesis, more detailed measurements are needed. One such meas-
urement is that of the dependence of the neutrino flux on the zenith angle θz,
as illustrated in Fig. 4.16a. The curves depict the νµ survival probability
for a “representative” set of oscillation parameters of sin2 2θ = 1.0 and
∆m2 = 5× 10−3 eV2. These curves reflect (4.9), where L has been converted
to the equivalent zenith angle cos θz via the relation

L =
√
(Re cos θz)2 + (2Re + ha)ha −Re cos θz . (4.21)

Here, Re = 6370 km is the radius of the earth, and ha ∼ 20 km is the effective
height at which the neutrino is produced. The case cos θz = 1.0 corresponds
to vertically downgoing neutrinos, and cos θz = −1.0 to vertically upgoing
neutrinos. For a value of Eν of 250MeV, the first oscillation swing severely
depletes the downward-going flux, and rapid oscillations deplete the flux in-
cident from below the horizon; the net result is a substantial average deple-
tion at all incident angles. At energies above 1GeV, however, the depletion

Fig. 4.16. (a) Survival probability curves for monoenergetic, isotropic fluxes of
muon neutrinos with νµ → ντ oscillations and sin2 2θ = 1.0, ∆m2 = 5× 10−3 eV2,
for nine values of Eν [74]. (b) Distributions of single-ring e-like and µ-like events as
a function of cos θz obtained by Super-Kamiokande. the expectations for no oscilla-
tions and for νµ → ντ oscillations are shown by gray-line and solid-line histograms,
respectively [67]
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moves almost entirely to the νµ flux incident from below the horizon. For
Eν ∼ 100GeV or more, the pattern shifts so that the oscillation is beyond
the observable range, and νµ depletion ceases because the diameter of the
earth is not large enough to accommodate the first oscillation swing. In prac-
tice, such patterns will be smeared out and averaged by the finite detector
resolution.
Figure 4.16b shows the same distribution as measured by the Super-

Kamiokande collaboration, separately for νe and νµ events, and integrated
over two different energy ranges: sub-GeV (Eν < 1.4GeV) and multi-GeV
(Eν > 1.4GeV). Only events with a primary vertex inside the detector fidu-
cial volume and a single Cherenkov ring have been used for this measurement.
The neutrino direction is inferred from the direction of the detected charged
lepton. Owing to the angular smearing in the neutrino scattering process,
the angular resolution is good for high-energy neutrinos, but rather poor at
low energies. The observed νe flux agrees well with the predicted flux at all
angles and energies. However, the νµ flux in the multi-GeV region appears
severely depleted for upgoing events (cos θ < 0), while it is consistent with
expectations for the downgoing events. The pattern for sub-GeV events is less
pronounced, in accordance with the reduced angular resolution.
Since the up and down neutrino fluxes are expected to be essentially

symmetric on the basis of simple geometrical arguments, the suppression of
upward-going muon-like events must be attributed to a new physics effect.
This pattern is very suggestive of oscillations of νµ into some other neutrino
flavor which is not predominantly νe [75], since otherwise the νe spectra would
also be distorted. Indeed, the hypothesis of νµ → ντ oscillations, also indicated
in Fig. 4.16b, yields a very good fit to the data, while the no-oscillation hypo-
thesis is disfavored by more than 10 standard deviations (∆χ2 > 100 [67]).
It was this measurement (although with somewhat poorer statistics) which
led the Super-Kamiokande collaboration to claim “evidence for νµ oscilla-
tions” in 1998 [15]. A hint of this effect had been detected earlier by the
Kamiokande collaboration [14]. The effect has been qualitatively confirmed
by the Soudan 2 collaboration [67, 76] with a much smaller detector mass,
but different systematics.
Note the subtlety that the final state that the νµ should oscillate into is

not mentioned in the original Super-Kamiokande claim: oscillations into ντ or
into a sterile neutrino νs cannot be distinguished at this level [77], since most
ντ are below the τ production threshold and will therefore behave like sterile
neutrinos concerning their CC interactions. Some other clues as to how to
distinguish the two possibilities will be discussed below.
Similar measurements, although with less statistical significance and

larger systematic errors, can also be made at super-Kamiokande with upward-
going muons from events which occurred below the detector [78]. Such mea-
surements have also been performed by Kamiokande, IMB, and Baksan [79],
and by the MACRO collaboration [80].
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Fig. 4.17. (a) Allowed regions obtained by Super-Kamiokande on the basis of χ2

fitting to fully contained and partially contained single-ring events, plus upward
stopping muons and upward through-going muons. (b) Allowed regions of the os-
cillation parameters obtained from Kamiokande, Super-Kamiokande, MACRO, and
Soudan 2 [67]

Figure 4.17 shows the resulting confidence-level contours for the oscil-
lation parameters, assuming νµ–ντ oscillations, when all measurements are
combined for each experiment. Clearly, all experiments are compatible with
close to maximal oscillations (sin2 2θ = 1) and ∆m2 of the order of a few
times 10−3 eV2.
The most recent Super-Kamiokande results yield a best-fit central value

of ∆m2 = 2.4× 10−3 eV2 for maximal mixing [68].

4.4.2 Alternative Explanations

Unfortunately, none of the experiments which have yielded indications of
neutrino oscillations have so far succeeded in measuring an actual sinusoidal
oscillation pattern. Figure 4.18a shows the L/E distribution from Super-
Kamiokande [15] compared with the expectation for neutrino oscillations and
with a functional form suggested by a recent neutrino decay model [81]. Once
the detector resolution is taken into account, the two hypotheses are essen-
tially indistinguishable [81]. Other exotic processes whose effect could mimic
an average oscillation signal (e.g. large extra dimensions, flavor changing
neutral currents, and decoherence) are reviewed in [82]. Therefore, a more
precise measurement of the oscillation pattern is necessary to actually prove
the oscillation hypothesis for atmospheric neutrinos.
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Fig. 4.18. (a) L/E distribution from Super-Kamiokande [15] compared with the
best-fit oscillation hypothesis (continuous line) and with a parameterization corre-
sponding to the neutrino decay model of [81] (dashed line). The distributions are
smoothed out by the detector resolution. (b) L/E distribution to be expected from
MONOLITH [83] for ∆m2 = 3× 10−3 eV2, compared with the best-fit oscillation
hypothesis (oscillating line) and with the corresponding best fit of the neutrino
decay model of [81] (dotted line, showing a smooth threshold effect)

The proposed MONOLITH experiment [83] was explicitly designed to ad-
dress this question. Aiming for a similar mass to that of Super-Kamiokande,
significantly larger acceptance at high neutrino energies, and better L/E res-
olution, the experiment is optimized to observe the whole of the first oscilla-
tion minimum, i.e. half an oscillation period, in νµ disappearance. Therefore,
the oscillation hypothesis can be clearly distinguished from other hypothe-
ses which yield a pure threshold behavior (Fig. 4.18b). Furthermore, the
sensitivity range of 2× 10−4 eV2 < ∆m2 < 0.1 eV2 [83] comfortably covers
the full range of the oscillation parameters in Fig. 4.17. This is in contrast
to long-baseline accelerator experiments (Sect. 4.6.3), which can do similar
measurements at the highest allowed ∆m2 if a low-energy beam is used [84],
but can observe only a quarter of an oscillation period or less in the lower
∆m2 range. Currently, it is not clear whether a MONOLITH-like experiment
will be built in the near future.
Assuming that the oscillation hypothesis will be confirmed, we now come

back to the question of sterile-neutrino final states. νµ–νs oscillations can
be distinguished from νµ–ντ oscillations in atmospheric-neutrino experiments
through

– an asymmetry in the up/down rate for NC [85] or inclusive [86] events;
– a study of the NC/CC ratio [87];
– a distortion of the energy dependence of the oscillations due to matter
effects, which are present for νs but not for ντ [88];
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Fig. 4.19. Super-Kamiokande zenith angle distributions [89] for an NC-enriched
sample (a), a high-energy partially contained sample (c), and the upward-going
muon sample (e). The data (points) and the expectations for νµ–ντ oscillations
(continuous line) and for νµ–νs oscillations (dashed line, including matter effects)
are shown. (b), (d), and (f) depict the corresponding expected up/down ratios
(solid symbols, νµ–ντ oscillations; open symbols, νµ–νs oscillations) as a function of
∆m2, compared with the measured value (error band indicated by dashed lines)
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– a difference between the oscillation parameters for νµ and νµ, again only
possible for νs, owing to matter effects [88];

– the lack of an excess of NC-like events from below at high energies, owing
to ντ CC events followed by hadronic τ decay [83].

The first three items have already been studied by Super-Kamiokande [89]
(Fig. 4.19). None of them yields a significant result by itself over the full al-
lowed ∆m2 range. When the three methods are combined, the νµ–νs hypoth-
esis is disfavored at the 99% confidence level. This result is confirmed by the
MACRO analysis of upward-going muons [80]. Therefore, the νµ–ντ hypoth-
esis seems to be reasonably well established. However, this statement is only
valid for the pure two-flavor scenario, and does not apply to possible more
complicated mixtures. More experimental evidence is therefore necessary to
settle the question finally. This is one of the primary goals of the new long-
baseline accelerator beam experiments currently in preparation (Sect. 4.6.3
and Chap. 7). The difference between νµ and νµ oscillations caused by matter
effects can only be addressed by new atmospheric neutrino experiments or by
very long-baseline beams, with MONOLITH-type magnetized detectors [90].

4.5 Reactor Experiments

An experiment has been performed to detect the free neutrino.
F. Reines and C.L. Cowan, 1953

Nuclear fission reactions at reactors produce neutron-rich nuclei which decay
through the classical β decay process

n→ pe−νe (4.22)

and yield an intense isotropic flux of electron antineutrinos (Fig. 4.1). The
inverse CC reaction, proposed by Pontecorvo in 1946 [91] and pioneered ex-
perimentally by Reines and Cowan [92],

νe + p→ e+ + n+ 1.8MeV , (4.23)

led to the first direct detection of a neutrino [2] and continues to be the
primary mode for the detection of reactor neutrinos.
As with solar neutrinos, oscillation searches are only possible in the dis-

appearance mode in this energy range. No signal has been observed so far.
In classical reactor experiments [93, 94, 95], the detector is positioned typ-
ically at 10–90m from the reactor core to profit from the highest possible
neutrino flux. Both the absolute neutrino flux and its spectral shape have
been found to be in good agreement with expectations, yielding limits on νe

disappearance in the range ∆m2 > 10−2 eV2.
In order to cover the parameter region of atmospheric neutrino oscil-

lations, “long-baseline” reactor experiments have recently been performed
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using detectors positioned at about 1 km from the reactor source. Both the
CHOOZ [96] and the Palo Verde [97] experiments are based on the reac-
tion (4.23), followed by a correlated (e+, n) signature in a Gd-loaded liquid
scintillator. Gd loading reduces the neutron capture time, and gives rise to
a high-energy gamma cascade with an energy of up to 8MeV. At a distance of
about 1 km from the reactor, the detector response is about 5 events per day
per ton of scintillator. The CHOOZ experiment, shielded from the cosmic-ray
background by its location in an existing deep tunnel near the CHOOZ reac-
tor in France, consists of a homogeneous central target of 5 tons of Gd-loaded
scintillator surrounded by detection and veto volumes. The Palo Verde ex-
periment, being in a shallow underground laboratory near the Palo Verde
reactor in the USA, is made from finely segmented detector cells, as required
for more powerful background rejection.
Both experiments measure electron spectra whose shape and normaliza-

tion agree with nonoscillation expectations. Figure 4.20 shows the limits ob-
tained by the CHOOZ [96] and Palo Verde [97] collaborations from the ab-
sence of a signal. The absence of a strong νe–νµ oscillation effect further
constrains the parameter space allowed for atmospheric νµ–νe oscillations.
Figure 4.21 illustrates this for the case of three-flavor oscillations with one
relevant ∆m2 scale. The allowed residual νe admixture in the atmospheric
neutrino oscillations is less than 10% unless ∆m2 is below 1× 103 eV2.

Fig. 4.20. Limit on νe–νX oscillations from the Palo Verde [97] and CHOOZ [96]
experiments. The preferred region for the old νµ–νe interpretation of the atmosheric
neutrino anomaly obtained from the Kamiokande experiment is also shown
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Fig. 4.21. (a) Triangle graph for displaying the possible flavor composition of
the mass eigenstate ν3 in terms of the matrix elements in (4.5). (b) Regions of
allowed (U2

e3, U
2
µ3, U

2
τ3) versus ∆m2, obtained by fitting the Super-Kamiokande

and CHOOZ data via three-flavor mixing in the approximation of dominance by
one mass scale [98]. First column, allowed by Super-Kamiokande; second column,
excluded by CHOOZ; third column, allowed by Super-Kamiokande + CHOOZ (90%
and 95% C.L.)

Finally, very long-baseline reactor experiments can test the large-angle
MSW solution to the solar neutrino problem. The KamLAND experiment [18,
99] has started to expose 1 kt of liquid scintillator to antineutrinos from sev-
eral reactors at distances of 140 km or larger, which yields about 450 events
per year. The L/E reach is therefore extended by two orders of magnitude
with respect to CHOOZ, yielding full sensitivity for ∆m2 > 10−5 eV2.
KamLAND occupies the site of the earlier Kamiokande [14] experiment in

the Kamioka mine in Japan, which yields a very low cosmic-ray background
rate. Here, 1 kt of ultrapure liquid scintillator is contained in a 13m diame-
ter spherical balloon made of a thin plastic film. A buffer of dodecane and
isoparaffin oils between the balloon and an 18m diameter spherical stainless-
steel containment vessel shields the scintillator from external radiation. An
array of 1879 photomultiplier tubes, mounted on the steel vessel, completes
the inner detector. The containment vessel is surrounded by a 3.3 kt wa-
ter Cherenkov detector with 225 additional phototubes. This outer detector
absorbs gamma rays and neutrons from the surrounding rock and acts as
a tag for cosmic-ray muons. Reactor neutrino events are selected by applying
fiducial cuts (based on the photomultiplier timing) and energy cuts, and by
requiring a space and time correlation between the prompt positron signal
and the delayed photon signal from neutron capture.
Figure 4.22 shows the measured prompt energy distribution of the posi-

trons for reactor neutrino events from the first 145 days of running, compared
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with expectations with and without neutrino oscillations. The absolute event
rate,

Nobs −Nbg

Nexpected
= 0.611± 0.085(stat)± 0.041(sys) ,

indicates a deficit of neutrino events consistent with νe oscillations, as illus-
trated in Fig. 4.23.
Figure 4.24 shows the range of oscillation parameters allowed by Kam-

LAND, obtained both from the rate suppression and from an analysis of the
shape of the energy distribution. This allowed range is in very good agree-
ment with the LMA solution for solar neutrino oscillations, while all other
solutions (see Sect. 4.3) are excluded. This beautiful confirmation of the solar
neutrino oscillation hypothesis by a completely different technique based on
artificial reactor neutrinos is really a triumph for both neutrino physics and
solar astrophysics.
In addition, this result yields significant constraints on previously allowed

nonoscillation interpretations [100], and on the radioactive properties of the
earth from the contribution of “geo-neutrinos” [101] tentatively indicated in
Fig. 4.22, which originate mainly from uranium and thorium decays in the
crust and mantle of the earth.

Fig. 4.22. KamLAND positron energy spectrum [18]. Upper panel : expected en-
ergy spectrum of reactor νe’s, along with the spectrum of geological neutrinos and
the background. Lower panel : measured energy spectrum of the observed prompt
events, compared with the expectations with and without neutrino oscillations. The
dashed vertical line indicates the analysis cut used to remove the geological-neutrino
and background-neutrino contributions
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Fig. 4.23. Ratio of measured to expected flux for various reactor neutrino ex-
periments as a function of the average distance between source and detector [18].
The solid circle is the KamLAND result. The shaded region indicates the range
of flux predictions corresponding to the solar LMA neutrino oscillation region
(Fig. 4.24). The dotted curve corresponds to the best-fit solution of sin2 2θ = 0.833
and ∆m2 = 105 eV2. The dashed curve is for no oscillations

Fig. 4.24. Excluded and allowed regions obtained from KamLAND for rate only
and for rate + spectral shape, compared with the solar LMA solution and exclusion
regions from other experiments [18]
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With somewhat poorer statistics, similar results should soon also be ob-
tained by the Borexino experiment [64] in Gran Sasso, which will measure
neutrinos from reactors in France, Switzerland, and the Balkans.

4.6 Accelerator Experiments

If ... the neutrino mass is different from zero, oscillations similar to those in
K0 beams become possible in neutrino beams.

B. Pontecorvo, 1967, referring to his article of 1958 [11]

In the spirit of this idea of Pontecorvo [12] and similar ideas of Maki, Naka-
gawa, and Sakata [33], essentially all accelerator neutrino experiments have
also been used to search for neutrino oscillations [21, 102]. Section 4.6.1 de-
scribes the initially very controversial result from LSND and its final status.
Negative results from a very similar experiment, KARMEN, are also discussed
in this section. On the basis of the idea that at least one of the neutrinos
should have a mass of order 10 eV to explain the missing dark matter in
the universe [103], two experiments at CERN, CHORUS and NOMAD, were
explicitly dedicated to the search for νµ–ντ oscillations. These experiments
started data-taking in 1994/95 and have now been completed. Their most
recent results are presented in Sect. 4.6.2.

4.6.1 LSND and KARMEN

LSND (Liquid Scintillator Neutrino Detector) [104] at the Los Alamos
Neutron Science Center, formerly the Los Alamos Meson Physics Facility
(LAMPF/LANSCE), USA, and KARMEN (KArlsruhe Rutherford Medium
Energy Neutrino detector) [105] at the ISIS neutron spallation source at the
Rutherford Appleton Laboratory, UK, are experiments optimized for the de-
tection of neutrinos in the energy range 10–100MeV. A dedicated comparison
of the experiments and their results can be found in [106].
In both the LAMPF/LANSCE and the ISIS facilities, neutrinos are pro-

duced by stopping 800MeV protons in a beam stop target. In addition to
spallation neutrons, charged pions are produced. The π− are absorbed by
the target nuclei, whereas most of the π+ are stopped and decay at rest.
Muon neutrinos therefore emerge from the decay π+ → µ+νµ. The produced
µ+ are also stopped within the target and decay via µ+ → e+νeνµ. This
decay-at-rest (DAR) chain therefore yields fluxes of νµ, νµ, and νe of equal
intensities, with an energy distribution up to 52MeV, as shown in Fig. 4.25.
A small fraction of the π+ decay in flight (DIF) before being stopped, yield-
ing a νµ energy spectrum which extends up to 300MeV (Fig. 4.1). An even
smaller fraction of π− also decay in flight, yielding a small contamination of
νe/νe < 6−8× 10−4 from the subsequent µ− decay. While LANSCE delivers
a high-intensity continuous proton beam, the lower-intensity beam at ISIS is
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Fig. 4.25. Energy distribution of neutrino fluxes from the pion decay-at-rest
chain [106]

pulsed with a repetition frequency of 50Hz. This offers an additional handle
on backgrounds via their different time structure, at the expense of event
statistics.
Both experiments are looking for νe from νµ–νe oscillations of DAR neu-

trinos via the reaction νe+ p→ e++n, which provides a spatially correlated
delayed-coincidence signature of a prompt e+ and a subsequent neutron cap-
ture signal. LSND has also studied νµ–νe oscillations of DIF neutrinos.
LSND uses a homogeneous detector volume of mineral oil containing a low

concentration of scintillator, equipped with 1220 phototubes (Fig. 4.26). Ex-
cellent particle identification is obtained by detecting a directional Cherenkov
cone and isotropic scintillation light, which lead to a characteristic pattern
of photomultipliers that are hit.
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Fig. 4.26. The LSND experimental area [104]
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In two data sets taken during the periods 1993–95 and 1996–98, LSND
has observed a clear beam-on minus beam-off excess of DAR events with
a νe signature, i.e. (e+, n) sequences [19]. The initial results from the LSND
experiment, based on a fraction of the data set from the first period, were ex-
tremely controversial [107]. However, since then the statistics have improved,
and no severe systematic problems have been identified. Also, the DAR νµ–νe

signal has been confirmed by an independent (but less significant) νµ → νe

signal in the DIF sample [19].
In the decay-at-rest analysis, the oscillation candidate events are selected

by constructing a likelihood ratio Rγ from the positron energy and from the
time difference and spatial distance between the e+ and n detections. The dis-
tribution of this likelihood ratio is shown in Fig. 4.27a. A total excess of about
88 events has been observed, consistent with neutrino oscillations with a com-
bined νµ–νe oscillation probability of 0.264±0.067±0.045%.While the rates
of the excess are in perfect agreement for the two data-taking periods, there
are some differences in the shape of the positron energy distribution [53, 106],
yielding somewhat different contours for the preferred oscillation parameters.
Since these differences are not statistically significant, the combined “gold-
plated” e+ excess spectrum is shown in Fig. 4.27b. The corresponding favored
areas for the oscillation parameters are shown in Fig. 4.28.
KARMEN [105] is a segmented liquid scintillation calorimeter, with ex-

cellent time and energy resolution obtained by exploiting the distinct time
structure of the ISIS neutrino source. Thus, at KARMEN a νe excess arising
from νµ → νe would be identified by requiring its time distribution to follow

Fig. 4.27. (a) LSND likelihood ratio Rγ . The data (points) are compared with the
best-fit superposition of signal (dark hatched area) and background (light hatched
area) contributions. (b) Energy distribution for the LSND 1993–1998 beam excess,
applying a cut-off of Rγ > 10 [19]. The expected background and the shape of the
expected signal are also shown
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the 2.2µs slope expected from the decay of the parent µ+. An anomaly in
this time distribution found by KARMEN in an unrelated context [108] will
not be discussed further here.
KARMEN has not found any excess events above the expected back-

ground [109]. For both the potential νe signal and the measured background,
the energy, time, and spatial distributions for both the prompt and the de-
layed events are precisely known. Using this spectral information (Fig. 4.29)
also leads to no hint of oscillations. Therefore, KARMEN has not confirmed
the LSND result.
Figure 4.28 shows the final resulting 90% confidence exclusion limit, com-

pared with the LSND favored region, for νµ → νe oscillations. Despite the
negative result, KARMEN cannot fully exclude the low-∆m2 solution pre-
ferred by the LSND result. This is essentially due to the fact that KARMEN
is located closer (18m) to the neutrino source than LSND is (30m), and
therefore probes slightly larger values of ∆m2. In view of the importance of
the LSND result in the context of overall oscillation scenarios (Sect. 4.7),
further checks of this result will therefore be needed.
A dedicated study [106] finds a probability of only 36% that the two results

are incompatible. Given this situation, it is instructive to evaluate the allowed
region when both experimental results are combined, assuming that both
of them are correct. No unique prescription exists for such a combination.

Fig. 4.28. Allowed region obtained from the LSND combined analysis, compared
with the final limits from KARMEN2 and other experiments [53, 109]
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Fig. 4.29. KARMEN events remaining after all cuts [106, 109]. The data (15
events) and the expected background distributions (15.8± 0.5 events) are shown

Figure 4.30 shows the result of a combined likelihood fit [106] obtained using
the Feldman and Cousins [111] approach. As is to be expected, the combined
favored region moves to slightly lower values of sin2 2θ, and the large-∆m2

region is almost fully excluded (at 95% C.L.).
The MiniBooNE experiment [113] reuses part of the LSND equipment for

an experiment on a new neutrino beam at the Fermilab booster, which yields
an average neutrino energy of 800MeV. The neutrino detection technique is
similar to that of LSND, although at higher neutrino energy and with a much
larger event rate. With the current LSND parameters, a signal of about 1000
νe events is expected over a background of about 3000 events, mainly orig-
inating from the intrinsic νe beam contamination. The result is therefore
expected to be statistically very significant, but control of the systematics
of the beam contamination is crucial. MiniBooNE has started data-taking
in October 2002. An upgrade with a second detector at a different distance
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Fig. 4.30. Regions of 90% confidence level (gray area) for a combined analysis of
the KARMEN and LSND data [106]. The contours obtained from KARMEN and
LSND alone, as well as the limits from Bugey [93], CCFR [110], and NOMAD [112],
are also shown. The envisaged sensitivity of MiniBooNE [113] is also indicated

(BooNE) is possible at a later stage, in the case of a positive or ambiguous
result.
The MiniBooNE experiment is therefore be unique and will be crucial

settling the question of whether the LSND claim is right or wrong from the
experimental point of view.

4.6.2 CHORUS and NOMAD

NOMAD [114] and CHORUS [115] are experiments on the SPS wideband
neutrino beam at the CERNWest Area Neutrino Facility (WANF), searching
for νµ → ντ oscillations in the cosmologically interesting mass range ∆m2 >
1 eV2/c4 [103]. Both experiments use the appearance method [116, 117] and
are sensitive to mixing angles about an order of magnitude smaller than
the best limit previously set by the Fermilab E531 experiment [118]. More
detailed reviews can be found in [21, 102].
The CERN SPS wideband beam is produced by 450GeV/c protons im-

pinging on a beryllium target (Fig. 4.2). The resulting pion and kaon yield has
been measured by a dedicated experiment [119]. Positive particles are focused
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into a quasi-parallel beam by a system of magnetic horns and allowed to decay
in a 290m long evacuated tunnel, followed by an earth and iron shield. The
neutrinos are produced at an average distance of about 600 m (CHORUS)
and 625 m (NOMAD) from the detector. The relative beam composition is
dominated by νµ, as shown in Fig. 4.3. Direct contamination by ντ from the
decay of Ds mesons produced at the beryllium target is found to be negligi-
ble [120]. Any signal of ντ would therefore be evidence for a flavor changing
process, presumably neutrino oscillations. Potential ντ candidates are iden-
tified through their CC interaction ντN → τ−X . Note that, owing to the
dominance of ν over ν in the beam, τ+ final states are not expected to occur.
The concept of the CHORUS experiment is based on the explicit detection

of the τ decay vertex [102]. This requires a high tracking resolution owing to
the short lifetime of the τ lepton. Sheets of bulk nuclear emulsion with a total
mass of 800 kg supply a three-dimensional resolution of 1µm and combine
the properties of an active detector and a heavy target. The disadvantage of
the rather slow offline emulsion analysis is partially overcome by the use of
fully automatic scanning procedures. Scintillating fiber trackers give precise
tracking close to the emulsion target and define the exit point of the tracks in
the emulsion. Figure 4.31 shows a schematic view of this procedure. A hexa-
gonal air-core magnet yields momentum measurements of hadronic tracks.
The tracker region is followed by a high-resolution calorimeter. A muon spec-
trometer measures the charge and momenta of muons.
CHORUS started data-taking in 1994. Preselecting only events with a ver-

tex position (determined from the external trackers) compatible with the
emulsion target yields a sample of 713 000 events with a muon identified in

Fig. 4.31. Schematic illustration [102] of the detection of the ντ appearance reaction
ντN → τ−X in CHORUS. “C.S.” and “S.S.” denote changeable, external emulsion
sheets
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the final state (1µ), and a sample of 335 000 events without an identified
muon (0µ). Electron identification has not been attempted so far. In phase 1
of the analysis, tracks in the momentum and angular range compatible with
their being a τ− decay product (negative muons and pions) were scanned back
into the emulsion by an automatic procedure to find the primary vertex and
possibly a secondary vertex. About 14 000 events with a potential secondary
vertex were then submitted to a detailed visual scan [121].
Charm decays can be distinguished from the expected τ signal because

they yield predominantly positive decay products, and are accompanied by
another lepton at the primary vertex. An observed event compatible with the
production and decay chain

νµN → N ′Ds
+µ− , Ds

+ → τ+ντ , τ+ → µ+νµντ (4.24)

is shown in Fig. 4.32 [122], and illustrates the τ detection method of CHORUS.
No event with a secondary vertex compatible with the decay of a pri-

mary τ− was observed. This yields the exclusion curve in the sin2 2θ vs. ∆m2

plane indicated in Fig. 4.33. Currently, phase 2 of the analysis, based on a full
scan of the emulsion, independent of the predictions of the outer trackers, is
ongoing. This procedure is expected to greatly improve the efficiency. No
results are available yet.
While the main sensitivity of CHORUS arises from the explicit detection

of the kink in the τ track caused by τ → µνν decay, NOMAD is optimized for
indirect detection of the τ via its decay products, with particular emphasis
on τ → eνν decays.
In general, NOMAD is designed to detect both the leptonic (e−νeντ or

µ−νµντ) and hadronic (1-prong or 3-prong) decay modes of the produced τ−.
The ντ interactions are recognized through kinematic criteria based on the
isolation of the τ decay products from the remainder of the event and on
the momentum imbalance in the transverse plane (missing pT) induced by

Fig. 4.32. CHORUS candidate for the production and decay chain νµN →
N ′Ds

+µ−, Ds
+ → τ+ντ, τ+ → µ+νµντ [122]



118 Achim Geiser

1

10

10 2

10 3

10
-4

10
-3

10
-2

10
-1

1

sin2 2θ

∆m
2  (

eV
2 /c

4 )

E531
CCFR

NOMAD

CHORUS

CDHS

νµ → ντ
90% C.L. 10

10 2

10 3

10
-2

10
-1

1

sin2 2θ
∆m

2  (
eV

2 /c
4 )

NOMAD

CHORUS

CHOOZ

νe → ντ

90% C.L.

Fig. 4.33. Current best limits on νµ–ντ (left) and νe–ντ (right) oscillations in the
high-∆m2 region in the two-flavor approximation. The ντ appearance limits from
NOMAD [123], CHORUS [121], CCFR [124], and E531 [118], the νµ disappearance
limit from CDHS [125], and the νe disappearance limit from CHOOZ [96] are shown

the momentum carried away by the final-state neutrino(s) in τ decay. The
smallness of the νe component makes the search for τ− → e−νeντ particularly
sensitive, as few νe CC background events will be produced.
The central components of the NOMAD detector are located in a large

dipole magnet (0.4T). The target part of the detector was designed to ac-
commodate two conflicting requirements: to be as light as possible in order to
allow the precise measurement of charged-particle momenta and to minimize
secondary interactions, and to be as heavy as possible in order to produce
a significant number of primary neutrino interactions.
This conflict was resolved using an active target (2.7 tons) made of drift

chambers, where the target mass is given by the chamber structure, with an
average density of 0.1 g/cm3. The drift chambers are followed by a transition
radiation detector, a preshower detector, and an electromagnetic calorime-
ter. The combination of the transition radiation information with tracking
and calorimetry yields excellent electron identification. An iron–scintillator
hadronic calorimeter is located just outside the magnet coil and is followed
by two muon detection stations consisting of large-area drift chambers.
NOMAD has recorded about 1 350 000 νµ CC events and correspond-

ing numbers of νµ, νe, and NC interactions in the data-taking periods from
1995 to 1998. ντ CC event candidates were selected by identifying particles
(a muon, an electron, or a hadron or hadrons) consistent with being produced
in τ decay. The remaining particles were then combined to form the associ-
ated hadronic system. Kinematic variables formed from these two systems
were then used to separate the signal from the backgrounds, using a “data
simulator” method [116] based on the data themselves.
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In order to avoid biases due to knowledge about individual τ candidates in
the data, a “blind analysis” approach was adopted [116]. Further cross-checks
were made by comparing the results with a (null) search for “wrong-sign” τ+

candidates in the signal region. Once all efficiencies and performances were
understood, the cuts were frozen, and the “box” was opened. Any significant
excess over the expected background would then be interpreted as evidence
for νµ–ντ oscillations.
Details of the analyses of various τ decay channels and kinematic regions

can be found in [116, 123]. An example of a likelihood distribution obtained
from the analysis of the τ− → e−νeντ decay channel is shown in Fig. 4.34.
The typical expected backgrounds in each analysis range from a fraction
of an event to ten events. None of the eight analyses observes a significant
excess. The results of the individual analyses have been combined using the
statistical approach of Feldman and Cousins [111]. The final limits obtained
from this procedure [123] are shown in Fig. 4.33.
So far, it has been implicitly assumed that any observed τ signal would

originate from oscillations of the majority νµ component of the beam. Al-
ternatively, τ events could also be produced by the minority νe component
through νe–ντ oscillations. This would change the energy distribution of the
expected τ candidates, but does not affect the predictions of the background.
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predicted signal distribution are shown. The inset shows the integrated distribution
for the same data (black dots) and the background distributions (empty squares).
The circled points indicate the boundary of the initially “blind” signal region from
which the limit was obtained
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The nonobservation of τ candidates in the νµ–ντ search can therefore be trans-
lated into a limit on νe–ντ oscillations [123, 126]. The corresponding current
best limits are also shown in Fig. 4.33.
Furthermore, NOMAD has carried out an explicit search for νµ–νe os-

cillations, motivated by the LSND result discussed in the previous section.
Such oscillations would manifest themselves in an excess of νe events in the
νe/νµ ratio at low energies with respect to the predictions of the content of
the beam. No such excess has been observed [112]. The corresponding limit
is shown in Fig. 4.30.
Both experiments are now completed. However, the CHORUS experi-

ment has not yet reached its final analysis sensitivity, owing to the lengthy
emulsion-scanning process, which is still ongoing. Some further improvements
can therefore be expected, but the parameter range covered does not and will
not overlap with that suggested by the atmospheric neutrino anomaly. If, as
is commonly believed, the atmospheric neutrino anomaly is mainly due to
νµ → ντ oscillations, no signal is therefore expected in short-baseline exper-
iments. Should nature have chosen one of the alternative options for this
anomaly, then a signal in CHORUS/NOMAD or in a similar more precise
experiment would still be possible. Several oscillation scenarios exist which
allow this possibility (see e.g. the review in [127]).
Despite the negative results, the CHORUS and NOMAD experiments

have firmly established two independent analysis techniques with similar
sensitivity for τ appearance searches, which will be used in future long-
baseline appearance experiments (see next section). New short-baseline [128]
or intermediate-baseline [129] experiments which would extend the parameter
range covered are currently not being pursued further, but might be needed
at some point to discriminate between competing oscillation scenarios [130],
particularly if the LSND result is confirmed.

4.6.3 Long-Baseline Experiments

In order to cover the L/E range probed by atmospheric-neutrino experiments
with artificial and therefore controllable neutrino beams, the detector-to-
source distance (baseline) needs to be increased to several hundred kilometers.
Currently, one such “long-baseline” program is in operation, and two more
are under construction. These experiments are the following:

– The K2K experiment in Japan [131, 132]. Here, a low-energy (〈E〉 ∼
1.5GeV) neutrino beam is sent from the KEK laboratory (Fig. 4.35) to the
Super-Kamiokande detector, a distance of 250 km away. A near detector
is located at a distance of 300m from the target. The main goal is the
measurement of the νµ CC disappearance rate from the far/near event
ratio. This experiment started data-taking in 1999.

– The NUMI/MINOS project in the USA [133]. Fermilab provides a some-
what higher-energy tunable neutrino beam (3GeV < 〈Eν〉 < 12GeV),
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Fig. 4.35. The KEK accelerator complex and neutrino beam line

which is sent to the MINOS detector in the Soudan mine, a distance of
730 km away. Again, a near detector monitors the actual neutrino flux.
The basic measurements are similar to those performed at K2K, but the
much better statistics offer increased sensitivity, including significant mea-
surements of the NC/CC ratio and of potential electron neutrino appear-
ance. The first physics run with a low-energy beam is scheduled for 2005.

– The CNGS project in Europe [134]. A high-energy neutrino beam (〈Eν〉 ∼
17GeV) is sent from CERN to the Gran Sasso laboratory in Italy; again
the distance is 730 km. Two detectors optimized for the explicit detection
of τ appearance by techniques based on those used in CHORUS and
NOMAD are planned; one has been approved (OPERA [135]), and the
other has been proposed on the basis of an almost complete 600 t pro-
totype (ICARUS [136]). Since the project is primarily focused on τ ap-
pearance, a high-energy beam is mandatory. A near detector is neither
needed nor foreseen. The beam is approved to start operation in May
2005. Currently, this schedule is being reassessed.

The three projects are complementary in the sense that the K2K exper-
iment has started to confirm the atmospheric neutrino results semiquanti-
tatively, the NUMI/MINOS project will yield a more precise measurement
of the oscillation parameters and strong indications of the oscillation mode,
and the CNGS project will definitely settle the question of whether the pri-
mary oscillation mode involves the τ neutrino. A fourth program at the Japan
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Hadron Facility (JHF), sending a K2K-like beam with an intensity two or-
ders of magnitude to Super-Kamiokande from a distance of 290 km [137], is
currently being proposed. On an even longer term, a beam from a so-called
neutrino factory [25] (neutrinos from a high-energy muon storage ring) could
open up the possibility of the measurement of CP violation in the lepton sec-
tor. Here, we shall focus on the K2K experiment, which has already collected
its first data. The other projects are discussed in more detail in Chap. 7.
K2K started data-taking in spring 1999. The Super-Kamiokande detec-

tor is used as the far detector. The near detector consists of a 1 kt water
Cherenkov detector (using the same principle as in Super-Kamiokande) and
a fine-grained detector consisting of a scintillating fiber tracker, a lead glass
counter, and a muon range detector. There is no magnetic field.
The main goal is the observation of a charged-current event deficit in the

far detector with respect to the near detector to confirm the atmospheric

Fig. 4.36. Expected νµ energy spectra at the K2K far detector (Super-Kamiokande)
for various νµ–ντ oscillation parameters (hatched histogram and points with error
bars) and for the no-oscillation case (empty histogram). The statistics correspond
to about three times the rate expected for the first two years [132]
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neutrino anomaly and further constrain the parameter space for neutrino
oscillations. The experiment is sensitive to ∆m2 ∼ 2× 10−3 eV2 or larger. Up
to July 2001, K2K had collected several tens of thousands of events in the 1 kt
near detector, which provided a successful cross-check of the expected beam
properties and fixed the neutrino flux normalization. In the same period, 56
events were collected inside the fiducial volume of the far detector (Super-
Kamiokande), the first artificial neutrinos to be detected several hundreds of
kilometers away from their production point [132]. This is to be compared
with an expectation of 81±6 events for the no-oscillation case, and 54 events
with ∆m2 = 2.8× 10−3 eV2 and full mixing. The expected and measured
energy spectra for an early subsample of these events are shown in Figs. 4.36
and 4.37. A quantitative analysis of the oscillation parameters based on the
rate measurement has also been performed (Fig. 4.38). The results are in
excellent agreement with the Super-Kamiokande atmospheric-neutrino result.
These preliminary results therefore confirm qualitatively and quantita-

tively the atmospheric neutrino deficit. Further data-taking has been delayed
until an ongoing repair of the Super-Kamiokande detector is completed. Un-
less ∆m2 is at the low edge of the currently allowed range, a combination of
future more precise measurements from K2K,MINOS, and OPERA/ICARUS
should be able to further test the oscillation hypothesis and finally settle the
question of the oscillation mode.
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Fig. 4.37. Measured νµ energy spectrum for 14 well-measured events [132]
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Fig. 4.38. Allowed regions for νµ–ντ oscillations from an analysis of the K2K
normalization and shape [132], compared with the corresponding regions for atmo-
spheric neutrinos obtained by the Super-Kamiokande collaboration

4.7 Summary and Conclusions

... the fascination with neutrinos and the unanswered questions concerning
them – such as their masses – are motivating a broad line of research in
astrophysics, accelerator physics, and nuclear physics.

J. Steinberger, 1989

Many neutrino-related topics, such as its existence, parity violation in its
interactions, and, most recently, its mass and the question of lepton number
conservation, were milestones on the path towards understanding the funda-
mental laws of nature. The current line of neutrino research, referred to by
Steinberger above [23], is aiming at a continuation of this tradition. However,
as in the past, a lot of patience will be required to see the theoretical concepts
tested and finally confirmed or refuted by experiment.
A minirevolution, requiring the revision or at least a minimal extension

of the Standard Model, has recently been induced by the accumulation of ex-
perimental indications of neutrino oscillations in solar, reactor, accelerator,
and atmospheric neutrino experiments (Fig. 4.39). This culminated in the of-
ficial announcement of evidence for νµ oscillations by the Super-Kamiokande
experiment in 1998, and most recently by SNO and KamLAND. Even if some
of the evidence has to be attributed to nonoscillation effects in the future,
it seems increasingly unlikely that all indications are wrong or have been
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misinterpreted. Therefore, the resulting hypothesis of nonzero neutrino mass
has become the generally accepted default. The available positive evidence is
complemented by increasingly precise negative evidence in other regions of
the oscillation parameter space, which helps to narrow down the options for
neutrino oscillation models.
More specifically, the combined evidence from seven different experiments

for oscillations of solar electron neutrinos into other active neutrinos becomes
increasingly compelling, but other (new-physics) interpretations remain pos-
sible. Currently, KamLAND and SNO are delivering the keys that may finally
settle the question. Similar arguments hold for atmospheric νµ → ντ oscilla-
tions, for which the evidence is dominated by the Super-Kamiokande results.
The final confirmation of this evidence will rely to a large extent on the long-
baseline beam program, which has yielded encouraging initial data, but will
take five to ten more years to yield fully conclusive results. The experimen-
tal methods pioneered by recent short-baseline experiments are an essential
ingredient of this program. Finally, the evidence for νµ–νe oscillations from
LSND has still been neither confirmed nor refuted by another experiment,
but will be checked by MiniBooNE very soon.

Fig. 4.39. 95% C.L. allowed areas of oscillation parameters for atmospheric neutri-
nos [68] (dark shaded area), solar neutrinos [62] (light shaded areas), and the LSND
results [106] (hatched area). The tan2θ > 1 image of the LSND allowed area is not
shown explicitly. The LMA solar neutrino solution has recently been confirmed by
KamLAND [18], therefore excluding the LOW and VAC options
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If all three positive indications are confirmed to be due to neutrino oscil-
lations, the three known active neutrino flavors will not supply a sufficient
number of degrees of freedom to describe the data, and contributions from
additional sterile neutrinos will be needed (Chap. 5). The future experimental
checks mentioned here and described in more detail in Chap. 7 are therefore
of very fundamental importance.
In summary, an exciting new chapter in neutrino physics has just been

opened, which might yield further subjects for experimental exploration and
theoretical debate for the next 30 years before being fully understood.
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5 Theoretical Interpretation

of Current Neutrino Oscillation Data

Gianluigi Fogli and Eligio Lisi

We discuss the theoretical interpretation of neutrino oscillation data in terms
of 3ν and 4ν mixing. Two-neutrino oscillations, often used to describe exper-
imental results in a first approximation, are briefly recalled (Sect. 5.1). The
main focus of our review is 3ν mixing (Sect. 5.2), which accommodates both
the negative results of oscillation searches at reactors (Sect. 5.3) and the
evidence for flavor transitions obtained from atmospheric and solar neutrino
data (Sects. 5.4 and 5.5). The status and problems of 4ν scenarios embedding
the additional LSND signal are also discussed (Sect. 5.7). Finally, we outline
the impact of the very latest data (Sect. 5.8). Standard electroweak neutrino
interactions are assumed in all cases; scenarios with nonstandard dynamics
are beyond the scope of this review.

5.1 Two-Neutrino Oscillations

Since both the 3ν and the 4ν scenarios admit effective 2ν limits of phenomeno-
logical interest, we start by recalling the basics of 2ν oscillations. The mixing
between two flavor eigenstates (say να and νβ) and two mass eigenstates
(ν1 and ν2), separated by a gap ∆m2 = m2

2 −m2
1, can be described through

(
να
νβ

)
=
(

cos θ sin θ
− sin θ cos θ

)(
ν1

ν2

)
= U(θ)

(
ν1

ν2

)
, (5.1)

where θ ∈ [0, π/2] is the mixing angle and U(θ)U †(θ) = I.
The 2ν evolution equation in the flavor basis,

ı
d
dx

(
να
νβ

)
= H

(
να
νβ

)
, (5.2)

is governed, in general, by a Hamiltonian containing both a kinetic (“vac-
uum”) term [1] and an interaction (“matter”) term [2],

H = Hkin +Hint =
k

2
U(θ)

(−1 0
0 +1

)
U †(θ) +

V

2

(
+1 0
0 −1

)
, (5.3)

where irrelevant terms, proportional to the unit matrix I, have been traced
away. In (5.3), k = ∆m2/2E is the wave number of the oscillation, and
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V = Vα − Vβ is the difference between the interaction energies of να and νβ
in matter, which is typically proportional to a background fermion density Nf

times GF. Solutions of (5.2) have been studied in a variety of contexts [3, 4].

5.2 Three-Neutrino Oscillations

In this section, we consider the combined interpretation of solar and atmo-
spheric neutrino data within a 3ν oscillation framework (implicitly excluding
the LSND result). It will be shown that the emerging 3ν scenario for the
squared-mass gaps and mixing angles of the neutrinos exhibits a nontriv-
ial self-consistency, which justifies its wide use in both theoretical model-
building and proposals for experimental studies. We start with some order-
of-magnitude estimates, which are useful for understanding the main features
of the current 3ν phenomenology.

High-statistics observations of atmospheric neutrino events show no un-
expected features in the νe-induced electrons, but indicate a strong disap-
pearance of νµ-induced muons [5]. By exclusion, the disappearing νµ’s must,
basically, convert into (unobservable) ντ’s, implying an oscillation dynamics
dominated by two states (νµ, ντ). In the leading approximation, we also have
Hint = 0, since νµ and ντ have the same interaction energies in the matter
of the earth (Vµ − Vτ = 0, see (5.3)). Denoting by (m2, ψ) the oscillation
parameters (∆m2, θ) of the (νµ, ντ) subspace, the corresponding transition
probability is Pµτ = sin2 2ψ sin2(m2L/4Eν). Since the onset of the disap-
pearance of atmospheric νµ’s is best observed for Eν of the order of a few
times GeV (multi-GeV events) and for a path length L ∼ 103 km, the obser-
vation of a large effect (m2L/4Eν ∼ π/2) implies that m2 is of the order of
a few 10−3 eV2. For such values of m2, the results of the CHOOZ reactor ex-
periment forbid significant νe mixing [6], which is consistent with the effective
decoupling of νe inferred from atmospheric electron events. Concerning the
mixing angle ψ, the ∼ 50% disappearance observed for upgoing multi-GeV
muon events (characterized by L ∼ 2R⊕ and thus by 〈sin2(m2L/4Eν)〉 ∼ 1/2)
implies Pµτ ∼ 1/2 and thus sin2 2ψ ∼ 1, namely, ψ ∼ π/4.

All observations of solar neutrino events so far [7, 8, 9, 10, 11] indicate
a significant (1/2 to 1/3) suppression of the expected νe flux from the sun [12].
In terms of 2ν oscillations, with the solar-neutrino mass-mixing parameters
denoted by (δm2, ω), the earth–sun distance sets a lower limit on the oscil-
lation wave number and thus on δm2 (δm2 >∼ 10−12 eV2). An upper limit
on δm2 is not unambiguously set by solar neutrino data alone, since energy-
independent scenarios (corresponding to δm2 → ∞), although globally disfa-
vored, are not ruled out by any single observation. A more solid upper limit
(δm2 <∼ 7× 10−4 eV2) is provided by CHOOZ [6], forbidding large νe dis-
appearance above that range. An important consequence is that δm2 < m2

(and, more often than not, δm2 	 m2). Concerning ω, both upper and lower
limits are found on the allowed range of δm2 (details are given in Sect. 5.5).
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In conclusion, both upper and lower bounds can currently be set on two
independent squared-mass differences (δm2 andm2), and on two independent
mixing angles (ψ and ω). A third mixing angle, ϕ, which parameterizes sub-
leading 3ν effects (neglected in a first approximation) in both atmospheric and
solar neutrino oscillations, is limited only from above (by reactor data). This
qualitative understanding of the 3ν oscillation parameters (δm2,m2, ω, ϕ, ψ)
will be quantitatively refined in the following sections, starting from the pre-
cise definition of those parameters.

5.2.1 3ν Mass Spectra

Current ν oscillation phenomenology favors a “solar” squared-mass difference
δm2 significantly smaller than the “atmospheric” squared-mass differencem2,
i.e.

δm2 	 m2 . (5.4)

Figure 5.1 shows the two possible spectra that satisfy the above condition,
characterized by a solar neutrino doublet either lighter (Fig. 5.1a) or heavier
(Fig. 5.1b) than the third, isolated mass eigenstate. The cases illustrated in
Fig. 5.1a,b are usually referred to as the “normal” and “inverted” hierarchies,
respectively, of the squared-mass differences.

In order to uniquely define the mixing angles, labels (1, 2, 3) have to be
attached to the mass eigenstates. In our convention, we do so by defining the
squared-mass matrix M2 = diag(m2

1,m
2
2,m

2
3) in the (ν1, ν2, ν3) basis as

M2 = diag(−δm2/2,+δm2/2,+m2) for the normal hierarchy , (5.5)
M2 = diag(−δm2/2,+δm2/2,−m2) for the inverted hierarchy , (5.6)

Fig. 5.1. Three-neutrino spectra of squared-mass differences that satisfy (5.4):
(a) normal hierarchy, (b) inverted hierarchy. The zero of the vertical axis (i.e. the
absolute squared neutrino mass) is undetermined in oscillation searches
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up to an overall additive term (unobservable in oscillation searches, as is the
case for any absolute squared mass of a neutrino). With the above notation,
the two spectra of Fig. 5.1a,b can be interchanged by simply flipping the
sign of m2. The current neutrino oscillation phenomenology is, however, very
weakly sensitive to sign(m2). Unless otherwise noted, we shall consider the
case +m2 (normal hierarchy) as the default.

5.2.2 3ν Mixing

The unitary mixing matrix U connecting flavor states να and mass states νi,

να = Uνi , (5.7)

can be parameterized in a number of ways. We adopt the standard parame-
terization in terms of three Euler rotations [3], ordered as

U = U23(ψ)U13(ϕ)U12(ω) (5.8)

=


1 0 0
0 cψ sψ
0 −sψ cψ




 cϕ 0 sϕ

0 1 0
−sϕ 0 cϕ




 cω sω 0

−sω cω 0
0 0 1


 (5.9)

=


 cϕcω cϕsω sϕ

−cψsω − sϕsψsω cψcω − sϕsψsω cϕsψ
sψsω − sϕcψcω −sψcω − sϕcψsω cϕcψ


 , (5.10)

where c = cos and s = sin, and we have neglected a possible CP-violating
phase, to which the current oscillation phenomenology is basically insensitive.

The angles (ω, ϕ, ψ) are also often written as

(ω, ϕ, ψ) ≡ (θ12, θ13, θ23) , (5.11)

and take values in the first quadrant [0, π/2]. The two octants [0, π/4] and
[π/4, π/2] embed, in general, different oscillation physics [13, 14, 15]. There-
fore, the associated (and time-honored) variable sin2 2θij , which maps the
first octant only, is being currently replaced by the more appropriate two-
octant variables sin2 θij (on a linear scale) or tan2 θij (on a logarithmic scale)
[13, 14].

5.2.3 3ν Dynamics

In the flavor basis ν = (νe, νµ, ντ)T, the 3ν evolution equation reads, in gen-
eral,

ı
dν
dx

=
(
U
M2

2E
U † +Hint

)
ν , (5.12)
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where the first (kinetic) term is defined through (5.5)–(5.8), while the second
(interaction) term is given by Hint = diag(V (x), 0, 0), where [2]

V (x) =
√
2GFNe(x) . (5.13)

Here GF is the Fermi constant, and Ne(x) is the electron density at the
position x (for neutrinos traveling in matter). For antineutrinos, V → −V .

Solutions of the above equation involve, in general, all the mass-mixing pa-
rameters (δm2,m2, ω, ϕ, ψ), as well as a (sometimes complicated) functional
dependence on the profile of Ne(x) in matter. As we shall see, phenomeno-
logical considerations allow us to reduce the 3ν dynamics to an effective 2ν
dynamics in the two classes of “solar” and “atmospheric” experiments. We
start, however, from an exception to this reduction rule, provided by the
CHOOZ reactor experiment.

5.3 Reactor Neutrinos in a 3ν Interpretation

The CHOOZ experiment has not observed disappearance of reactor νe’s1

over a baseline L 
 1 km [6]. In terms of 2ν mixing, the CHOOZ bounds on
(∆m2, θ) are shown in Fig. 5.2. At maximal mixing (θ 
 π/4), the upper
limit on ∆m2 is ∼7× 10−3 eV2. At large ∆m2, the upper limit on sin2 2θ is
∼0.1, corresponding to θ close to either 0 or π/2. Somewhat weaker bounds
have been obtained at Palo Verde [16].

In the case of 3ν oscillations, the survival probability of reactor νe’s ob-
tained by CHOOZ for the normal hierarchy reads [17, 18, 19]

P reac
ee = 1− c4ϕs22ω sin2

(
δm2

4E
x

)

−s22ϕ
[
s2ω sin

2

(
m2 − δm2/2

4E
x

)
+ c2ω sin

2

(
m2 + δm2/2

4E
x

)]
.

(5.14)

The case of an inverted hierarchy is obtained through the replacement
+m2 → −m2. Notice that the m2 sign flip can be absorbed by swapping
the octants for the angle ω (sω → cω). Therefore, reactor experiments cannot
distinguish a normal from an inverted hierarchy, unless ω is constrained to
be in one octant by other (e.g. solar) neutrino experiments. This remark is
relevant in the context of recent studies of the possibility of hierarchy dis-
crimination at future reactor experiments [20, 21]. Notice also that P reac

ee does

1 We speak loosely about reactor νe’s rather than νe’s, since matter effects are
negligible in this context, and thus the oscillation properties of ν and ν are
formally equivalent.
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Analysis A
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Fig. 5.2. Region excluded by CHOOZ in the two-family parameter space (∆m2, θ),
reported in [6]

not depend on the angle ψ = θ23, as a result of the ignorance of our final
flavor state, νµ or ντ, in reactor experiments.

Equation (5.14) admits two interesting 2ν subcases. The first is obtained
for δm2 well below the CHOOZ sensitivity (namely, δm2 much less than a few
times 10−3 eV2), as favored by current solutions to the solar neutrino problem
(see Sect. 5.5). In this case one can effectively take δm2 = 0, so that

δm2 = 0 =⇒ P reac
ee = 1− s22ϕ sin2

(
m2

4E
x

)
, (5.15)

which is equivalent to the two-family probability, up to the identifications
(m2, ϕ) ≡ (∆m2, θ), which allows one to apply the same limits as in
Fig. 5.2. Equation (5.15) is often used to combine the CHOOZ results with
atmospheric neutrino data. Since these data constrain m2 to be close to
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∼3× 10−3 eV2, and forbid the case s2ϕ ∼1, the CHOOZ + atmospheric com-
bination constrains s2ϕ to be smaller than a few times 10−2 [17, 22, 23] (see
Sect. 5.4.4).

The second 2ν subcase of (5.14) is obtained for ϕ = 0:

ϕ = 0 =⇒ P reac
ee = 1− s22ω sin2

(
δm2

4E
x

)
, (5.16)

which leads to the identification (δm2, ω) ≡ (∆m2, θ) in Fig. 5.2. Equa-
tion (5.16) is often used to combine the CHOOZ results with solar neutrino
data. Since these data constrain sin2 ω to be close to ∼1/2 if δm2 approaches
the CHOOZ sensitivity limits, the CHOOZ + solar combination constrains
δm2 to be smaller than ∼7× 10−4 eV2 (see Sect. 5.5).

However, when both δm2 and s2ϕ approach their upper limits (δm2 of
the order of a few times 10−4 eV2 and s2ϕ of the order of a few percent),
neither of the two subcases in (5.15) and (5.16) applies, and the full 3ν
expression in (5.14) must be used for P reac

ee . In this case, the 2ν limits in
Fig. 5.2 cannot be directly applied, and a statistical reanalysis of the CHOOZ
spectral data is needed for any given set of (δm2,m2, ω, ϕ) values [17, 18, 24].
Such a reanalysis has been performed in recent CHOOZ + solar combined 3ν
fits [17, 25, 26], and its implications will be briefly illustrated in Sect. 5.5.2.

5.4 Atmospheric Neutrinos in a 3ν Interpretation

In the 3ν analysis of atmospheric neutrino data, the zeroth-order approxi-
mation in the small parameter δm2/m2 (sometimes called the one-dominant-
mass-scale approximation) is often used [17, 22]. The results discussed here
have been obtained within such an approximation. Perturbations due to
δm2 �= 0 have rather small effects in the current phenomenology [24, 27,
28, 29, 30].

5.4.1 Parameter Space

In the analysis of atmospheric (+ reactor) neutrino oscillations, the assump-
tion δm2 = 0 implies an effective degeneracy of the “solar” doublet (ν1, ν2),
which makes the rotation U12(ω) (5.8) irrelevant in the 3ν evolution Hamilto-
nian (5.12). Therefore, to zeroth order in δm2/m2, the subspace of terrestrial
(atmospheric + reactor) neutrino oscillations reduces to

terrestrial ν parameter space 
 (m2, ϕ, ψ) . (5.17)

The only observable parameters are those associated with the “lone” state ν3,
i.e. the largest mass gap m2, and the mixing-matrix elements Uα3,

(m2, Ue3, Uµ3, Uτ3) ≡ (m2, sϕ, cϕsψ, cϕcψ) , (5.18)

consistently with (5.17).
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In the vacuum case (Ne = 0), the evolution equation (5.12) is easily
solved, giving the following probabilities of flavor appearance (α �= β) and
disappearance (α = β), which are useful in interpreting accelerator and re-
actor oscillation searches:

P vac
αβ = 4U2

α3U
2
β3 sin

2(m2x/4E) , (5.19)

P vac
αα = 1− 4U2

e3(1− U2
e3) sin

2(m2x/4E) . (5.20)

Such probabilities are formally equivalent to those in the two-family case,
modulo the identifications ∆m2 ↔ m2 and sin2 2θ ↔ 4U2

α3U
2
β3 or sin2 2θ ↔

4U2
α3(1 − U2

α3), which allow one to map published 2ν limits onto the 3ν
terrestrial parameter space in (5.17) [13, 31]. Notice that the above equations
are invariant under the replacement +m2 → −m2, i.e.

P vac
αβ (+m

2) = P vac
αβ (−m2) , (5.21)

and thus do not distinguish the normal from the inverted hierarchy.
However, the vacuum limits in (5.19) and (5.20) are not applicable to

atmospheric neutrino oscillations, which largely occur within the matter of
the earth. For Ne �= 0, it turns out that 3ν oscillations do not reduce to 2ν
subcases, since the degeneracy of the solar neutrino doublet is lifted in matter
[32], and genuine 3ν effects take place. A relevant consequence in matter is
that

Pmat
αβ (+m2) �= Pmat

αβ (−m2) , (5.22)

which provides a handle for hierarchy discrimination. Unfortunately, the dif-
ferences in (5.22) vanish as ϕ→ 0, and are currently undetectable within the
stringent CHOOZ upper limits on ϕ.

5.4.2 Data

Concerning atmospheric neutrinos, our statistical analysis [23] refers to the
Super-Kamiokande (SK) data with 79.5 kton/year (kTy) exposure [33], as
shown in Fig. 5.3. The data in the first two panels represent the observed
rates of e-like events (induced by νe or νe) at sub-GeV (SGe) or multi-GeV
(MGe) energies, as a function of the lepton zenith angle ϑ (where cos θ = −1,
0, and +1 corresponds to upgoing, horizontal, and downgoing leptons). The
remaining four panels represent the observed rates of µ-like events (induced
by νµ or νµ) at sub-GeV and multi-GeV energies (SGµ and MGµ), and also at
the higher energies that characterize the sample of upgoing muons originating
in the rock below the detector, which can either stop in (USµ) or pass through
(UTµ) the detector. In the last panel, the overwhelming µ shower background
from above restricts the event selection to zenith angles below the horizon,
i.e. cosϑ ∈ [−1, 0]. The error bars are statistical and correspond to ±1σ.
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Fig. 5.3. Reference atmospheric neutrino data from the Super-Kamiokande exper-
iment, together with the 2ν best-fit predictions in the νµ → ντ channel [23]

The systematic errors (not shown, but included in the analysis) are large
(20%–30%) and highly correlated [22].

In each panel of Fig. 5.3, the lepton rates R are normalized to the expecta-
tions R0 in the absence of oscillations, so that any deviation from the horizon-
tal line at R/R0 = 1 signals a possible flavor oscillation effect. It can be seen
that the electron samples are roughly in agreement with the no-oscillation
hypothesis, the small overall excess in the SGe sample being smaller than the
systematic (normalization) uncertainties. In contrast, strong distortions of
the zenith distributions are visible in all µ samples; none of these distortions
can be fully absorbed by normalization effects. The striking evidence for νµ
disappearance is well fitted, in all its zenith-energy spectral features, by the
simple hypothesis of pure νµ → ντ oscillations (solid lines), shown here for
our current best-fit point (m2/eV2, sin2 2ψ) = (0.003, 0.98) [23].

5.4.3 Graphical Representations

We shall use two kinds of graphical representation to show the results of the
SK (+ CHOOZ) 3ν oscillation analysis: a triangle plot and a bi-logarithmic
plot. Both representations map the full quadrant [0, π/2] spanned by the
mixing angles ϕ and ψ. Similar plots will also be used for the 4ν analysis
(Sect. 5.7).

Figure 5.4 shows the triangle plot, which embeds the unitarity condition
on ν3, U2

e3+U
2
µ3+U

2
τ3 = 1, through the geometrical property h1+h2+h3 = 1,

which links the three heights hi of any point, measured perpendicular to the
sides, inside an equilateral triangle of unit height. The mapping in terms of
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Fig. 5.4. Triangular representation of the terrestrial 3ν parameter space defined
in (5.17) and (5.18) [22], embedding the unitarity constraint U2

e3 + U2
µ3 + U2

τ3 = 1

sin2 ϕ and sin2 ψ [22, 34] is also shown. The inner points, the sides, and the
corners of the triangle correspond to 3ν, 2ν, and no oscillations, respectively.
In particular, the bottom and right sides represent pure νµ → ντ and pure
νµ → νe oscillations, respectively; between the bottom and the right sides,
genuine 3ν oscillations νµ → ντ,e occur.

The second graphical representation uses sections (or projections) of al-
lowed regions in the following log-scale rectangular coordinates:

coordinates = (m2, tan2 ϕ, tan2 ψ) . (5.23)

The choice of tan2 θij on a log scale is motivated by the property log tan2(θij)
= − log tan2(π/2 − θij), which preserves graphically the octant symmetry
of the oscillation probability, when applicable (e.g. for the 2ν subcases in
vacuum).

5.4.4 Constraints on 3ν Parameters

Constraints on the mass-mixing oscillation parameters can be obtained
through a statistical χ2 comparison of experimental data and theoretical
predictions [17, 22]. Figure 5.5 shows χ2 from SK atmospheric neutrino data
as a function of the squared-mass difference m2 [35], for unconstrained values
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Fig. 5.5. 3ν analysis of terrestrial neutrino data: χ2 as a function of m2, for un-
constrained mixing angles ϕ and ψ, from SK and SK + CHOOZ data [35]

of ϕ and ψ. The best fit is located atm2 = 3×10−3 eV2, a value that appears
to be rather stable (the differences in m2 between independent state-of-the-
art analyses being smaller than ±0.5× 10−3 eV2). The inclusion of CHOOZ
data in Fig. 5.5 improves the upper bound onm2, without shifting its best-fit
value.

The favored m2 range is within a factor of ∼ 2 of the central value (the
precise interval depending on the confidence level chosen). Therefore, we have
taken six representative values of m2 from 1.5 to 6× 10−3 eV2 in order to
illustrate the complementary constraints on 3ν mixing, in the triangle plots
in Fig. 5.6. In the left column of triangles, the regions allowed by the SK data
always touch the lower side, corresponding to pure νµ → ντ oscillations (not
surprisingly, given the excellent quality of the νµ → ντ fit in Fig. 5.3). Such
regions extend considerably within the triangle, to areas where genuine 3ν
oscillations occur and the additional νµ → νe channel is open. However, such
a channel cannot be dominant: the SK-allowed regions are always far from
pure νµ → νe oscillations (right side of the triangle). The middle column
in Fig. 5.6 shows the CHOOZ constraints, which exclude wide horizontal
bands. Indeed, the CHOOZ limit sin2 2ϕ <∼ 0.1 allows only narrow strips in
the triangle at s2ϕ ∼ 0 (lower side) or s2ϕ ∼ 1 (upper corner), the latter being
excluded by SK.

The combination of the SK + CHOOZ data is shown in the right column
of Fig. 5.6. The allowed region is squeezed into a small strip close to the
lower side. The height of this strip is just U2

e3 and is smaller than a few times
10−2. The center of the strip corresponds to “maximal” νµ → ντ mixing
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Fig. 5.6. Triangle plot of SK, CHOOZ, and SK + CHOOZ constraints on the
3ν mass-mixing oscillation parameters. The curves represent sections of the region
allowed at 90% and 99% C.L. (for NDF = 3) by a χ2 analysis of the data, for six
representative values of m2. See also [36]

(U2
µ3/U

2
τ3 = 1). Deviations from maximal mixing are confined to a range

of approximately 1/2 <∼ U2
µ3/U

2
τ3

<∼ 2. The CHOOZ data appear to have
a tremendous impact on the mixing parameters, leaving room only for a small
admixture of νe on top of dominant νµ → ντ oscillations.

Since the SK + CHOOZ allowed region is rather “squeezed” in the plots of
Fig. 5.6, a log-scale enhancement appears useful. Figure 5.7 show the projec-
tions of the 3ν volume allowed by the SK data at 90% and 99% C.L. (∆χ2 =
6.25 and 11.36, respectively, for NDF = 3) in the (m2, tan2 ψ, tan2 ϕ) parame-
ter space. The best fit is reached at (m2, tan2 ψ, tan2 ϕ) = (3× 10−3 eV2, 0.9,
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Fig. 5.7. Projections onto the coordinate planes of the allowed regions in the 3ν
parameter space (m2, tan2 ψ, tan2 ϕ) at 90% and 99% C.L. for NDF = 3. The fit
includes SK data only (79.5 kTy) [23]

Fig. 5.8. Projections onto the coordinate planes of the allowed regions in the 3ν
parameter space (m2, tan2 ψ, tan2 ϕ) at 90% and 99% C.L. for NDF = 3. The fit
includes SK and CHOOZ data [23]
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Fig. 5.9. SK zenith distributions for three representative 3ν cases with tan2 ϕ =
2.5 × 10−2, allowed at 90% C.L. by SK + CHOOZ

0.01). The slight deviation of the best-fit mixing from the pure νµ ↔ ντ
maximal mixing ((tan2 ψ, tan2 ϕ) = (1, 0)), although intriguing, is – unfortu-
nately – not statistically significant (∆χ2 <∼ 1). This also implies that there
is no significant indication of possible matter effects related to νe mixing
(tan2 ϕ > 0) in the SK data. On the other hand, the SK preference for small
values of ϕ represents a very important and nontrivial consistency check of
the 3ν oscillation scenario, which is independently confirmed by solar neu-
trino data (see Sect. 5.5) and, as we have just seen, by CHOOZ. Notice that
the bounds on tan2 ψ in Fig. 5.7 are octant-symmetric only in the 2ν limit
tan2 ϕ → 0 (as should be the case), and show a slight preference for ψ in
the second octant when tan2 ϕ > 0. Correspondingly, slightly higher val-
ues of m2 are preferred. The (weak) positive correlation between tan2 ϕ and
tan2 ψ or m2, however, is largely suppressed by the CHOOZ data, as we now
discuss.

Figure 5.8 shows the projections of the (m2, tan2 ψ, tan2 ϕ) volume al-
lowed by SK + CHOOZ. The (degenerate) best-fit points are now at (m2,
tan±2 ψ, tan2 ϕ)=(3 × 10−3 eV2, 0.76, 0). By comparing Fig. 5.8 with Fig. 5.7,
we can see that CHOOZ improves the upper bound on tan2 ϕ by an order
of magnitude. As expected, at the small values of tan2 ϕ allowed by SK +
CHOOZ, both the octant asymmetry in ψ and the upper limit on m2 are
reduced. This also explains the improvement of the upper limit in Fig. 5.5 for
the SK + CHOOZ case. We have repeated the fit for the case m2 < 0 (not
shown), corresponding to Fig. 5.1b. For negative m2, we obtain somewhat
weaker bounds on tan2 ϕ (<∼ 0.5 at 90% C.L.) in the fit to the SK data only,
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Fig. 5.10. As in Fig. 5.9, but for negative m2 (inverted-hierarchy case)

while the fit to the SK + CHOOZ data gives results almost identical to those
in Fig. 5.8. This fact shows that current atmospheric + reactor data are,
basically, unable to discriminate between the two signs of m2 in 3ν scenarios.

In conclusion, we learn from the SK data that νµ → ντ oscillations are
favored, and from CHOOZ that any additional νe mixing must be very small.
Is the νe mixing (i.e. U2

e3 = sin2 ϕ) nonzero? This is one of the most important
questions in neutrino physics, since the case ϕ �= 0 opens the door – at least
in principle – to observations of effects of the matter in the earth [37, 38] and
of sign(m2) [32, 34].

Is there any residual chance to infer effects of ϕ �= 0 from atmospheric
neutrino data? Figures 5.9 and 5.10 show some typical predicted effects of
ϕ �= 0 on the SK zenith distributions, for the normal [23] and the inverted
hierarchy, respectively. It appears that the best chances of observing an effect
are confined to the MGe distribution, through an increase in the upgoing
electron rate. However, it will be hard to reach enough statistical significance.
If an effect is seen, it will also be difficult to assess the underlying hierarchy
(the zenith distortions are not too different in the two figures). Therefore, the
detection of effects of nonzero ϕ appears to be essentially a task for future,
higher-statistics experiments.

5.4.5 2ν Subcase: Impact of the First K2K Data

We complete the discussion of atmospheric neutrino oscillations with the re-
cent (supporting) indications obtained from the KEK-to-Kamioka (K2K) ac-
celerator neutrino experiment [39], characterized by a value of E of the order



150 Gianluigi Fogli and Eligio Lisi

of a few GeV and L 
 250 km. The recent K2K result (44 observed neutrino
events vs. 63.9 expected [39]) is already inconsistent with no oscillations at
∼97% C.L., and suggests instead νµ disappearance. The K2K collaboration is
being understandably conservative about the oscillation interpretation, pend-
ing higher statistics and a reduction of various uncertainties. However, it is
tempting to use the first K2K result for a preliminary analysis, at least in
the simplest 2ν subcase [40].

Figure 5.11 shows the results in the νµ → ντ parameter space (m2, tan2 ψ).
The upper left panel corresponds to the SK data only, with degenerate best-fit
points (stars) at m2 = 3× 10−3 eV2 and at octant-symmetric mixing values
tan±2 ψ = 0.76. The upper right panel shows the (much weaker) constraints
from the K2K data only. The lower left panel shows the combination of the SK
and K2K results. The bounds on tan2 ψ are not significantly modified, and the
best-fit value of m2 is only slightly lowered (m2 = 2.9× 10−3 eV2). However,
the 90% and 99% C.L. ranges ofm2 are appreciably reduced, both from below
and (more strongly) from above. Therefore, the K2K experiment is already
having a nonnegligible impact in the determination of m2 parameter relevant
to the νµ → ντ channel. The lower right panel shows the further (prospective)
m2 range reduction that would be achieved if the K2K errors were halved.
In conclusion, the first K2K results corroborate the atmospheric evidence of
νµ oscillation.

Fig. 5.11. 2ν analyses of SK and K2K data, and of their combination (including
the result that would be obtained if the K2K errors were halved) [40]
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5.5 Solar Neutrinos in a 3ν Interpretation

The zeroth-order approximation in δm2/m2 (introduced in Sect. 5.4 for at-
mospheric neutrinos) turns out to be a very good approximation also for solar
neutrinos [3, 14, 31]. In this case, the approximation implies the averaging
out of all oscillating terms associated with m2 (m2 → ∞). Corrections for
the finite value of δm2/m2 are currently negligible [18, 26]. Moreover, at so-
lar neutrino energies, the νµ’s and ντ’s cannot be distinguished in the final
state. Therefore, not only m2 but also ψ = θ23 decouples from the solar 3ν
parameter space [3], which reduces to

solar ν parameter space 
 (δm2, ϕ, ω) . (5.24)

The 2ν limit, involving only ν1 → ν2 oscillations with no ν3 mixing,
is recovered for ϕ = 0. For ϕ �= 0, it turns out that the 3ν and 2ν survival
probabilities are linked by the simple relation (see [41] and references therein)

P 3ν
ee (δm

2, ω, ϕ) = s4ϕ + c
4
ϕP

2ν
ee (δm

2, ω)
∣∣∣
Ne→c2ϕ Ne

, (5.25)

which shows that the solar 3ν and 2ν cases differ by terms of O(s2ϕ). We con-
sider, in succession, the cases ϕ = 0, ϕ �= 0 (but small), and ϕ unconstrained.

5.5.1 2ν Analysis (ϕ = 0)

The main results of a recent solar 2ν analysis [42] including the first SNO
charged-current (CC) data [11] are shown in Figs. 5.12 and 5.13, in the plane
(δm2, tan2 ω). The asymmetry of the allowed regions with respect to maximal
mixing (tan2 ω = 1) is due to matter effects.

Figure 5.12 includes the total event rates obtained from the chlorine [7]
and gallium [8] experiments, and from the SK [10] and SNO CC [11] data.
It also includes the CHOOZ data, which limit δm2 from above (see (5.16)).
The solutions are usually referred to as follows: small-mixing-angle (SMA),
at tan2 ω ∼ 10−3; large-mixing-angle (LMA), at tan2 ω ∼ O(1) and δm2 >∼
10−5 eV2; and low-δm2 (LOW), at δm2 ∼ O(10−7) eV2, which is continuously
connected to the vacuum (VAC) solution at ∼ O(10−10) eV2 through quasi-
vacuum oscillations (QVO). The fit in Fig. 5.12 favors the SMA and LMA
solutions over the others. The different roles of the kinetic and interaction
terms in (5.3) in the various solutions have been widely studied [3, 4, 41].
Recent developments include an accurate description of interaction terms in
the QVO range [43]. Notice that maximal mixing (tan2 ω = 1) is increas-
ingly allowed as δm2 decreases. Scenarios with tan2 ω 
 1 and tan2 ψ = 1
(suggested by atmospheric ν data) are usually dubbed “bimaximal-mixing”
cases [44, 45, 46].

Figure 5.13 shows a global 2ν analysis of solar + CHOOZ data [42], in-
cluding the SK day–night spectrum (see also [47]). The absence of time–
energy spectral distortions [48] excludes both the SMA and (most of) the
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Fig. 5.12. 2ν fit of total rates from the Cl, Ga, SK, and SNO CC experiments [42]

Fig. 5.13. As in Fig. 5.12, but including the SK day–night energy spectrum [42]

VAC regions, leaving only those fractions of the LMA, LOW, and QVO so-
lutions which predict no or only mild spectral deviations. The best fit is
reached within the LMA parameter region, which should be accessible to the
current long-baseline reactor experiment KamLAND [49]. The (less favored)
LOW solution is still in good shape, and should be tested through day–night
earth matter effects in the Borexino experiment [50] or, with less sensitivity,
through winter–summer matter effects in GNO [50]. Notice that the LOW
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solution extends down to the QVO range, which might be probed in Borexino
by pushing its time-variation sensitivity close to its upper limits [51].

5.5.2 3ν Analysis (ϕ �= 0, Within CHOOZ Limits)

Equation 5.25 suggests that the solutions shown in Fig. 5.13 should be only
mildly modified by small-ϕ 3ν corrections. This is confirmed by quantitative
analyses of solar + CHOOZ data [26, 25, 52], as shown in Fig. 5.14 for
a representative value ofm2. In Fig. 5.14, the CHOOZ data play a double role,
constraining both δm2 and ϕ from above [19, 26], through the full dependence
on the 3ν parameters in (5.14). This leads to an anticorrelation between the

Fig. 5.14. Global 3ν analysis of solar + CHOOZ data, for a fixed representative
value of m2 (+1.5 × 10−3 eV2), and for tan2 ϕ = 0, 0.02, 0.04, and 0.08 [26]



154 Gianluigi Fogli and Eligio Lisi

maximum allowed values of δm2 and ϕ: as ϕ increases in Fig. 5.14, not
only do the solutions vanish, but the highest value of δm2 in the LMA region
decreases [26]. This fact should be taken into account in the evaluation of CP-
violation effects in future experiments: CP effects increase with ϕ and δm2,
but Fig. 5.14 shows that these two parameters cannot both be maximized.

5.5.3 3ν Analysis (ϕ Unconstrained)

It is relevant to check whether solar neutrinos favor, by themselves, small val-
ues of ϕ, consistently with the independent indications from SK + CHOOZ.

Both pre-SNO CC [41] and post-SNO CC [25, 52] solar-neutrino analyses
show that this is the case. In particular, Fig. 5.15 [52] shows that the upper
limits on U2

e3 = sin2 ϕ from solar data alone are competitive with those placed
on ϕ by atmospheric neutrino data alone, although they are much weaker,
of course, than those placed on it by CHOOZ. The preference of all data
subsets for small ϕ is a nontrivial consistency check of the 3ν oscillation
scenario [17, 22].

Fig. 5.15. 3ν limits on sin2 ϕ = U2
e3 from all ν oscillation data, from [52]

5.6 Summary of 3ν Mixing

The currently explorable 3ν parameter space (δm2,m2, ω, ϕ, ψ) is constrained
by oscillation data in the following way. Atmospheric neutrinos alone provide
upper and lower limits on the dominant parameters (m2, ψ), and a weak upper
limit on ϕ. Solar neutrinos set upper and lower limits on the dominant pa-
rameters (δm2, ω), and a weak upper limit on ϕ. Reactor (CHOOZ) neutrinos
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probe (δm2,m2, ω, ϕ), placing the strongest upper limit on ϕ (in combina-
tion with atmospheric neutrino data) and improving the upper limit on δm2

(in combination with solar neutrino data). The preference of all data subsets
for small ϕ is impressive and nontrivial. We anticipate that, conversely, 4ν
mixing will show a tension between different data subsets which, although
not strong enough to rule it out, makes 4ν mixing phenomenologically more
“fragile.”

Although the 3ν scenario emerging from current solar, atmospheric, and
reactor data is rather satisfactory, one should not forget that many important
questions remain open to future investigations. Can the LSND signal really
be excluded? Is ϕ �= 0? Is the hierarchy normal or inverted? How can we make
matter effects emerge? Is mixing (bi)maximal? Which is the true solution of
the solar neutrino problem? How can we see effects beyond the zeroth order
in δm2/m2, including possible CP violations – for which there is currently
no indication?

5.7 Four-Neutrino Oscillations in “2+2” Scenarios

Four-neutrino models, involving (νe, νµ, ντ) plus one hypothetical sterile state
(νs), are meant to accommodate not only the solar and atmospheric data,
but also the controversial LSND signal for small-amplitude (∼3× 10−3)
oscillations in the νµ → νe channel [53]. Using a fourth ν state, a third
(LSND) squared-mass difference M2 ∼ O(1) eV2 can be constructed (with
M2 � m2 > δm2).

There are two possible options [4, 54]: “3+1” spectra, with a lone state
separated by a gap M2 from a solar + atmospheric triplet (with subgaps
δm2 and m2); and “2+2” spectra, with two (solar and atmospheric) doublets
separated by the largest gap, M2. We discuss in more detail the 2+2 case,
and comment on the 3+1 case at the end of this section.

5.7.1 4ν Mass Spectrum, Mixing, and Dynamics

Figure 5.16 shows our reference 2+2 mass spectrum, with a lower “solar
neutrino doublet” (ν1, ν2), and an upper “atmospheric neutrino doublet”
(ν3, ν4), separated by a relatively large LSND mass gap. Other phenomeno-
logically allowed 2+2 spectra can be obtained by interchanging the two dou-
blets (M2 → −M2) and/or the two states in a doublet (δm2 → −δm2 or
m2 → −m2, or both). The oscillation physics for such alternative 2+2 spec-
tra is hardly distinguishable from that for the reference spectrum, within the
current oscillation phenomenology.

Concerning the 4ν mixing matrix U , we arrange the neutrino flavor
and mass eigenstates in column vectors as να = (νe, νs, νµ, ντ)T and νi =
(ν1, ν2, ν3, ν4)T, respectively, where U is defined by να = Uαiνi.
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Fig. 5.16. Reference four-neutrino spectrum of squared-mass differences in the
2+2 scenario. Spectra obtained by inverting any mass gap are also allowed

It turns out that the mixing of νµ with the solar doublet (ν1, ν2) must be
small, and the mixing of νe with the atmospheric doublet (ν3, ν4) must also
be small, otherwise (a) large (unobserved) νµ and νe disappearance effects
would have occurred in the CDHSW and Bugey experiments, respectively,
and (b) the LSND oscillation amplitude would be unacceptably large [4, 54].
Conversely, the relative νs components in the atmospheric and solar neu-
trino oscillations (|νs|atm and |νs|solar) are, in principle, constrained only by
unitarity:

|νs|2atm + |νs|2solar = 1 . (5.26)

The above constraints on νµ,e,s mixing can be be embedded by use of
a mixing matrix having the following approximate structure [55, 56]:

U 




Ue1 Ue2 0 0
Us1 Us2 Us3 Us4

0 0 Uµ3 Uµ4

Uτ1 Uτ2 Uτ3 Uτ4


 =




cω sω 0 0
−sωcξ cωcξ −sψsξ cψsξ
0 0 cψ sψ
sωsξ −cωsξ −sψcξ cψcξ


 . (5.27)

This leads to 〈νµ|ν1,2〉 
 0 
 〈νe|ν3,4〉, as desired. Such a structure for the
4ν mixing matrix U describes atmospheric and solar neutrino oscillations in
the channels

νµ → ν+ (atmospheric) , (5.28)
νe → ν− (solar) , (5.29)

where the states ν± represent linear (orthogonal) combinations of ντ and νs

through a specific mixing angle ξ [55]:

ν+ = +cos ξ ντ + sin ξ νs , (5.30)
ν− = − sin ξ ντ + cos ξ νs . (5.31)
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The angle ξ modulates the sterile-neutrino admixture shared by the at-
mospheric neutrino doublet (∝ sin2 ξ) and by the solar neutrino doublet
(∝ cos2 ξ), so that the sum rule in (5.26) can be interpreted in terms of the
identity

sin2 ξ + cos2 ξ = 1 . (5.32)

The angles ψ and ω continue to parameterize (νµ, ντ) and (ν1, ν2) mixing in
atmospheric and solar neutrino oscillations, respectively.

Finally, because of (5.27) and the fact that δm2 	 m2 	 M2, it turns
out that atmospheric and solar 4ν dynamics decouple into two effective 2ν
evolution equations [55, 56], which are the basis of the phenomenological
analysis:

ı
d
dx

(
νµ
ν+

)


[
m2

4E

(
c2ψ s2ψ
s2ψ −c2ψ

)
+
√
2GF

(
0 0
0 N+

)](
νµ
ν+

)
, (5.33)

ı
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(
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)](
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ν−

)
, (5.34)

whereN+ = s2ξNn/2 andN− = Ne−c2ξNn/2, andNe andNn are, respectively,
the electron and neutron densities along the neutrino trajectory.

5.7.2 Atmospheric Neutrinos

Within the approximations discussed in the previous section, the atmospheric-
neutrino parameter space is spanned by (m2, ψ, ξ). Equivalently, for a fixed
value of m2, atmospheric neutrino oscillations are described by the ν4 (or ν3)
component in terms of (νµ, ντ, νs), namely, ν4 = sψνµ + cψ(cξντ + sξνs). The
corresponding unitarity condition U2

µ4+U
2
τ4+U

2
s4 = 1 can thus be embedded

(in analogy with the 3ν case) in a triangle plot, whose corners are (νµ, ντ, νs),
as shown in Fig. 5.17. The left and right sides correspond to pure νµ → ντ
and pure νµ → νs oscillations, respectively.

Figure 5.18 shows the results of a 4ν analysis of the SK atmospheric neu-
trino data for separate and combined data sets [57]. It can be seen that, in
the combination, the case of pure νµ → ντ oscillations (left side) is allowed,
while the case of pure νµ → νs oscillations (right side) is significantly disfa-
vored. There are also intermediate solutions for sin2 ξ �= 0, with a significant
admixture of νs. Such results and constraints emerge from the interplay of
low-energy data (which are more sensitive to m2) and high-energy data (
which are more sensitive to the νs component through matter effects, scaling
as s2ξNn/2 (5.33)).

The marked preference for νµ → ντ as compared with νµ → νs is con-
firmed by all recent analyses [57, 58, 59, 60], and is consistent with the
∼ 99% rejection of the pure νµ → νs case discussed by the SK [61] and
MACRO [62] collaborations. This preference is also consistent with the SK
statistical indication of ντ appearance and the nonobservation of neutral-
current event depletion [33]. In summary, the νs admixture in atmospheric
neutrino oscillation is practically zero at best fit, and is bounded from above.
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Fig. 5.17. Triangle plot for 4ν mixing of atmospheric neutrinos, embedding the
unitarity constraint U2

µ4 + U2
τ4 + U2

s4 = 1

According to a recent global analysis [52],

|νs|2atm = sin2 ξ <∼ 0.5 (99% C.L.) . (5.35)

5.7.3 Solar Neutrinos

Solar neutrinos, like atmospheric neutrinos, show no indication of a νs ad-
mixture. This feature, already present in earlier 4ν analyses [56], has been
strengthened after the SNO evidence in favor of active νe → νµ,τ transi-
tions [47, 63]. Any possible sterile-neutrino component [64] must be subdom-
inant [63]. Figure 5.19 shows the results of a recent global analysis of solar
neutrino data [52]: pure active oscillations (cos2 ξ = 0) provide the best fit,
while the pure sterile case (cos2 ξ = 1) is strongly disfavored. Therefore, an
upper bound can be placed on the νs admixture in solar neutrino oscillations:

|νs|2solar = cos2 ξ <∼ 0.5 (99% C.L.) . (5.36)
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Fig. 5.18. 4ν analysis in a (νµ, νs, ντ) triangle plot, for five representative values of
m2. First three columns: separate analyses of SGe + SGµ, MGe + MGµ, and USµ
+ UTµ data. Right column: all SK data (70.5 kTy). The allowed regions typically
include pure νµ ↔ ντ oscillations (left side of the triangle) and disfavor pure νµ → νs

oscillations (right side of the triangle) [57]

5.7.4 Global “2+2” Interpretation

The bounds in (5.35) and (5.36) are clearly incompatible, at 99% C.L., with
the sum rule in (5.26) and (5.32). In other words, 2+2 scenarios exhibit
a strong tension between the solar and atmospheric data sets: none of those
scenarios leaves enough room for the νs, and a conflict arises over the associ-
ated mixing angle ξ. This situation should be contrasted with the 3ν scenario,
where, conversely, consistent indications about the mixing angle ϕ (associ-
ated with νe mixing) are found in the solar, atmospheric, and reactor data
subsets (see Sect. 5.6).
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Fig. 5.19. 4ν analysis of solar neutrinos (from [52]) in the plane (δm2, tan2 ω), for
six representative values of cos2 ξ (= c223c

2
24 in the notation of [52]). The case of

pure sterile oscillations (cos2 ξ = 1, bottom right panel) is strongly disfavored with
respect to the case of pure active oscillations (cos2 ξ = 0, top left panel)

The 99% C.L. tension between the solar and atmospheric data does not
suffice, in itself, to rule out the 2+2 scenario, which is still being actively
investigated [60]. However, in our opinion, this tension prevents a meaningful
global fit to the 4ν parameters, in particular to sin2 ξ. In any case, the real
problems of the 2+2 scenario do not involve χ2 fits, but crucial experimental
data: in order for this scenario to survive, some (so far missing) evidence
for nonzero |νs|atm or |νs|solar has to be found and, most importantly, the
LSND signal (not confirmed by KARMEN [65]) needs to be verified by Mini-
BooNE [66].
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5.7.5 Comments on “3+1” Mass Spectra

Scenarios with 3+1 mass spectra have also been considered in the literature
(see [4, 67, 68, 69] and references therein). It turns out that the “lone” state ν4

must basically coincide with νs, implying an effective 3ν phenomenology for
the solar + atmospheric triplet (ν1, ν2, ν3) [68, 69]. In this case, instead of the
sum rule of the 2+2 case (5.26), there is a “product rule” linking the LSND
signal to the survival probabilities in the CDHSW (accelerator) and Bugey
(reactor) disappearance experiments [4]. Symbolically,

[Pµµ]CDHSW × [Pee]Bugey ∝ [Pµe]LSND . (5.37)

Since both [Pµµ]CDHSW and [Pee]Bugey are experimentally ∼0, the predicted
value of [Pµe]LSND turns out to be doubly suppressed. Quantitative stud-
ies [68, 70] show that such suppression induces an∼99% C.L. conflict with the
experimental LSND signal, although the most recent (a little lower) LSND +
KARMEN combined estimate for Pµe [71] might make this argument slightly
less compelling. In any case, a strong tension between data sets arises in the
3+1 case also, at a significance level comparable to that of the 2+2 case.

5.8 Addendum:
Impact of the Very Latest Neutrino Data

After this review had been essentially completed, new relevant neutrino data
appeared, including the SNO neutral-current (NC) measurement [72, 73],
the K2K spectral analysis [74], updated SK solar [75] and atmospheric [76]
neutrino data, and updated Ga solar neutrino data [77, 78]. At the time of
writing this addendum, the impact of these data on the global 3ν and 4ν
scenarios has not yet been quantitatively explored at the same level of detail
as for earlier data. However, the main qualitative consequences of the new
data can be easily outlined as follows.

5.8.1 Impact of New Solar Neutrino Data

The recent SNO NC (and day–night) data [72, 73] have enhanced the model-
independent evidence for solar νe → νµ,τ transitions at >∼ 5σ [72], and have
also strengthened the bounds on the oscillation parameters [73, 75, 79, 80].

In the context of 2ν active oscillations, and with respect to the previous
bounds shown in Fig. 5.13, it turns out that the latest data strongly favor
the LMA solution, as shown in Fig. 5.20 (taken from [80]). However, it is not
yet possible to rule out the LOW and QVO solutions at 3σ. The KamLAND
experiment [49] will be decisive in this respect.

Concerning 3ν mixing, small values of ϕ can be expected to induce only
mild modifications in the preferred solutions shown in Fig. 5.20. Therefore,
the global 3ν picture discussed in Sect. 5.6 remains essentially unchanged.
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Fig. 5.20. Limits on 2ν mixing from the latest Cl, Ga, SK, and SNO solar ν data,
from [80] (see also [73, 75, 79]). The LMA solution is strongly favored, but the LOW
and QVO regions are still allowed at 3σ

Concerning 4ν mixing, the SNO CC+NC data definitely rule out the
case of pure νe → νs oscillations, but still allow a sizable sterile-neutrino
fraction |νs|2solar [81, 82]. Indeed, the earlier bound in (5.36) remains basically
valid [81], a combination of solar and (future) KamLAND data being needed
to significantly limit the solar νs fraction [81].

5.8.2 Impact of New Atmospheric and Accelerator Data

The updated SK atmospheric neutrino data [76] and the recent K2K spectral
data [74] show an impressive agreement within the νµ → ντ scenario for
m2 
 2.6× 10−3 eV2 and sin2 ψ 
 1/2 [74]. This agreement corroborates the
3ν mixing scenario with small ϕ summarized in Sect. 5.6.

Concerning 4ν mixing, the SK collaboration has presented a preliminary
analysis [76], which seems to lower by a factor of 1/2 the previous upper bound
on the atmospheric νs fraction in (5.35). Taking such results at face value,
the unitarity condition in (5.26) and (5.32) could not be fulfilled in a 2+2
scenario. However, pending a detailed description by the SK collaboration
of these preliminary results, the current status of the 2+2 scenario may still
fluctuate – according to different viewpoints – from “dead” (see the “autopsy
of 2+2 oscillations” in [83]) to “still alive” [84]. In any case, after the latest
neutrino data, the 2+2 case appears to be definitely “borderline” (although
maybe not ruled out yet), while the 3+1 scenario remains as marginally
acceptable as before.
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5.9 General Summary

We have reviewed the theoretical interpretation of the current neutrino data
in terms of 3ν and 4ν oscillations, and have discussed the phenomenolog-
ical constraints on the squared-mass differences and mixing angles of the
neutrinos.

The interpretation of solar, atmospheric, and reactor neutrino data in
a three-flavor oscillation framework appears to be self-consistent and robust.
In particular, upper and lower bounds can be put on the two subsets of
squared-mass differences and mixing angles, (m2, ψ) and (δm2, ω), that dom-
inate atmospheric and solar neutrino oscillations, respectively. Upper bounds
are set as ϕ = θ13 by reactor neutrino data. Open issues in the 3ν scenario
include the lower bound on ϕ (if any), the spectrum hierarchy, and the CP-
violating phase.

The inclusion of the LSND oscillation signal through a fourth (sterile)
neutrino state has also been discussed, mainly in the 2+2 scenario. A tension
is seen to arise between the solar and atmospheric data sets, since both disfa-
vor significant νs mixing. In the alternative 3+1 case, a similar tension arises
between the results of reactor and accelerator flavor disappearance searches.
Such discrepancies are not strong enough to definitely rule out 4ν mixing,
although the very latest (ν 2002 conference) data seem to jeopardize at least
the 2+2 case. Clearly, an independent experimental confirmation or noncon-
firmation of the LNSD signal appears to be crucial for the survival of 4ν
scenarios.

Note added in proof

The KamLAND experiment [49] has recently found strong evidence in favour
of reactor νe disappearance over long baselines [85]. These results have
a tremendous impact on the solutions to the solar neutrino problem shown
in Fig. 5.20: the LMA region is confirmed and further constrained, while the
LOW and QVO regions are ruled out [85]. For details, we refer the reader
to our recent work [86], where the KamLAND data are combined with other
(solar and terrestrial) experimental results in both the 2ν and 3ν oscillation
scenarios.
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6 Theoretical Models of Neutrino Masses

and Mixings

Guido Altarelli and Ferruccio Feruglio

We review the theoretical ideas, problems, and implications of several differ-
ent models for neutrino masses and mixing angles. We give a general discus-
sion of schemes with three or more light neutrinos. Several specific examples
are analyzed in some detail, particularly those that can be embedded into
grand unified theories.

6.1 Introduction

There is now convincing evidence, from the experimental study of atmo-
spheric and solar neutrinos [1, 2], for the existence of at least two distinct
frequencies of neutrino oscillation. This, in turn, implies nonvanishing neu-
trino masses and a mixing matrix, in analogy with the quark sector and the
CKM matrix. So, a priori, the study of masses and mixings in the lepton sec-
tor should be considered at least as important as that for the quark sector.
However, there are a number of features that make neutrinos especially inter-
esting. The smallness of neutrino masses is probably related to the fact that
neutrinos are completely neutral (i.e. they carry no charge, which is exactly
conserved) and are Majorana particles with masses inversely proportional to
the large scale where lepton number (L) conservation is violated. Majorana
masses can arise from the seesaw mechanism [3], in which case there is some
relation to Dirac masses, or from higher-dimensional nonrenormalizable oper-
ators which come from a sector of the Lagrangian density different from any
other fermion mass terms. The relation to L nonconservation and the fact
that the observed neutrino oscillation frequencies are well compatible with
a large scale for L nonconservation points to a tantalizing connection with
grand unified theories (GUTs). So neutrino masses and mixings can represent
a probe into physics at GUT energy scales and offer a different perspective
on the problem of flavor and the origin of fermion masses. There are also
direct connections with important issues in astrophysics and cosmology, for
example baryogenesis through leptogenesis [4] and the possibly nonnegligible
contribution of neutrinos to hot dark matter in the universe.

At present there are many alternative models of neutrino masses. This
variety is mostly due to the considerable experimental ambiguities that still
exist. The most crucial questions to be clarified by experiment are whether the
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LSND signal [5] will be confirmed or excluded, and which solar neutrino so-
lution will eventually be established. If the LSND result is right, we probably
need at least four light neutrinos; if not, we can manage with only the three
known ones. The answer to the question of which solar solution is correct fixes
the corresponding mass-squared difference and the associated mixing angle.
Another crucial unknown is the absolute scale of neutrino masses. This, in
turn is related to physical questions as diverse as the possible cosmological
relevance of neutrinos as hot dark matter and the rate of neutrinoless double
beta decay (0νββ). If neutrinos are an important fraction of the cosmological
density, say Ων ∼ 0.1, then the average neutrino mass must be considerably
heavier than the splittings that are indicated by the observed atmospheric
and solar oscillation frequencies. For example, for three light neutrinos, only
models with almost degenerate neutrinos, with a common mass |mν| ≈ 1 eV,
are compatible with a large hot-dark-matter component, but in this case the
existing bounds on 0νββ decay represent an important constraint. In contrast,
hierarchical three-neutrino models (with both signs of ∆m2

23) have the largest
neutrino mass fixed by |m| ≈

√
∆m2

atm ≈ 0.05 eV. In view of all these impor-
tant questions still pending, it is no wonder that many different theoretical
avenues are open and have been explored in the vast literature on the subject.

Here, we shall briefly summarize the main categories of neutrino mass
models, discuss their respective advantages and difficulties, and give a number
of examples. We shall illustrate how forthcoming experiments will be able to
discriminate among the various alternatives. We shall devote special attention
to the most constrained set of models, those with only three widely split
neutrinos, with masses dominated by the seesaw mechanism and inversely
proportional to a large mass close to the grand unification scale MGUT. In
this case one can aim at a comprehensive discussion of all fermion masses in
the framework of a GUT. This is possible to some extent in models based on
SU(5) × U(1)F on SO(10) (we consider only supersymmetric (SUSY) GUTs).

6.2 Neutrino Masses
and Lepton Number Nonconservation

Neutrino oscillations imply neutrino masses, which in turn demand either
the existence of right-handed (RH) neutrinos (Dirac masses) or violation of
the conservation of lepton number L (Majorana masses), or both. Given that
neutrino masses are certainly extremely small, it is really difficult from the
theoretical point of view to avoid the conclusion that L conservation must
be violated. In fact, in terms of lepton number nonconservation, the small
neutrino masses can be explained as being inversely proportional to the very
large scale where conservation of L is violated, of order MGUT or even MPl,
the Planck mass.

Once we accept L nonconservation, we gain an elegant explanation for
the smallness of neutrino masses. If L is not conserved, even in the absence
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of heavy RH neutrinos, Majorana masses can be generated for neutrinos by
dimension-5 operators [6] of the form

O5 =
(Hl)Ti λij(Hl)j

Λ
+ h.c. , (6.1)

where H is the ordinary Higgs doublet, li the SU(2) lepton doublets, λ a ma-
trix in flavor space, and Λ a large scale of mass, of order MGUT or MPl. The
neutrino masses generated by O5 are of the order mν ≈ v2/Λ for λij ≈ O(1),
where v ∼ O(100GeV) is the vacuum expectation value of the ordinary Higgs.

We consider that the existence of RH neutrinos νc is quite plausible,
because all GUT groups larger than SU(5) require them. In particular the fact
that νc completes the representation 16 of SO(10), i.e. 16=5+10+1, so that all
fermions of each family are contained in a single representation of the unifying
group, is too impressive not to be significant. At least as a classification
group, SO(10) must be of some relevance. Thus, in the following we assume
that there is nonconservation of both νc and L. With these assumptions, the
seesaw mechanism [3] is possible. To fix the notation, we recall that in its
simplest form, the seesaw mechanism arises as follows. Consider the SU(3)
× SU(2) × U(1) invariant Lagrangian giving rise to Dirac masses and to
Majorana masses of νc (for the time being, we consider the Majorana mass
terms of ν as comparatively negligible):

L = −νcTyν(Hl) +
1
2

νcTMνc + h.c. (6.2)

The Dirac mass matrix mD ≡ yνv/
√
2, originating from electroweak sym-

metry breaking, is, in general, non-Hermitian and nonsymmetric, while the
Majorana mass matrix M is symmetric, i.e. M =MT. We expect the eigen-
values ofM to be of orderMGUT or more because the Majorana masses of νc

are SU(3) × SU(2) × U(1) invariant, and hence unprotected and naturally of
the order of the cutoff of the low-energy theory. Since all νc are very heavy,
we can integrate them away. For this purpose, we write down the equations
of motion for νc in the static limit, i.e. neglecting their kinetic terms:

− ∂L
∂νc

= yν(Hl)−Mνc = 0 . (6.3)

From this, by solving for νc, we obtain

νc =M−1yν(Hl) . (6.4)

We now substitute this expression for νc in the Lagrangian (6.2) and obtain
the operator O5 of (6.1), where

2λ
Λ

= −yT
ν M

−1yν , (6.5)

and the resulting neutrino mass matrix reads
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mν = mT
DM

−1mD . (6.6)

This is the well-known result of the seesaw mechanism [3]: the light-neutrino
masses are quadratic in the Dirac masses and inversely proportional to the
large Majorana mass. If some νc were massless or light, they would not be
integrated away but would simply be added to the light neutrinos. Notice that
the above results hold true for any number n of heavy neutral fermions R
coupled to the three known neutrinos. In this more general case,M is an n×n
symmetric matrix and the coupling between heavy and light fields is described
by the rectangular n× 3 matrix mD. Note that for mν ≈

√
∆m2

atm ≈ 0.05 eV
and mν ≈ m2

D/M , where mD ≈ v ≈ 200GeV, we find M ≈ 1015 GeV, which
indeed is an impressive indication of MGUT.

If the additional nonrenormalizable contributions to O5 (6.1) are com-
paratively nonnegligible, they should simply be added. After elimination of
the heavy right-handed fields, the two types of terms are equivalent at the
level of the effective low-energy theory. In particular, they have identical
transformation properties under a chiral change of basis in flavor space. The
difference is, however, that in the seesaw mechanism, the Dirac matrix mD is
presumably related to ordinary fermion masses because both types of terms
are generated by the Higgs mechanism and both must obey GUT-induced
constraints. Thus, if we assume the seesaw mechanism, more constraints are
implied.

6.3 Baryogenesis via Leptogenesis from Heavy-νc Decay

In the universe, we observe an apparent excess of baryons over antibaryons.
The idea of explaining the observed baryon asymmetry by dynamical evolu-
tion starting from an initial state of the universe with zero baryon number
(baryogenesis) is appealing. For baryogenesis, one needs the three well-known
Sakharov conditions: nonconservation of the baryon number B, CP viola-
tion, and no thermal equilibrium. These necessary requirements may occur
at different epochs in the history of the universe. Note, however, that the
asymmetry generated in one epoch could be erased in a following epoch if
not protected for some dynamical reason. In principle, these conditions could
be satisfied in the Standard Model (SM) at the electroweak phase transition.
Conservation of B is violated by instantons when kT is of the order of the
weak scale (but B − L is conserved), CP is violated by the CKM phase,
and conditions sufficiently far from equilibrium could occur during the elec-
troweak phase transition. So the conditions for baryogenesis at the weak scale
in the SM appear, superficially, to be present. However, a more quantitative
analysis [7] shows that baryogenesis is not possible in the SM, because there is
not enough CP violation and the phase transition is not sufficiently strongly
first order, unless mH < 80GeV, which has now been completely excluded by
LEP. In SUSY extensions of the SM, in particular in the MSSM (Minimal
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Supersymmetric Standard Model), there are additional sources of CP viola-
tion and the bound on mH is modified by a sufficient amount by the presence
of scalars with large couplings to the Higgs sector, typically the s-top. What
is required is that the mass of the lightest Higgs boson mh ∼ 80−110GeV,
that the s-top is not heavier than the top quark, and, preferably, that tanβ
is small. This possibility has now become very marginal in view of the results
of LEP2.

If baryogenesis at the weak scale is excluded by the data, baryogenesis
could still occur at or just below the GUT scale, after inflation. But only
that part with |B−L| > 0 would survive and not be erased at the weak scale
by instanton effects. Thus baryogenesis at kT ∼ 1010−1015 GeV needs B−L
nonconservation at some stage, like that required for mν if neutrinos are
Majorana particles. The two effects could be related if baryogenesis arises
from leptogenesis, which is then converted into baryogenesis by instantons
[4]. Recent results on neutrino masses (Chap. 3) are compatible with this
elegant possibility. Thus the case for baryogenesis through leptogenesis has
been boosted by recent results on neutrinos [8].

In leptogenesis, the departure from equilibrium is determined by the devi-
ation from the average number density induced by the decay of the heavy neu-
trinos. The Yukawa interactions of the heavy Majorana neutrinos νc lead to
the decays νc → lH (where l is a lepton) and νc → lH , with CP violation. The
violation of L conservation arises from the ∆L = 2 terms that produce the
Majorana mass terms. The rates of the various interaction processes involved
are temperature-dependent with different powers of T , so that the equilib-
rium densities and the temperatures of decoupling from equilibrium during
the expansion of the universe are different for different particles and interac-
tions. The rates Γ∆L(T ) of ∆L = 2 processes depend also on the neutrino
masses and mixings, so that the observed values of the baryon asymmetry
are related to neutrino processes. Precisely, Γ∆L(T ) ∼ T 3/Λ2, where Λ is the
large scale that appears in (6.1) and also in the expression for light-neutrino
masses mν ∼ v2/Λ. The out-of-equilibrium condition Γ∆L(T ) < Γexp, where
Γexp ∼ T 2/MPl is the expansion rate of the universe, leads to T <∼ Λ2/MPl,
which then implies the following relation (when the correct proportionality
factors and the sum over flavors are included):

∑
i

m2
νi
<∼
[
0.2 eV

(
1012 GeV

T

)1/2
]2

. (6.7)

What exactly is the temperature T that is relevant to leptogenesis depends
on the thermal history of the early universe and goes beyond the realm of
neutrino physics. But if T <∼ Λ2/MPl and Λ ∼ MGUT, then the upper limit
is significant and is compatible with present neutrino data.

If the RH neutrinos are produced thermally, then the mass of the RH
neutrino that drives L nonconservation is limited by the reheat temperature
after inflation, which in turn is typically required not to exceed 108–1010 GeV.
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This limit can be avoided if the RH neutrinos are instead produced by large
inflaton oscillations during the preheating stage [9].

6.4 Models with Four (or More) Neutrinos

The LSND signal [5] has not been confirmed by KARMEN [10]. It will soon
be double-checked by MiniBooNE [11]. Perhaps it will fade away. But if an
oscillation with ∆m2 ≈ 1 eV2 is confirmed, the simplest possibility, in the
presence of three distinct frequencies for the LSND, atmospheric [1], and so-
lar [2] neutrino oscillations, is to introduce at least four light neutrinos. Since
LEP has limited to three the number of “active” neutrinos (that is, neutri-
nos with weak interactions or, equivalently, with nonvanishing weak isospin,
the only possible gauge charge of neutrinos) the additional light neutrino(s)
νs must be “sterile”, i.e. with vanishing weak isospin. Note that the νc that
appears in the seesaw mechanism, if it exists, is indeed a sterile neutrino, but
a heavy one.

A possible way to accommodate the atmospheric, solar, and LSND evi-
dence for neutrino oscillations without introducing one or more sterile neu-
trinos is to invoke CPT violation [12]. The independent frequencies required
are provided by different neutrino and antineutrino masses, and the fit to the
present data has a good quality [13].

A typical pattern of masses that works for 4ν models consists of two
pairs of neutrinos [14] with a mass separation between the two pairs of or-
der 1 eV, corresponding to the LSND frequency. The upper doublet is almost
degenerate, with a value of m2 of order 1 eV2, and is split only by the mass-
squared difference corresponding to either the atmospheric or solar neutrino
frequency, while the lower doublet is split by the other of the two frequencies.
An alternative to this 2–2 spectrum is provided by a 3–1 pattern, where the
“1” is a nearly pure sterile neutrino, separated by the LSND frequency from
the “3”. The 3–1 spectrum leads to an overall quality of fit comparable to
that of the 2–2 pattern (i.e. poor). These mass configurations may be com-
patible with the existence of an important fraction of hot dark matter in the
universe. A complication is that the data appear to be incompatible with
pure 2ν νe–νs oscillations for solar neutrinos [15] and νµ–νs oscillations for
atmospheric neutrinos [16]. There are, however, viable alternatives (although
they have become only marginally viable after the SNO results). One possi-
bility is obtained by using the large freedom allowed by the presence of six
mixing angles in the most general 4ν mixing matrix. If at least four angles
are significantly different from zero, one can go beyond pure 2ν oscillations
and, for solar neutrino oscillations for example, νe can transform into a mix-
ture of νa and νs, where νa is an active neutrino, itself a superposition of νµ
and ντ (mainly ντ) [14]. A different alternative is to have many interfering
sterile neutrinos: this is the case in the interesting class of models with large
extra dimensions, where a whole tower of Kaluza–Klein (KK) neutrinos is
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introduced. This picture of sterile neutrinos from extra dimensions appears
exciting, and we now discuss it in some detail [18].

The context is theories with large extra dimensions. Gravity propagates
in all D dimensions (i.e. in the bulk), while SM particles live on a 4d brane.
As is well known [19], this can make the fundamental scale of gravity MD

much smaller than the Planck massMPl. In fact, for D = δ + 4 we have a ge-
ometrical factor Vδ, the volume of the compact dimensions, that suppresses
gravity, so that

(MD)δVδ = (MPl/MD)2 , (6.8)

and, as a result, MD can be as small as ∼ 1TeV. For neutrino phenomenol-
ogy we need a really large extra dimension, with a radius R at least of the
order of the scale set by the observed solar oscillation frequencies, so that
1/R <∼ 0.01 eV or R >∼ 0.02mm. If we insist on having MD around 1TeV, we
can assume, for instance, one compact dimension with radius R and δ−1 di-
mensions with a common radius R′, such that the volume Vδ = (2π)δRR′δ−1

fits (6.8). In string theories of gravity, there are always scalar fields associ-
ated with gravity, together with their SUSY fermionic partners (dilatini and
modulini) [20]. These are particles that propagate in the bulk, have no gauge
interactions, and could well play the role of sterile neutrinos. The models
based on this framework [21, 22] have some good features that make them
very appealing at first sight. They provide a “physical” picture for νs. In the
simplest case, the theory includes a 5d fermion Ψ(x, y), which decomposes
into two 4d Weyl spinors νs(x, y) and ν′

s(x, y) and contains a KK tower of
recurrences of sterile neutrinos:

νs(x, y) =
1√
2πR

∑
n

ν(n)
s (x)eıny/R . (6.9)

The tower mixes with the ordinary light active neutrinos in the lepton
doublet l:

Smix =
∫

d4x
h√
M5

νs(x, 0)H(x)l(x) . (6.10)

The interaction is restricted to the 4d brane at y = 0 where the SM fields live.
Since the 5d spinor νs(x, y) has mass dimension 2, we need the mass parame-
terM5 ≡ M δ

D(2πR
′)δ−1 to keep the Yukawa coupling constant dimensionless.

From (6.8)–(6.10), after electroweak symmetry breaking, we find

Smix =
∫

d4x
∑
n

hv√
2
MD

MPl
ν(n)
s (x)νa(x) , (6.11)

where 〈H〉 ≡ v/
√
2 and νa is the active neutrino embedded in l. Note that

the geometrical factor MD/MPl, which automatically suppresses the Yukawa
coupling h, arises naturally from the fact that the sterile-neutrino tower lives
in the bulk. An additional mass parameter µ, related to a possible bulk mass
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term for the 5d fermion Ψ(x, y), is also allowed (in more realistic realizations,
more 5d fields and L-nonconserving interactions can be present).

The pattern of oscillations results from the superposition of an infinite
number of components with increasing frequencies ∼n2 and decreasing am-
plitudes ∼1/n2. The leading oscillation frequency

√
∆m2 and the dominant

mixing angle are determined by µ and m = hvMD/MPl, whereas the num-
ber of KK excitations that effectively take part in the oscillation is con-
trolled by 1/R. Indeed, if 1/R �

√
∆m2, the KK modes, whose masses are

approximately given by n/R, decouple, with the possible exception of the
lightest mode. If, on the contrary, 1/R <∼

√
∆m2, then several KK levels

participate in the oscillation, and the resulting energy dependence of the
survival/conversion probability can differ appreciably from that of the two-
level case. Indeed, the contribution from a few KK states makes the solar
oscillation spectrum more compatible with the data. We note in passing that
the νs mixings must be small, owing to existing limits from weak processes,
supernovae, and nucleosynthesis [22], so that the preferred solution for this
KK neutrino model is the MSW small-angle (SA) solution. Instead, the KK
states should decouple in the case of atmospheric neutrino oscillations. These
constraints fix the range of admissible values of R, as specified above.

In spite of its good properties, there are problems with this picture, in our
opinion. The first property of models with large extra dimensions that we do
not like is that the connection with GUTs is lost. In particular, the elegant
explanation of the smallness of neutrino masses in terms of the large scale
where the conservation of L is violated evaporates in general. Since MD ∼
1TeV is small, what forbids an operator of the form (Hl)Ti λij(Hl)j/MD on
the brane, which would lead to neutrino masses that were far too large? One
must impose L conservation on the brane by hand and also require that it
is broken only by some Majorana masses of sterile neutrinos in the bulk,
which we find somewhat ad hoc. Another problem is that we would expect
gravity to know nothing about flavor, but here we would need RH partners
for νe, νµ, and ντ. Also, a single large extra dimension has problems because it
implies [23] a linear evolution of the gauge couplings with energy from 0.01 eV
to MD ∼ 1 TeV. But for more large extra dimensions the KK recurrences do
not decouple fast enough. Perhaps a compromise at d = 2 (d is the number
of large extra dimensions) is possible. In conclusion, the models with large
extra dimensions are interesting because they are speculative and fascinating,
but the more conventional framework still appears more plausible on closer
inspection.

6.5 Three-Neutrino Models

We now assume that the LSND signal will not be confirmed, so that there
are only two distinct neutrino oscillation frequencies, the atmospheric and the
solar frequencies. These two frequencies can be reproduced with the known
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three light-neutrino species (for other reviews of three-neutrino models,
see [24, 25]).

Neutrino oscillations are due to a misalignment between the flavor basis,
ν′ ≡ (νe, νµ, ντ), where νe is the partner of the mass and flavor eigenstate
e− in a left-handed (LH) weak isospin SU(2) doublet (and similarly for νµ
and ντ), and the mass eigenstates ν ≡ (ν1, ν2, ν3) [26, 27], described by

ν′ = Uν , (6.12)

where U is the unitary 3 × 3 mixing matrix. Given the definition of U and
the transformation properties of the effective light-neutrino mass matrix mν,

ν′Tmνν′ = νTUTmνUν , (6.13)
UTmνU = Diag (m1,m2,m3) ≡ mdiag ,

we obtain the following general form of mν (i.e. of the light-neutrino mass
matrix in the basis where the charged-lepton mass is a diagonal matrix):

mν = UmdiagU
T . (6.14)

The matrix U can be parameterized in terms of three mixing angles θ12, θ23,
and θ13 (0 ≤ θij ≤ π/2) and one phase ϕ (0 ≤ ϕ ≤ 2π) [28], exactly as for
the quark mixing matrix VCKM. The following definition of mixing angles can
be adopted:

U =


 1 0 0
0 c23 s23
0 −s23 c23




 c13 0 s13 eıϕ

0 1 0
−s13 e−ıϕ 0 c13




 c12 s12 0

−s12 c12 0
0 0 1


 ,

(6.15)

where sij ≡ sin θij and cij ≡ cos θij . In addition, we have the relative phases
among the Majorana masses m1, m2, and m3. If we choose m3 real and
positive, these phases are carried by m1,2 ≡ |m1,2|eıϕ1,2 .1 Thus, in general,
nine parameters are added to the SM when nonvanishing neutrino masses
are included: three eigenvalues, three mixing angles, and three CP-violating
phases.

In our notation, the two frequencies ∆m2
I/4E (I = sun, atm) are param-

eterized in terms of the neutrino mass eigenvalues by

∆m2
sun ≡ |∆m2

12| , ∆m2
atm ≡ |∆m2

23| , (6.16)

where ∆m2
12 = |m2|2 − |m1|2 and ∆m2

23 = m2
3 − |m2|2. The numbering 1, 2,

3 corresponds to our definition of the frequencies and, in principle, need not
coincide with the ordering from the lightest to the heaviest state.

From experiment (see Table 6.1), we know that c23 ∼ s23 ∼ 1/
√
2, cor-

responding to nearly maximal atmospheric neutrino mixing, and that s13
1 Mass matrices with a general dependence on ϕ and ϕ1,2 have been analyzed
in [29].
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Table 6.1. Squared-mass differences and mixing angles [15, 16, 17]

.
Lower limit Best value Upper limit

(3σ) (3σ)

(∆m2
sun)LA (10

−5 eV2) 2.3 5 37

(∆m2
sun)LOW (10−8 eV2) 3.5 8 12

∆m2
atm (10−3 eV2) 1 3 6

(tan2 θ12)LA 0.24 0.4 0.89

(tan2 θ12)LOW 0.43 0.6 0.86

tan2 θ23 0.33 0.8 3.3

tan2 θ13 0 0 0.07

is small (according to CHOOZ, s13 < 0.2 [30]). The solar angle θ12 is
probably large (the MSW LMA, LOW, and VO solutions), or even maxi-
mal for the LOW and VO solutions, but could, alternatively, be very small
(s212 ∼ O(10−3) [15]), if the now disfavored MSW SA solution is also kept
in our list. If we assume that s23 is maximal and keep only linear terms
in u = s13 eıϕ, we find from experiment the following structure of the mix-
ing matrix Ufi (f = e, µ, τ; i = 1, 2, 3), apart from redefinitions of sign
conventions:

Ufi =


 c12 s12 u

−(s12 + c12u
∗)/

√
2 (c12 − s12u

∗)/
√
2 1/

√
2

(s12 − c12u
∗)/

√
2 −(c12 + s12u

∗)/
√
2 1/

√
2


 . (6.17)

Given the observed frequencies as defined in (6.16), there are three possible
patterns of mass eigenvalues:

degenerate: |m1| ∼ |m2| ∼ |m3| � |mi −mj| ,
inverted hierarchy: |m1| ∼ |m2| � |m3| ,
normal hierarchy: |m3| � |m2,1| . (6.18)

In the following, we shall discuss the phenomenology for these three different
cases and the respective advantages and problems.

6.5.1 Degenerate Neutrinos

For degenerate neutrinos, the average m2 is much larger than the splittings.
At first sight, the degenerate case is the most appealing: the observation of
nearly maximal atmospheric neutrino mixing and the experimental indication
that the solar mixing is also large (at present, the MSW SA solution for the
solar neutrino oscillations appears disfavored by the data [15]) suggest that
all neutrino masses are nearly degenerate. Moreover, a common value of |mν|
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could be compatible with a large fraction of hot dark matter in the universe if
|mν| ∼ 1−2 eV. In this case, however, the existing limits [31] on the absence of
0νββ decay (|mee| < 0.2 eV or, to be more conservative, |mee| < 0.3−0.5 eV)
imply [32] doubly maximal mixing (bimixing) for solar and atmospheric neu-
trinos. In fact, the quantity which is bounded by experiment is the 11 entry of
the neutrino mass matrix, which, in general, from (6.13) and (6.15), is given
by

|mee| = |(1− s213)(m1c
2
12 +m2s

2
12) +m3e

2iϕs213| , (6.19)

which in this particular case (m3 cannot compensate for the smallness of s213)
becomes approximately

|mee| ≈ |m1c
2
12 +m2s

2
12| <∼ 0.3−0.5 eV . (6.20)

To satisfy this constraint, one needs m1 ≈ −m2 (recall that a relative phase
ϕ2 −ϕ1 is allowed between m1 and m2) and c212 ≈ s212 to a good accuracy (in
fact, we need sin2 2θ12 > 0.96 in order that |cos 2θ12| = |cos2 θ12 − sin2 θ12|
< 0.2). This is exemplified by the following texture:

mν = m


 0 − 1/

√
2 1/

√
2

−1/√2 (1 + η)/2 (1 + η)/2
1/

√
2 (1 + η)/2 (1 + η)/2


 , (6.21)

where η � 1, corresponding to an exact bimaximal mixing, s13 = 0, and
the eigenvalues are m1 = m, m2 = −m, and m3 = (1 + η)m. This texture
has been proposed in the context of a spontaneously broken SO(3) flavor
symmetry and has been studied to analyze the stability of the degenerate
spectrum against radiative corrections [33]. A more realistic mass matrix can
be obtained by adding small perturbations to mν in (6.21):

mν = m


 δ − 1/

√
2 (1− ε)/

√
2

−1/√2 (1 + η)/2 (1 + η − ε)/2
(1− ε)/

√
2 (1 + η − ε)/2 (1 + η − 2ε)/2


 (D1) , (6.22)

where ε parameterizes the leading flavor-dependent radiative corrections
(mainly induced by the τ Yukawa coupling), and δ controls mee. (The sym-
bol D1 is explained in Sect. 6.5.4.) Consider first the case δ � ε. To first
approximation, θ12 remains maximal. We obtain ∆m2

sun ≈ m2ε2/η and

θ13 ≈
(
∆m2

sun

∆m2
atm

)1/2

, mee � m

(
∆m2

atm∆m
2
sun

m4

)1/2

. (6.23)

If instead we assume δ � ε, we find ∆m2
sun ≈ 2m2δ, θ23 ≈ π/4, and

sin2 2θ12 ≈ 1 − δ2/4. Also, in this case the solar mixing angle remains close
to π/4. We obtain

θ13 ≈ 0 , mee ≈ ∆m2
sun

2m
, (6.24)
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which is too small for detection if the average neutrino mass m is around
the eV scale. This example shows that there is no guarantee that mee will be
close to the range of experimental interest, even with degenerate neutrinos
where the masses involved are much larger than the oscillation frequencies.
However, an almost maximal solar mixing angle, such as that implied by
the previous analysis, is difficult to reconcile with the MSW LA solution. Of
course, the strong constraint s212 = c212 can be relaxed if the common mass
is below the hot-dark-matter maximum. It is true in any case that a signal
of 0νββ decay near the present limit (similarly to a large relic density of hot
dark matter) would be an indication of nearly degenerate neutrinos.

In general, for reasons of naturalness, the splittings cannot be too small
with respect to the common mass, unless there is a protective symmetry [33,
34]. This is because the wide differences in fermion masses, in particular
charged-lepton masses, would tend to create neutrino mass splittings via
renormalization-group running effects, even starting from degenerate masses
at a large scale. For example, form ≈ 1 eV, the VO solution for solar neutrino
oscillations would imply ∆m/m ∼ 10−9−10−11, which is difficult to obtain.
Even in the previous example, where, for δ � ε, the corrections to ∆m2

sun

are quadratic in ε rather than linear, we would need ε < (10−3/m(eV))2 in
order to have ∆m2

sun < 10−9 eV2. In this respect, the MSW LA or LOW
solution would be favored, but, if we insist that |mν| ∼ 1−2 eV, it is not
clear that the mixing angle preferred by the data is sufficiently maximal. To
summarize, degenerate models with |m| ∼ 1−2 eV, as required if neutrinos are
a cosmologically important source of hot dark matter, have some problems
related to 0νββ limits and to naturalness. In comparison, degenerate models
with a sub-eV common mass appear simpler to realize.

It is clear that in the degenerate case, the most likely origin of neutrino
masses is from some dimension-5 operators (Hl)Ti λij(Hl)j/Λ not related to
the seesaw result mν = mT

DM
−1mD. In fact, we expect the Dirac mass mD

of the neutrinos not to be degenerate, as for all other fermions, and a con-
spiracy to reinstate a nearly perfect degeneracy between mD and M , which
would arise from completely different physics, looks very implausible (see,
however, [35]). Thus, in degenerate models, in general, there is no direct
relation to the Dirac masses of quarks and leptons, and the possibility of a si-
multaneous description of all fermion masses within a grand unified theory
is more remote.2

The degeneracy of neutrinos should be guaranteed by some slightly broken
symmetry. Models based on discrete or continuous symmetries have been
proposed. For example, in the models of [37], the symmetry is SO(3). In the
unbroken limit, neutrinos are degenerate and charged leptons are massless.
When the symmetry is broken, the charged-lepton masses are much larger
than the neutrino splittings because the former are first order while the latter
are second order in the electroweak symmetry-breaking.
2 Examples of degenerate models are described in [36].



6 Theoretical Models of Neutrino Masses and Mixings 181

A model which is simple to describe but difficult to derive in a natural
way is one [38] where up quarks, down quarks, and charged leptons have
“democratic” mass matrices, with all entries equal (to a first approximation):

mf = m̂f


 1 1 1
1 1 1
1 1 1


+ δmf , (6.25)

where m̂f (f = u, d, e) are three overall mass parameters and δmf denotes
small perturbations. If we neglect δmf , the eigenvalues of mf are given by
(0, 0, 3 m̂f ). The mass matrix mf is diagonalized by a unitary matrix Uf
which is in part determined by the small term δmf . If δmu ≈ δmd, the CKM
matrix, given by VCKM = U †

uUd, is nearly diagonal, owing to a compensation
between the large mixings contained in Uu and Ud. When the small terms
δmf are diagonal and of the form δmf = Diag(−εf , εf , δf ), the matrices Uf
are approximately given by the following (note the analogy with the quark
model eigenvalues π0, η and η′):

U †
f ≈


 1/

√
2 −1/√2 0

1/
√
6 1/

√
6 −2/√6

1/
√
3 1/

√
3 1/

√
3


 . (6.26)

At the same time, the lightest quarks and charged leptons acquire a nonvan-
ishing mass. The leading part of the mass matrix in (6.25) is invariant under
a discrete S3L × S3R permutation symmetry. The same requirement leads to
the general neutrino mass matrix

mν = m




1 0 0
0 1 0
0 0 1


+ r


1 1 1
1 1 1
1 1 1




+ δmν (D2) , (6.27)

where δmν is a small symmetry-breaking term and the two independent in-
variants are allowed by the Majorana nature of the light neutrinos. If r van-
ishes, the neutrinos are almost degenerate. In the presence of δmν, the permu-
tation symmetry is broken and the degeneracy is removed. If, for example,
we choose δmν = Diag(0, ε, η), with ε < η � 1 and r � ε, the solar and
atmospheric oscillation frequencies are determined by ε and η, respectively.
The mixing angles are almost entirely due to the charged-lepton sector. A di-
agonal δme will lead to a neutrino mixing matrix U ≈ U †

e characterized by
an almost maximal θ12, tan2 θ23 ≈ 1/2, and

θ13 ≈
√
me/mµ . (6.28)

By going to the basis where the charged leptons are diagonal, we can see that
mee is close to m and independent of the parameters that characterize the
oscillation phenomena.
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The parameter r receives radiative corrections [39] that, at leading or-
der, are logarithmic and proportional to the square of the τ lepton Yukawa
coupling. It is important to guarantee that this correction does not spoil the
relation r � ε, whose violation would lead to a completely different mixing
pattern. This raises a “naturalness” problem for the LOW and VO solutions.
We conclude by stressing that a nonvanishing ∆m2

atm, maximal θ12, large
θ23, and vanishing θ13 are not determined by the symmetric limit, but only
by a specific choice of the parameter r and of the perturbations that cannot
be easily justified on theoretical grounds. It would be desirable to provide
a more sound basis for the choice of the small terms in this scenario, which
is quite favorable to signals both in 0ν2β decay and in subleading oscillations
controlled by θ13.

Anarchical models [40] can be considered as particular cases of degener-
ate models with m2 ∼ ∆m2

atm. In this class of models, one assumes that all
mass matrices are structureless in the leptonic sector. At present, the data
appear to indicate the MSW LA solution as the most likely one. For this
solution, the ratio of the solar and atmospheric frequencies is not so small:
typically (∆m2

sun)LA/∆m
2
atm ∼ 0.01−0.2 and two out of the three mixing

angles are large. One important observation is that the seesaw mechanism
tends to enhance the ratio of eigenvalues: this ratio is quadratic in mD, so
that a hierarchy factor f in mD becomes f2 in mν, and the presence of the
Majorana matrixM results in a further widening of the distribution. Another
squaring takes place in going from the masses to the oscillation frequencies,
which are quadratic. As a result, a random generation of the matrix ele-
ments of mD and M leads to a distribution of (∆m2

sun)LA/∆m
2
atm that peaks

around 0.1. At the same time, the distribution of sin2 θij is peaked around
1 for all three mixing angles. Clearly, the smallness of θ13 is problematic.
This can be turned into the prediction that in anarchical models θ13 must be
near the present bound (after all, the value 0.2 for sin θ13 is not very much
smaller than the maximal value 0.701). In conclusion, there is a nonnegligi-
ble probability that if the MSW LA solution is correct and θ13 is near the
present bound, then the neutrino masses and mixings, interpreted by means
of the seesaw mechanism, just arise from structureless underlying Dirac and
Majorana matrices.

6.5.2 Inverted Hierarchy

The inverted-hierarchy configuration |m1| ∼ |m2| � |m3| consists of two
levels m1 and m2, with a small splitting ∆m2

12 = ∆m2
sun and a common

mass given by |m2
1,2| ∼ |∆m2

atm| ∼ 3× 10−3 eV2 (there is no large hot-dark-
matter component in this case). One particularly interesting example of this
sort [41], which leads to doubly maximal mixing, is obtained with the phase
choice m1 = −m2 so that, approximately,

mdiag = Diag(
√
2m,−

√
2m, 0) . (6.29)
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The effective light-neutrino mass matrix

mν = UmdiagU
T , (6.30)

which corresponds to the mixing matrix for doubly maximal mixing, obtained
by setting c12 = s12 = 1/

√
2 and s13 = u = 0 in (6.17), i.e.

Ufi =


 1/

√
2 1/

√
2 0

−1/2 1/2 1/
√
2

1/2 −1/2 1/
√
2


 , (6.31)

is given by

mν = m


 0 −1 1

−1 0 0
1 0 0


 . (6.32)

The structure of mν can be reproduced by imposing a flavor symmetry Le −
Lµ − Lτ starting either from (Hl)Ti λij(Hl)j/Λ or from RH neutrinos via
the seesaw mechanism. The 1–2 degeneracy remains stable under radiative
corrections. The preferred solar solutions are the VO and LOW solutions.
The MSW LA solution could be also compatible if the mixing angle is large
enough.

The leading texture given in (6.32) can be perturbed by adding small
terms:

mν = m


 δ −1 1

−1 η η
1 η η


 (I) , (6.33)

where δ and η are small (� 1), real parameters defined up to coefficients of
order 1 that can differ in the various matrix elements. The perturbations leave
∆m2

atm and θ23 unchanged, in the first approximation. We obtain tan2 θ12 ≈
1 + δ + η and ∆m2

sun/∆m
2
atm ≈ η + δ, where coefficients of order one have

been neglected. In addition, θ13 ≈ η. If η � δ, we have

θ13 ≈ ∆m2
sun

∆m2
atm

, mee �
√
∆m2

sun

(
∆m2

sun

∆m2
atm

)1/2

. (6.34)

In the other case, η � δ, we obtain

θ13 � ∆m2
sun

∆m2
atm

, mee ≈ 1
2

√
∆m2

sun

(
∆m2

sun

∆m2
atm

)1/2

. (6.35)

There is a well-known difficulty in making this scenario fit the MSW LA
solution [41, 42]. Indeed, barring cancellation between the perturbations, in
order to obtain a value of ∆m2

sun close to the best-fit MSW LA value, η and
δ need to be smaller than about 0.1, and this keeps the value of sin2 2θ12 very
close to 1, somewhat in disagreement with global fits of solar data [15]. Even
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by allowing a value of ∆m2
sun in the upper range of the MSW LA solution,

or by some fine-tuning between η and δ, we would need large values of the
perturbations to fit the MSW LA solution [43]. In contrast, the LOW solution
can be accommodated, but in this case the values of θ13 and mee estimated
from (6.34) and (6.35) are too small to be detected by planned experiments.

6.5.3 Normal Hierarchy

We now discuss the class of models which we consider to be of particular
interest, which provide the most constrained framework that allows a com-
prehensive combined study of all fermion masses in GUTs. We assume three
widely split neutrinos and the existence of an RH neutrino for each genera-
tion, as required to complete a 16-dimensional representation of SO(10) for
each generation. We then assume the dominance of the seesaw mechanism
result mν = mT

DM
−1mD. We know that the third-generation eigenvalue of

the Dirac mass matrix of up and down quarks and of the Dirac mass matrix
of charged leptons is, in all cases, systematically the largest one. It is nat-
ural to imagine that this property could also be true for the Dirac mass of
neutrinos mdiag

D ∼ Diag(0, 0,mD3). After the operation of the seesaw mech-
anism, we expect mν to be even more hierarchical, being quadratic in mD

(barring fine-tuned compensations between mD and M). The amount of hi-
erarchy, m2

3/m
2
2 = ∆m2

atm/∆m
2
sun, depends on which solar neutrino solution

is adopted: the hierarchy is maximal for the VO and LOW solutions, is mod-
erate for the MSW solution in general, and could become quite mild for the
upper ∆m2

sun domain of the MSW LA solution. A possible difficulty is that
one is used to expecting that large splittings correspond to small mixings,
because normally only close-by states are strongly mixed. In the context of
a 2 × 2 matrix, the requirement of a large splitting and large mixings leads
to the condition of a vanishing determinant and large off-diagonal elements.
For example, the matrix (

x2 x
x 1

)
(6.36)

has eigenvalues 0 and 1 + x2, and for x of order 1 the mixing is large. Thus,
in the limit of neglecting small mass terms of order m1,2, the demands of
large atmospheric neutrino mixing and dominance of m3 translate into the
condition that the 2×2 subdeterminant 23 of the 3×3 mixing matrix approx-
imately vanishes. The problem is to show that this vanishing can be arranged
in a natural way without fine tuning. Once near-maximal atmospheric neu-
trino mixing is reproduced, the solar neutrino mixing can be arranged to be
either small or large without difficulty, by imposing suitable relations among
the small mass terms.

It is not difficult to imagine mechanisms that naturally lead to the approx-
imate vanishing of the 23 subdeterminant. For example, [44] assumes that one
νc is particularly light and is coupled to µ and τ. In a 2×2 simplified context,
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if we have

M ∝
(
ε 0
0 1

)
, M−1 ≈

(
1/ε 0
0 0

)
, mD =

(
a b
c d

)
, (6.37)

then for a generic mD we find

mν = mT
DM

−1mD ≈ 1
ε

(
a2 ab
ab b2

)
. (6.38)

A different possibility that we find attractive is that, in the limit of neglecting
terms of order m1,2 and in the basis where charged leptons are diagonal, the
Dirac matrix mD, defined by νcmDν, takes the following approximate form,
called “lopsided” [44, 45, 46, 47, 48]:

mD ∝

 0 0 0
0 0 0
0 x 1


 . (6.39)

This matrix has the property that, for a generic Majorana matrix M , one
finds

mν = mT
DM

−1mD ∝

 0 0 0
0 x2 x
0 x 1


 . (6.40)

The only condition on M−1 is that the 33 entry is nonzero. However, when
the approximately vanishing matrix elements are replaced by small terms,
one must also assume that no new O(1) terms are generated in mν by a com-
pensation between small terms inmD and large terms inM−1. It is important
for the following discussion to observe that themD given by (6.39) transforms
under a change of basis as mD → V †mDU , where V and U rotate the right
and left fields, respectively. It is easy to check that we need large left mixings
(i.e. large off-diagonal terms in the matrix that rotates LH fields) in order to
make mD diagonal. Thus, the question is how to reconcile large LH mixings
in the leptonic sector with the observed near-diagonal form of VCKM, the
quark mixing matrix. Strictly speaking, since VCKM = U †

uUd, the individual
matrices Uu and Ud need not be near-diagonal, but VCKM does need to be,
while the analogue for leptons apparently cannot be near-diagonal. However,
for quarks, nothing forbids the possibility that, in the basis where mu is di-
agonal, the d quark matrix has large nondiagonal terms that can be rotated
away by a pure RH rotation. We suggest that this is so and that, in some
way, RH mixings for quarks correspond to LH mixings for leptons.

In the context of (SUSY) SU(5), there is a very attractive hint of how
the present mechanism could be realized [49, 50]. In the 5 of SU(5), the dc

singlet appears together with the lepton doublet (ν, e). The (u, d) doublet and
ec belong to the 10 and νc to the 1, and similarly for the other families. As
a consequence, in the simplest model with mass terms arising from only Higgs
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pentaplets, the Dirac matrix of down quarks is the transpose of the charged-
lepton matrix:md = (ml)T. Thus, indeed, a large mixing for RH down quarks
corresponds to a large LH mixing for charged leptons. At leading order, we
may have a lopsided texture:

md = (ml)T =


 0 0 0
0 0 1
0 0 1


 vd . (6.41)

In the same, simplest approximation with 5 or 5 Higgs, the up quark mass
matrix is symmetric, so that the left and right mixing matrices are equal
in this case. Small mixings for up quarks and small LH mixings for down
quarks are then sufficient to guarantee small VCKM mixing angles even for
large d quark RH mixings. It is well known that a model where the down
and charged-lepton matrices are exactly the transpose of one another cannot
be exactly true, because of the e/d and µ/s mass ratios. It is also known
that one remedy to this problem is to add some Higgs component in the 45
representation of SU(5) [51]. But this symmetry under transposition can still
be a good guideline if we are interested only in the order of magnitude of
the matrix entries and not in their exact values. Similarly, the Dirac neutrino
mass matrix mD is the same as the up quark mass matrix in the very crude
model where the Higgs pentaplets come from a pure 10 representation of
SO(10), i.e. mD = mu. For mD, the dominance of the third-family eigenvalue
and the near-diagonal form could be an order-of-magnitude remnant of this
broken symmetry. Thus, if we neglect small terms, the neutrino Dirac matrix
in the basis where charged leptons are diagonal can be directly obtained in
the form of (6.39).

To obtain a realistic mass matrix, we allow deviations from the symmetric
limit in (6.40), where we take x = 1. For instance, we can consider those
models where the neutrino mass matrix elements are dominated, via the
seesaw mechanism, by the exchange of two right-handed neutrinos [45]. Since
the exchange of a single RH neutrino gives a good first approximation for the
texture, we are encouraged to continue along this line. Thus, we add a sub-
dominant contribution from a second RH neutrino, assuming that the third
one gives a negligible contribution to the neutrino mass matrix, because it
has much smaller Yukawa couplings or is much heavier than the first two. The
Lagrangian that describes this plausible subset of seesaw models, written in
the mass eigenstate basis of RH neutrinos and charged leptons, is

L = yiνcHli + y′iνc′Hli +
M

2
νc2 +

M ′

2
νc′2 , (6.42)

leading to

(mν)ij ∝ yiyj
M

+
y′iy

′
j

M ′ , (6.43)

where i, j = {e,µ, τ}. In particular, if ye � yµ ≈ yτ and y′µ ≈ y′τ, we obtain
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mν = m


 δ ε ε
ε 1 + η 1 + η
ε 1 + η 1 + η


 (N) , (6.44)

where coefficients of order one multiplying the small quantities δ, ε, and η have
been omitted. The mass matrix in (6.44) does not describe the most general
perturbation of the zeroth-order texture (6.40). We have implicitly assumed
a symmetry between νµ and ντ which is preserved by the perturbations, at
least at the level of orders of magnitude. The perturbed texture (6.44) can
also arise when the zeros of the lopsided Dirac matrix in (6.39) are replaced
by small quantities. It is possible to construct models along this line on the
basis of a spontaneously broken U(1)F flavor symmetry, where δ, ε, and η
are given by positive powers of one or more symmetry-breaking parameters.
Moreover, by playing with the U(1)F charges, we can adjust, to certain extent,
the relative hierarchy between η, ε, and δ [44, 45, 47, 48, 49, 50], as we shall
see in Sect. 6.8. The texture (6.44) can also be generated in SUSY models
with R-parity violation [52].

After a first rotation by an angle θ23 close to π/4 and a second rotation
by θ13 ≈ ε, we obtain

mν ≈ m


 δ + ε2 ε 0

ε η 0
0 0 2


 , (6.45)

up to coefficients of order one in the small entries. To obtain a large solar
mixing angle, we need |η − δ| < ε. In realistic models, there is no reason for
a cancellation between independent perturbations, and thus we assume both
δ ≤ ε and η ≤ ε.

Consider first the case δ ≈ ε and η < ε. The solar mixing angle θ12 is
large but not maximal, as preferred by the MSW LA solution. We also have
∆m2

atm ≈ 4m2, ∆m2
sun ≈ ∆m2

atm ε2, and

mee ≈
√
∆m2

sun . (6.46)

If η ≈ ε and δ � ε, we still have a large solar mixing angle and ∆m2
sun ≈

ε2 ∆m2
atm, as before. However, mee will be much smaller than the estimate

in (6.46). Unfortunately, this is the case for the models based on the above-
mentioned U(1)F flavor symmetry, which, at least in its simplest realization,
tends to predict δ ≈ ε2. In this class of models, we find

mee ≈
√
∆m2

sun

(
∆m2

sun

∆m2
atm

)1/2

, (6.47)

below the sensitivity of the next generation of planned experiments. It is
worth mentioning that in both of the cases discussed above, we have

θ13 ≈
(
∆m2

sun

∆m2
atm

)1/2

, (6.48)

which might be very close to the present experimental limit.
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If both δ and η are much smaller than ε, the 12 block of mν has an
approximately pseudo-Dirac structure and the angle θ12 becomes maximal.
This situation is typical of some models where leptons have U(1)F charges of
both signs but where the order parameters of U(1)F breaking all have charges
of the same sign [49]. We have two eigenvalues given approximately by ±mε.
As an example, we consider the case where η = 0 and δ ≈ ε2. We find, that
sin2 2θ12 ≈ 1− ε2/4, ∆m2

sun ≈ m2ε3, and

θ13 ≈
(
∆m2

sun

∆m2
atm

)1/3

, mee ≈
√
∆m2

sun

(
∆m2

sun

∆m2
atm

)1/6

. (6.49)

In order to recover the MSW LA solution, we would need a relatively large
value of ε. This is in general not acceptable, because, on the one hand the
presence of a large perturbation raises doubts about the consistency of the
whole approach and, on the other hand, in existing models where all fermion
sectors are related to each other, ε is never larger than the Cabibbo angle.
Therefore, the case δ, η � ε can be more easily adapted to fit the LOW
solution, where the solar frequency is small. As a consequence, mee is beyond
the reach of the next generation of experiments, whereas θ13 might be tested
at future facilities.

6.5.4 Summary

Given the present experimental knowledge, which favors ∆m2
atm as the lead-

ing oscillation frequency and two large mixing angles, θ23 and θ12, it is natural
to define a zeroth-order approximation to the theory, where ∆m2

sun and θ13
vanish (which allows us to neglect the CP-breaking parameter ϕ), whereas θ23
and θ12 are maximal. For each pattern of neutrino masses, we have considered
the most interesting textures that arise in this limit.

This approximation is, of course, not realistic and should be regarded
only as a limiting case, possibly arising from an underlying symmetry. Many
effects can perturb this limit, such as small symmetry-breaking terms, radia-
tive corrections, and effects from residual rotations needed to diagonalize the
charged-lepton mass matrix or to render the leptonic kinetic terms canoni-
cal. Some of these will be discussed more in detail in the following sections.
It turns out that in most of the existing models the leading textures are
modified by small perturbations that have a simple structure, such as those
labeled D1, D2, I, and N in (6.22), (6.27), (6.33), and (6.44).

We have analyzed these perturbations, in the hope that the results will be
sufficiently representative of the many existing models. Of course, there is no
guarantee that this discussion can cover all theoretical possibilities. Moreover,
if ∆m2

sun and θ13 were as large as experimentally allowed, the perturbations
would become large, the whole approach could become questionable, and the
data would be more appropriately described by an anarchical framework.
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A remarkable feature is that most models continue to predict an almost
maximal solar angle, even after inclusion of the perturbations. This is often
due to an approximately pseudo-Dirac structure in the 12 sector, which, at
leading order, forces θ12 = π/4. Exceptions to this trend exist in some of the
possibilities offered by the normal hierarchy, for which θ12 is undetermined
at leading order.

It is also apparent that, apart from the case of a degenerate spectrum with
a texture similar to that of flavor democracy (D2), the possibility of measuring
mee with the next generation of experiments seems to be significant only if
the solar oscillation frequency is very close to the upper part of the range
allowed by the MSW LA solution.

6.6 Importance of Neutrinoless Double Beta Decay

The discovery of 0νββ decay would be very important because it would es-
tablish lepton number nonconservation and the Majorana nature of neurinos.
Indeed, oscillation experiments cannot distinguish between pure Dirac and
Majorana neutrinos. Moreover, the search for 0νββ decay provides informa-
tion about the absolute spectrum, while neutrino oscillations are sensitive
only to mass differences. Complementary information about the sum of neu-
trino masses is also provided by the galaxy power spectrum combined with
measurements of the cosmic microwave background anisotropy [53]. As al-
ready mentioned, the present limit from 0νββ decay is |mee| < 0.2 eV or, to
be more conservative, |mee| < 0.3−0.5 eV [31]. In this respect, it is interesting
to see what is the level at which a signal can be expected, or at least not
excluded, in the various classes of models (see [54] for a recent analysis; see
also [55]). For three-neutrino models with degenerate, inverse-hierarchy, or
normal-hierarchy mass patterns, it is simple to derive the following bounds,
starting from the general formula (6.19).

(a) Degenerate case. If |m| is the common mass, apart from a phase, and if
we take s13 = 0, which, as already observed, is a safe approximation in
this case, we have mee = |m|(c212 ± s212). Here the phase ambiguity has
been reduced to a sign ambiguity, which is sufficient for deriving bounds.
So, depending on the sign, we have mee = |m| or mee = |m| cos 2θ12.
We conclude that in this case mee could be very close to the present
experimental limit because |m| could be sizably larger than the 0νββ
bound (|m| < O(1 eV)), but should be at least of order

√
∆m2

atm ∼
10−2 eV unless the solar angle is practically maximal, in which case the
minus-sign option can be as small as required.

(b) Inverse-hierarchy case. In this case, the same approximate formula mee =
|m|(c212 ± s212) holds because m3 is small and s13 can be neglected. The
difference is that here we know that |m| ≈

√
∆m2

atm so that |mee| <√
∆m2

atm ∼ 0.05 eV.



190 Guido Altarelli and Ferruccio Feruglio

(c) Normal-hierarchy case. Here we cannot, in general, neglect the m3 term.
However, in this case |mee| ∼

√
∆m2

suns
2
12 +

√
∆m2

atms
2
13, and we have

the bound |mee| < a few times 10−3 eV.

Recently, evidence for 0νββ decay was claimed in [56] at the 2−3σ level,
with |mee| ∼ 0.39 eV. If confirmed, this would rule out cases (b) and (c), and
point to case (a) or to models with more than three neutrinos.

6.7 Expectations for θ13

The measurement of θ13 represents one of the main challenges for the next
generations of experiments on neutrino oscillations, which, with the help of
very intense neutrino beams [57], might reach a sensitivity of few percent
for θ13. A sizable θ13 would have an important impact on the observability of
CP-violating effects in the leptonic sector. We collect together in Table 6.2
our estimates of θ13 for the various textures considered in Sect. 6.5 [58].

Figure 6.1 displays the expectations for θ13. Such expectations are of
course very rough and are not meant to be statistically meaningful. It is,
however, interesting to note that the MSW LA solution favors values of θ13
in an experimentally accessible range for all textures but for the inverted
hierarchy, where we find a strong suppression. The LOW solution prefers

Table 6.2. Order-of-magnitude estimates for θ13

Texture θ12 θ13 Perturbations

mD1
ν = m




δ − 1√
2

(1−ε)√
2

− 1√
2

(1+η)
2

(1+η−ε)
2

(1−ε)√
2

(1+η−ε)
2

(1+η−2ε)
2


 ≈ π/4

≈
(

∆m2
sun

∆m2
atm

)1/2

≈ 0

ε � δ

ε � δ

mD2
ν =m

[(
1 0 0
0 1 0
0 0 1

)
+r

(
1 1 1
1 1 1
1 1 1

)]
+δmν ≈ π/4 ≈

(
me
mµ

)1/2

mI
ν = m

(
δ −1 1
−1 η η
1 η η

)
≈ π/4

≈ ∆m2
sun

∆m2
atm

� ∆m2
sun

∆m2
atm

η � δ

η � δ

mN
ν = m

(
δ ε ε
ε 1 + η 1 + η
ε 1 + η 1 + η

)
O(1)

≈ π/4

≈
(

∆m2
sun

∆m2
atm

)1/2

≈
(

∆m2
sun

∆m2
atm

)1/3

η < δ ≈ ε

δ ≈ ε2 ≈ η2

δ ≈ ε2 , η = 0
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Fig. 6.1. Order-of-magnitude estimates of θ13, for MSW LA solution (gray) and
LOW solution (black). There is no difference between the MSW LA and LOW
cases for the texture D2. The upper limits have been obtained by using the
approximate expressions in Table 6.2 and the values ∆m2

atm = 2.5 × 10−3 eV2,
∆m2

sun = 6.0× 10−5 eV2 for the MSW LA solution, and ∆m2
sun = 10

−7 eV2 for the
LOW solution. The continuous and dashed lines show the present upper bound on
θ13 and the possible reach of long-baseline experiments with high-intensity neutrino
beams, respectively.

a smaller, unobservable θ13, with the possible exception of the texture D2,
corresponding to flavor democracy. We recall that if the neutrino mass ma-
trix is structureless, as suggested by the anarchical framework, then θ13 is
naturally expected to be very close to its present experimental bound.

6.8 Grand Unified Models of Fermion Masses

We have seen that the smallness of neutrino masses, interpreted via the see-
saw mechanism, leads directly to a scale Λ for L nonconservation which is
remarkably close to MGUT. Thus neutrino masses and mixings should find
a natural context in a GUT treatment of all fermion masses. The hierarchical
pattern of quark and lepton masses, within each generation and across gener-
ations, requires some dynamical suppression mechanism that acts differently
on the various particles. This hierarchy can be generated by a number of op-
erators of different dimensions suppressed by inverse powers of the cutoff Λc

of the theory. In some realizations, the different powers of 1/Λc correspond
to different orders in some symmetry-breaking parameter vf arising from the
spontaneous breaking of a flavor symmetry. In the following subsections we
describe some of the simplest models based on SU(5) × U(1)F and on SO(10)
which illustrate these possibilities.3

3 For models based on nonabelian flavor symmetries, see [59].
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6.8.1 Models Based on Horizontal Abelian Charges

We discuss here some explicit examples of grand unified models in the frame-
work of a unified SUSY SU(5) theory with an additional U(1)F flavor sym-
metry. The SU(5) generators act “vertically” inside one generation, while the
U(1)F charges are different “horizontally” from one generation to another.
If, for a given interaction vertex, the U(1)F charges do not add up to zero,
the vertex is forbidden in the symmetric limit. But the symmetry is sponta-
neously broken by the vacuum expectation values (VEVs) vf of a number of
“flavon” fields with nonvanishing charge. A forbidden coupling is then rescued
but is suppressed by powers of the small parameters vf/Λc, with larger expo-
nents for larger charge mismatch [60]. We expect vf >∼ MGUT and Λc

<∼ MPl.
Here, we discuss some aspects of the description of fermion masses in this
framework.

In these models, the known generations of quarks and leptons are con-
tained in triplets Ψ10

i and Ψ5
i (i = 1, 2, 3) corresponding to the three gener-

ations, transforming as 10 and 5 of SU(5), respectively. Three more SU(5)
singlets Ψ1

i describe the RH neutrinos. In SUSY models we have two Higgs
multiplets, which transform as 5 and 5 in the minimal model. The two
Higgs multiplets may have the same or different charges. We can arrange
the unit of charge in such a way that the Cabibbo angle, which we con-
sider as the typical hierarchy parameter of fermion masses and mixings,
is obtained when the suppression exponent is unity. Remember that the
Cabibbo angle is not too small, that λ ∼ 0.22, and that in U(1)F mod-
els all mass matrix elements are of the form of a power of a suppression
factor times a number of order unity, so that only their order of suppres-
sion is defined. As a consequence, in practice, we can limit ourselves to
integral charges in our units (for example,

√
λ ∼ 1/2 is already almost

unsuppressed).
There are many variants of these models: fermion charges can be all

nonnegative, with only negatively charged flavons, or there can be fermion
charges of different signs with either flavons of both charges or flavons of
only one charge. We can have the situation that only the top quark mass
is allowed in the symmetric limit, or that other third-generation fermion
masses are also allowed. The Higgs charges can be equal, in particular
both of them can be vanishing, or they can be different. We can arrange
that all the structure is in charged-fermion masses, while neutrinos are
anarchical.

F (fermions) ≥ 0. Consider, for example, a simple model where all charges
of matter fields are nonnegative and which contains one single flavon θ
of charge F = −1. For maximum simplicity, we also assume that all
the third-generation masses are directly allowed in the symmetric limit.
This is realized by assuming vanishing charges for the Higgses and for the
third-generation components Ψ10

3 , Ψ5
3 , and Ψ1

3 . For example, if we define
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F (ΨRi ) ≡ qRi (R = 10, 5, 1; i = 1, 2, 3), we could take [47, 48, 49, 62] (see
also [61])

(q10
1 , q10

2 , q10
3 ) = (3, 2, 0) ,

(q5
1 , q

5
2 , q

5
3) = (2, 0, 0) . (6.50)

A generic mass matrix in this model has the form

m =


 y11λ

q1+q′1 y12λ
q1+q′2 y13λ

q1+q′3

y21λ
q2+q′1 y22λ

q2+q′2 y23λ
q2+q′3

y31λ
q3+q′1 y32λ

q3+q′2 y33λ
q3+q′3


 v , (6.51)

where all the yij are of order 1, and (qi, q′j) are the charges of (Ψ10, Ψ10) for
mu, of (Ψ5, Ψ10) for md or mT

l , of (Ψ
1, Ψ5) for mD (the Dirac ν mass), and of

(Ψ1, Ψ1) for M (the Majorana νc mass). We have λ ≡ 〈θ〉/Λc, and the quan-
tity v represents the appropriate VEV or mass parameter. It is important to
observe that m can be written as

m = λRyλR′v , (6.52)

where λR=Diag(λq
R
1 , λq

R
2 , λq

R
3 ) and y is the matrix yij . The models with

all charges nonnegative and one single flavon have particularly simple fac-
torization properties. For example, if we start from the Dirac ν matrix
mD = λ1yDλ5vu and the νc Majorana matrix M =λ1yMλ1Λ and write down
the seesaw expression for mν = mT

DM
−1mD, we find that the dependence on

the charges q1 drops out and only the dependence arising from q5 remains. As
a consequence, the effective light-neutrino Majorana mass matrix mν can be
written in terms of q5 only: mν = λ5(y

T
Dy

−1
M yD)λ5v

2
u/Λ. In addition, for the

neutrino mixing matrix Uij , which is determined by mν in the basis where

the charged leptons are diagonal, one can prove that Uij ≈ λ|q
5
i −q5j |, which

is in terms of the differences between the 5 charges, when terms that are
small by powers of the small parameter λ are neglected. Similarly, the CKM
matrix elements are approximately determined by only the 10 charges [60]:
V CKM
ij ≈ λ|q

10
i −q10j |. With these results in mind, we can understand that

the assignments of the charge q10 in (6.50) are determined by requiring
Vus ∼ λ, Vcb ∼ λ2 and Vub ∼ λ3. However, the same charges q10 also fix
the ratio mu :mc :mt ∼ λ6 :λ4 : 1. The experimental value of mu (the rele-
vant mass values are on GUT scale, m = m(MGUT) [63]) favours q10

1 = 4.
Taking into account this indication and the presence of the unknown coef-
ficients yij ∼ 1, it is difficult to decide between q10

1 = 3 or 4, and both are
acceptable.

Turning to the 5 charges, the entries q5
2 = q5

3 = 0 have been selected
in (6.50), so that the 22, 23, 32, and 33 entries of the effective light-neutrino
mass matrix mν are all O(1) in order to accommodate the nearly maximal
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value of s23. The small nondiagonal terms of the charged-lepton mass matrix
cannot change this. In fact, for q10

i , q5
i chosen as in (6.50), we obtain

md =


λ5 λ4 λ2

λ3 λ2 1
λ3 λ2 1


 vd = (ml)T , mν =


λ4 λ2 λ2

λ2 1 1
λ2 1 1


 v2

u

Λ
, (6.53)

where vu,d are the VEVs of the Higgs doublets. Note that the patterns
md :ms :mb ∼ me :mµ :mτ ∼ λ5 :λ2 : 1 are acceptable (but q5

1 = 3 would
also be possible). One difficulty is that for mν, the subdeterminant 23 is
not suppressed in this case, so that the splitting between the 2 and 3 light-
neutrino masses is in general small. In spite of the fact that mD is, to a first
approximation, of the form given in (6.39), the strong correlations between
mD and M implied by the simple charge structure of the model destroy the
vanishing of the 23 subdeterminant that would be guaranteed for a generic
M . Models of this sort have been proposed in the literature [47, 62]. The
hierarchy between m2 and m3 is considered accidental and needs to be mod-
erate. The preferred solar solution in this case is MSW SA, because if m1 is
suppressed (and some suppression is needed if we want s13 to be small) the
solar mixing angle is typically small. However, if with a moderate fine tuning
we stretch m2 by hand to become sufficiently close to m1, then the MSW
LA solution can also be reproduced. From (6.53), taking vu ∼ 250GeV, the
mass scale Λ of the heavy Majorana neutrinos turns out to be close to the
unification scale, i.e. Λ ∼ 1015 GeV.

A different interesting possibility [64] is to recover an anarchical picture
of neutrinos by taking (q10

1 , q10
2 , q10

3 ) = (4, 2, 0) and (q5,1
1 , q5,1

2 , q5,1
3 ) = (0, 0, 0).

The 10 charges lead to an acceptable pattern for the mu matrix and VCKM,
as already discussed. For down quarks and charged leptons, we obtain
a weakened hierarchy, essentially the square root of that of up quarks:
md :ms :mb ∼ me :mµ :mτ ∼ λ4 :λ2 : 1. Finally, in the neutrino sector, the
anarchical model is realized (both mD and M are structureless).

Note that in all of the above cases we could add a constant to q5
i , for

example by taking (q5
1 , q

5
2 , q

5
3) = (4, 2, 2). This would have the consequence of

leaving the top quark as the only unsuppressed mass and of decreasing the
resulting value of tanβ = vu/vd to λ2mt/mb. A constant shift of the charges
q1
i might also provide a suppression of the leading νc mass eigenvalue, from
Λc down to the appropriate scale Λ. One can also consider models where the
5 and 5 Higgs charges are different, as in the “realistic” SU(5) model of [65].
In these models also, the top mass could be the only one to be nonvanishing
in the symmetric limit, and the value of tanβ can be adjusted.

F (fermions) and F (flavons) of Both Signs. Models with naturally large
23 splittings are obtained if we allow negative charges and, at the same time,
either introduce flavons of opposite charges or stipulate that matrix elements
with overall negative charge are set to zero. For example, we can assign to
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the fermion fields the set of charges F given by

(q10
1 , q10

2 , q10
3 ) = (3, 2, 0) ,

(q5
1 , q

5
2 , q

5
3) = (b, 0, 0) , b ≥ 2a > 0 ,

(q1
1 , q

1
2 , q

1
3) = (a,−a, 0) . (6.54)

We consider the Yukawa coupling allowed by U(1)F-neutral Higgs multiplets
in the 5 and 5 SU(5) representations and by a pair θ and θ of SU(5) singlets
with F = 1 and F = −1, respectively. If b = 2 or 3, the up, down, and
charged-lepton sectors are not essentially different from what they were in
the previous case. Also, in this case the O(1) off-diagonal entry of ml, typical
of lopsided models, gives rise to a large LH mixing in the 23 block, which
corresponds to a large RH mixing in the d mass matrix. In the neutrino
sector, the Dirac and Majorana mass matrices are given by

mD =


λa+b λa λa

λb−a λ′a λ′a

λb 1 1


 vu , M =


λ2a 1 λa

1 λ′2a λ′a

λa λ′a 1


Λ , (6.55)

where λ′ is given by 〈θ〉/Λc, and Λ, as before, denotes the large mass scale
associated with the RH neutrinos, where Λ � vu,d. After diagonalization of
the charged-lepton sector and integrating out the heavy RH neutrinos, we
obtain the following neutrino mass matrix in the low-energy effective theory:

mν =


λ2b λb λb

λb 1 + λaλ′a 1 + λaλ′a

λb 1 + λaλ′a 1 + λaλ′a


 v2

u

Λ
. (6.56)

The O(1) elements in the 23 block are produced by combining the large LH
mixing induced by the charged-lepton sector and the large LH mixing in mD.
A crucial property of mν is that, as a result of the seesaw mechanism and
of the specific U(1)F charge assignment, the determinant of the 23 block is
automatically of O(λaλ′a) (the presence of negative charge values, leading to
the presence of both λ and λ′, is essential for this [48, 49]). The neutrino mass
matrix of (6.56) is a particular case of the more general pattern presented
in (6.44), from which it is obtained when δ ≈ λ2b, ε ≈ λb, and η ≈ λaλ′a.
If we take λ ≈ λ′, it is easy to verify that the eigenvalues of mν satisfy the
relation

m1 :m2 :m3 = λ2(b−a) :λ2a : 1 . (6.57)

The atmospheric neutrino oscillations require m2
3 ∼ 10−3 eV2. The squared-

mass difference between the lightest states is of O(λ4a)m2
3, not far from the

MSW solution to the solar neutrino problem if we choose a = 1. In general
Ue3 is nonvanishing, and of O(λb). Finally, beyond the large mixing in the 23
sector, mν provides a mixing angle θ12 ∼ λb−2a in the 12 sector. For b > 2a,
we recover a small solar mixing angle. For instance, taking b = 3 and a = 1,
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θ12 becomes close to the range preferred by the MSW SA solution. When
b = 2a, as for instance in the case b = 2 and a = 1, the MSW LA solution
can be reproduced.

F (fermions) of Both Signs and F (flavons) < 0. A general problem
common to all models dealing with flavor is that of recovering the correct
vacuum structure by minimizing the effective potential of the theory. It may
be noticed that the presence of two multiplets θ and θ with opposite charges F
could hardly be reconciled, without adding extra structure to the model, with
a large common VEV for these fields, owing to possible analytic terms of the
kind (θθ)n in the superpotential. We find it instructive, therefore, to explore
the consequences of allowing only the negatively charged θ field in the theory.

It can be immediately recognized that, while the quark mass matrices
previously discussed are unchanged, in the neutrino sector the Dirac and
Majorana matrices are obtained from (6.55) by setting λ′ = 0:

mD =


λa+b λa λa

λb−a 0 0
λb 1 1


 vu , M =


λ2a 1 λa

1 0 0
λa 0 1


Λ . (6.58)

The zeros are due to an analytic property of the superpotential that makes
it impossible to form the corresponding F invariant by using θ alone. These
zeros should not be taken literally, as they will eventually be filled by small
terms that arise, for instance, from the diagonalization of the charged-lepton
mass matrix and from the transformation that put the kinetic terms into
canonical form. It is, however, interesting to work out, in a first approxima-
tion, the case of exactly zero entries in mD andM , when forbidden by U(1)F.
The neutrino mass matrix obtained from mD and M via the seesaw mech-
anism has the same pattern as that displayed in (6.56). A closer inspection
reveals that the determinant of the 23 block is identically zero, independent
of λ. This leads to the following pattern of masses:

m1 :m2 :m3 = λb :λb : 1 , m2
1 −m2

2 = O(λ3b) . (6.59)

Moreover, the mixing in the 12 sector is almost maximal:

θ12 =
π

4
+O(λb) . (6.60)

For b = 3 and λ ∼ 0.2, both the squared-mass difference (m2
1 −m2

2)/m2
3 and

sin2 2θ12 are remarkably close to the values required by the VO solution to
the solar neutrino problem. This property remains reasonably stable against
the perturbations induced when small terms (of order λ5) replace the zeros,
where these small terms arise from the diagonalization of the charged-lepton
sector and by the transformations that render the kinetic terms canonical. By
choosing b = 2, we obtain the LOW solution. We find it quite interesting that
the VO and LOW solutions, which require an intriguingly small mass differ-
ence and a bimaximal mixing, can also be described, at least on the level of
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orders of magnitude, in the context of a “minimal” model of flavor compatible
with supersymmetric SU(5). In this case the role played by supersymmetry
is essential; a nonsupersymmetric model with θ alone is not distinguishable
from the version with both θ and θ, as far as low-energy flavor properties are
concerned.

In conclusion, models based on SU(5) × U(1)F are clearly toy models
that can aim only at a semiquantitative description of fermion masses. In
fact, only the order of magnitude of each matrix entry can be specified.
However, it is rather impressive that a reasonable description of fermion
masses, now also including neutrino masses and mixings, can be obtained in
this simple context, which is suggestive of a deeper relation between gauge
and flavor quantum numbers. There are 12 mass eigenvalues and six mixing
angles that are specified, modulo coefficients of order 1, in terms of a set
of integer numbers (from half a dozen to a dozen), the charges, and one or
more scale parameters. In the neutrino sector, we have seen that the scheme
is flexible enough to accommodate all the solutions that are still possible.

6.8.2 GUT Models Based on SO(10)

Models based on SO(10) times a flavor symmetry are more difficult to con-
struct because a whole generation is contained in the representation 16, so
that, for U(1)F for example, one would have the same value of charge for all
quarks and leptons of each generation, which is too rigid. But the mechanism
discussed so far, based on asymmetric mass matrices, can be embedded in an
SO(10) grand unified theory in a rather economical way [25, 46, 66, 67]. The
33 entries of the fermion mass matrices can be obtained through the coupling
16316310H among the fermions in the third generation, 163, and a Higgs
tenplet 10H . The two independent VEVs of the tenplet vu and vd give mass to
t/ντ and b/τ, respectively. The key point for obtaining an asymmetric texture
is the introduction of an operator of the kind 16216H16316′

H . This opera-
tor is thought to arise from integrating out a heavy 10 that couples both to
16216H and to 16316′

H . If the 16H develops a VEV that breaks SO(10) down
to SU(5) at a large scale, then, in terms of SU(5) representations, we obtain
an effective coupling of the kind 521035H , with a coefficient that can be of
order one. This coupling contributes to the 23 entry of the down quark mass
matrix and to the 32 entry of the charged-lepton mass matrix, which creates
the desired asymmetry. To distinguish the lepton and quark sectors, one can
introduce in addition an operator of the form 16i16j10H45H (i, j = 2, 3),
with the VEV of the 45H pointing in the B−L direction. Additional opera-
tors, still of the type 16i16j16H16′

H , can contribute to the matrix elements
of the first generation. The mass matrices look like

mu =


 0 0 0
0 0 ε/3
0 −ε/3 1


 vu , md =


 0 δ δ′

δ 0 σ + ε/3
δ′ −ε/3 1


 vd , (6.61)
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mD =


 0 0 0
0 0 −ε
0 ε 1


 vu , ml =


 0 δ δ′

δ 0 −ε
δ′ σ + ε 1


 vd . (6.62)

These matrices provide a good fit to the available data in the quark and
charged-lepton sectors in terms of five parameters (one of which is complex).
In the neutrino sector, one obtains a large mixing angle θ23, sin2 2θ12 ∼
6.6× 10−3 eV2, and θ13 of the same order as θ12. Mass-squared differences
are sensitive to the details of the Majorana mass matrix.

Looking at models with three light neutrinos only, i.e. no sterile neutri-
nos, from a more general point of view, we stress that in the above models
the atmospheric neutrino mixing is considered large, in the sense of being
of order one in some zeroth-order approximation. In other words, this mix-
ing corresponds to off-diagonal matrix elements of the same order as the
diagonal ones, although the mixing is not exactly maximal. The idea that
all fermion mixings are small and induced by the observed smallness of the
nondiagonal elements of the matrix VCKM is then abandoned. An alterna-
tive is to argue that perhaps what appears to be large is not very large
after all. The typical small parameter that appears in the mass matrices is
λ ∼√md/ms ∼

√
mµ/mτ ∼ 0.20−0.25. This small parameter is not so small

that it cannot become large owing to some peculiar accidental enhancement:
this could arise from either a coefficient of order 3, an exponent of the mass
ratio less than 1/2 (due, for example, to a suitable charge assignment), or
the addition in phase of an angle from the diagonalization of charged leptons
and an angle from neutrino mixing. One might like this strategy of producing
a large mixing by stretching small ones if, for example, one likes symmetric
mass matrices, as in the case of left–right symmetry at the GUT scale. In
left–right symmetric models, the smallness of left mixings implies that right-
handed mixings are also small, so that all mixings tend to be small, unless
nonrenormalizable mass operators with a suitable flavor pattern are intro-
duced. Clearly, this set of models [67, 68] tends to favor moderate hierarchies
and a single maximal mixing, so that the MSW SA solution of the solar
neutrino problem is preferred.

6.9 Conclusion

There are now some rather convincing experimental indications of neutrino
oscillations. The direct implication of these findings is that not all neutrino
masses are vanishing. As a consequence, the phenomenology of neutrino
masses and mixings has been brought to the forefront. This is a very in-
teresting subject in many respects. It is a window on the physics of GUTs in
that the extreme smallness of neutrino masses can only be explained in a nat-
ural way if lepton number conservation is violated. If so, neutrino masses are
inversely proportional to the large scale where lepton number conservation
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is violated. Also, the pattern of neutrino masses and mixings, interpreted in
a GUT framework, can provide new clues about the long-standing problem
of understanding the origin of the hierarchical structure of quark and lepton
mass matrices. Neutrino oscillation measurements determine only differences
between m2

i values, and the actual scale of neutrino masses remains to be
fixed experimentally. In particular, the scale of neutrino masses is important
for cosmology as neutrinos are candidates for hot dark matter: nearly de-
generate neutrinos with a common mass around 1–2 eV would significantly
contribute to Ωm, the matter density in the universe in units of the critical
density. The detection of 0νββ decay would be extremely important for the
determination of the overall scale of neutrino masses, the confirmation of their
Majorana nature, and the experimental clarification of the ordering of levels
in the associated spectrum. The recent indication of a signal of 0νββ decay
with mee in a range around 0.4 eV, if confirmed, would point to a small but
possibly nonnegligible contribution of neutrinos to Ωm and, among models
with three neutrinos, would favor those with a degenerate spectrum. The de-
cay of heavy right-handed neutrinos with lepton number nonconservation can
provide a viable and attractive model of baryogenesis through leptogenesis.
The measured oscillation frequencies and mixings are remarkably consistent
with this attractive possibility.

While the existence of oscillations appears to be on increasingly solid
ground, many important experimental challenges remain. For atmospheric
neutrino oscillations, the completion of the K2K experiment, now stopped
by an accident that has seriously damaged the SuperKamiokande detector,
is important for a terrestrial confirmation of the effect and for an indepen-
dent measurement of the associated parameters. In the near future, the ex-
perimental study of atmospheric neutrinos will continue with long-baseline
measurements by MINOS, OPERA, and ICARUS. For solar neutrinos, it is
not yet clear which of the solutions, MSW SA, MSW LA, LOW, or VO, is
correct, although a preference for the MSW LA solution appears to be in-
dicated by the present data. This issue will presumably be clarified in the
near future by the continuation of SNO and by the forthcoming data from
KamLAND and Borexino. Finally, a clarification by MiniBooNE of the issue
of the LSND alleged signal is necessary, in order to know whether three light
neutrinos are sufficient or additional, sterile neutrinos must be introduced, in
spite of the apparent lack of independent evidence in the data for such sterile
neutrinos and the fact that attempts to construct plausible, natural theoret-
ical models have not led so far to compelling results. Further in the future,
there are projects for neutrino factories and/or superbeams, aimed at preci-
sion measurements of the oscillation parameters and possibly the detection
of CP violation effects in the neutrino sector.

Pending the resolution of the existing experimental ambiguities, a large
variety of theoretical models for the neutrino masses and mixings are still
conceivable. For the three-neutrino models, we have described a variety of
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possibilities based on degenerate, inverted-hierarchy, and normal-hierarchy
spectra. Most models prefer one or other of the possible experimental alterna-
tives which are still open. It is interesting that the MSW LA solar-oscillation
solution, which at present appears somewhat favored by the data, is perhaps
the most constraining for theoretical models. For example, it is difficult to
reproduce this solution in the inverted-hierarchy models. The MSW LA so-
lution can be obtained in the degenerate case, including also the anarchical
scenario, and in the normal-hierarchy case, but in those cases rather special
conditions must be met. In many cases, the MSW LA solution corresponds
to values of θ13 that are rather large and not far from the present bound. The
values of mee (which determines the rate of 0νββ decay) that are found in
the models leading to the MSW LA solution are typically of order

√
∆m2

sun

in the normal-hierarchy case and can be even larger in the degenerate case,
where the expected values are at least of order

√
∆m2

atm (assuming that for
the MSW LA solution, s12 is indeed large but not close to maximal).

The fact that some neutrino mixing angles are large and even nearly maxi-
mal, while surprising at the start, was eventually found to be very compatible
with a unified picture of quark and lepton masses within GUTs. The symme-
try group atMGUT could be either (SUSY) SU(5), SO(10), or a larger group.
For example, we have presented a class of natural models where large right-
handed mixings for quarks are transformed into large left-handed mixings for
leptons by the transposition relation md = mT

e , which is approximately ob-
tained in SU(5) models. In particular, we have argued in favor of models with
three widely split neutrinos. Reconciling large splittings with large mixing(s)
requires some natural mechanism to impose a condition of a vanishing deter-
minant. This can be obtained with the seesaw mechanism, for example, if one
light right-handed neutrino is dominant, or a suitable texture of the Dirac ma-
trix is imposed by an underlying symmetry. We have shown that these mecha-
nisms can be implemented naturally by simple assignments of U(1)F horizon-
tal charges that lead to a successful semiquantitative, unified description of
all quark and lepton masses in SUSY SU(5) × U(1)F. Alternative realizations
based on the SO(10) unification group have also been discussed. Models aim-
ing at a realistic unification of electroweak and strong interactions should, of
course, address other important questions, such as the doublet–triplet split-
ting and its stability against quantum corrections; a proton lifetime com-
patible with the existing limits, which now have become quite stringent for
all minimal SUSY GUT models; a correct unification of gauge coupling con-
stants; and consistency with present bounds on flavor nonconservation [69].
Encompassing all these features in a consistent and, if possible, simple model
is a formidable task that might require us to go beyond the conventional
formulation in terms of a four-dimensional quantum field theory [70].

In conclusion, the discovery of neutrino oscillations with frequencies that
point to very small neutrino masses has opened a window on the physics
beyond the Standard Model at very large energy scales. The study of the
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neutrino mass and mixing matrices, which is still in its early stages, may lead
to particularly exciting insights into the theory at large energies, possibly as
large as MGUT.
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7 The Physics Potential

of Future Long-Baseline
Neutrino Oscillation Experiments

Manfred Lindner

We discuss in detail several proposed long-baseline neutrino oscillation setups
and show their remarkable potential for very precise measurements of mass
splittings and mixing angles. Furthermore, it will be possible to make precise
tests of coherent forward scattering and MSW effects, which will allow to
determine the sign of ∆m2. Finally, strong limits or measurements of leptonic
CP violation will be possible, which is very interesting, since this is most likely
connected to the baryon asymmetry of the universe.

7.1 Introduction

Since the existing evidence for atmospheric neutrino oscillations includes
some sensitivity to the characteristic L/E dependence of the oscillations [1],
there is little doubt that the observed flavor transitions are due to neutrino
oscillations. Recently, it has been established reliably that solar neutrinos
undergo flavor transitions [2, 3], most likely due to oscillations. This solves
the long-standing solar neutrino problem, even though the characteristic L/E
dependence of oscillations has not yet been established in this case. However,
oscillation is by far the most plausible explanation when all alternatives are
considered, and global oscillation fits to all available data clearly favor the
LMA solution for the mass splittings and mixings [4, 5, 6, 7]. The CHOOZ
reactor experiment [8] currently provides in addition the most stringent up-
per bound on the subleading element Ue3 of the neutrino mixing matrix. The
global pattern of neutrino oscillation parameters seems therefore quite well
known, and one may ask how precisely future experiments will ultimately be
able to measure mass splittings and mixings and what can be learned from
such precise measurements.

The characteristic length scale L of oscillations is given by ∆m2L/Eν =
π/2, and the known atmospheric value of ∆m2

31 thus leads to an oscillation
length scale Latm as a function of energy. For ∆m2

31 � 3× 10−3 eV and neu-
trino energies Eν � 10GeV, one finds Latm � O(2000) km, i.e. distances and
energies which can be realized by sending neutrino beams from one point
on the earth to another. Such long-baseline (LBL) experiments have the ad-
vantage that the source can, in principle, be controlled and understood very
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precisely. In contrast, natural neutrino sources such as the sun or the at-
mosphere cannot be controlled directly, and they involve assumptions and
indirect measurements. The precision of future solar and atmospheric oscil-
lation experiments is thus limited systematically by the source at some level,
which is, in principle, not the case for LBL experiments. The solar value
of ∆m2

21 is, for the favored LMA solution, about two orders of magnitude
smaller than the atmospheric value of ∆m2

31, resulting, for the same ener-
gies, in oscillations at scales Lsol � (10−1000)Latm. The solar oscillations
will thus not develop fully in such LBL experiments on earth, but sublead-
ing effects will nevertheless play an important role in precision experiments.
Another modification arises from the fact that the neutrino beams of LBL
experiments traverse the matter of the earth. Coherent forward scattering in
matter must therefore be taken into account in precision experiments. This
makes the analysis more involved, but, as we shall see, it also offers unique
opportunities.

The existing K2K experiment [9], and also MINOS [10] and CNGS [11],
which are both under construction, are a promising first generation of LBL
experiments which will lead to improved oscillation parameters. We shall
discuss the remarkable potential of future LBL experiments in some detail
in this chapter, and further details can be found in [12]. One important
point is that the increased precision will allow us to test in detail the three-
flavoredness of oscillations. We shall also see that it will be possible to limit
or measure θ13 very much better than today, that it will be possible to study
MSW matter effects in detail [13, 14, 15, 16], and that it will be possible
to extract sign (∆m2

31), i.e. the mass ordering of the neutrino states. For the
now favored LMA solution, it will also be possible to measure leptonic CP
violation. The precise neutrino masses, mixings, and CP phases which will be
obtained in this way will provide extremely valuable information about flavor
physics, since unlike the case for quarks, these parameters are not obscured
by hadronic uncertainties. These parameters can then be evolved with the
renormalization group to the GUT scale, for example,1 where they can be
compared with mass models based on flavor symmetries or other models
of neutrino and charged-lepton masses. Moreover, leptonic CP violation is
related to leptogenesis [19, 20, 21], the currently most plausible mechanism
for the generation of the baryon asymmetry of the universe. LBL experiments
therefore offer, in a unique way, precise knowledge about extremely interesting
and valuable physics parameters.

7.2 Beams and Detectors

Precise experiments in combination with an exact theoretical description are
extremely valuable, since they allow precision determinations of the under-
lying quantities. Long-baseline neutrino oscillation experiments are, in prin-
1 See [17, 18] for examples.
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ciple, of this type, since unlike the case for quarks there are no hadronic
uncertainties on theoretical side. Experimentally, LBL experiments have the
advantage that both the source and the detector can be kept under precise
conditions. This includes, among other things, for the source, a precise knowl-
edge of the mean neutrino energy Eν and of the neutrino flux and spectrum,
as well as the flavor composition and contamination of the beam. Another
important aspect is the question if neutrino and antineutrino beam data can
be obtained symmetrically, such that systematic uncertainties cancel at least
partly in an analysis. Precise measurements require also a sufficient luminos-
ity of the beam and a large enough detector, such that sufficient statistics can
be obtained. On the detector side, there are a number of issues which have
to be understood or determined very precisely, such as the detection thresh-
old function, the energy calibration, the resolution, and the particle identi-
fication capabilities (flavor, charge, event reconstruction, and understanding
backgrounds). Another source of uncertainty in the detection process lies in
the knowledge of neutrino cross sections, especially at low energies [22]. The
potential source and detector combinations of future LBL experiments are,
furthermore, constrained by the available technology. We shall restrict our-
selves in the following to some specific types of neutrino sources and detectors
for LBL experiments. However, it is important to keep potential new source
and detector developments in mind. An example is provided by liquid-argon
detectors such as ICARUS [23]. Detectors of this type are not included in
this study, but they may become extremely valuable detectors or detector
components in this context.

The first type of source considered is a conventional neutrino or anti-
neutrino beam. An intense proton beam is typically directed onto a massive
target, producing mostly pions and some K mesons, which are captured by
an optical system of magnets in order to obtain a beam. The pions (and
K mesons) decay in a decay pipe, yielding essentially a muon neutrino beam,
which can undergo oscillations as shown in Fig. 7.1. The νµ → νµ disappear-
ance channel and the νµ → νe appearance channels are the most interesting.
The neutrino beam is, however, contaminated by approximately 0.5% of elec-
tron neutrinos, which also produce electron reactions in the disappearance
channel, thus limiting the precision in the extraction of νµ → νe oscillation
parameters. The energy spectrum of the muon beam can be controlled over
a wide range: it depends on the incident proton energy, the optical system,
and the precise direction of the beam axis compared with the direction of
the detector. It is possible to produce broadband high-energy beams, such as
the CNGS beam [24, 25], or narrowband lower-energy beams, such as those
obtained in some configurations of the NuMI beam [26]. Reversing the electri-
cal current in the lens system results in an antineutrino beam. The neutrino
and antineutrino beams have significant differences, such that errors do not
cancel systematically in ratios or differences. The neutrino and antineutrino
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Fig. 7.1. Schematic overview of neutrino production, oscillation, and detection via
charged-current interactions for conventional beams and superbeams. The interest-
ing channels are the νµ → νµ and νµ → νe disappearance and appearance channels.
The νe beam contamination at the level of < 1% limits the ability to identify the
νµ → νe appearance oscillation, since this contamination produces electrons with-
out oscillation. The ντ oscillation channel is not shown here, but it would become
very important if tau lepton detection were feasible. This requires energies sufficient
for tau production and detectors with suitable tau lepton detection capabilities

beams must therefore be considered more or less as independent sources with
different systematic errors.

The so-called “superbeams” are based on the same beam dump techniques
for producing neutrino beams, but at much larger luminosities [24, 25, 26, 27].
Superbeams are thus a technological extrapolation of conventional beams,
but use a proton beam intensity close to the mechanical stability limit of
the target at a typical thermal power of 0.7MW to 4MW. The much higher
neutrino luminosity allows the use of the decay kinematics of pions to produce
“off-axis beams”, where the detector is located a few degrees off the main
beam axis. This reduces the neutrino flux and the average neutrino energy,
but leads to a more monoenergetic beam and a significant suppression of the
electron neutrino contamination. Several off-axis superbeams with energies
of about 1GeV to 2GeV have been proposed in Japan [28, 29], America [30],
and Europe [31, 32].

The most sensitive neutrino oscillation channel for subleading oscillation
parameters is the νµ → νe appearance transition. Therefore, the detector
should have excellent electron and muon charged-current identification capa-
bilities. In addition, an efficient rejection of neutral-current events is required,
because the neutral-current interaction mode is flavor-blind. With low statis-
tics, the magnitude of the contamination itself limits the sensitivity to the
νµ → νe transition severely, while the insufficient knowledge of its magnitude
constrains the sensitivity for high statistics. A near detector allows a sub-
stantial reduction of the background uncertainties [28, 33] and plays a crucial
role in controlling other systematic errors, such as the flux normalization, the
spectral shape of the beam, and the neutrino cross section at low energies.
At energies of about 1GeV, the dominant charged-current interaction mode
is quasi-elastic scattering, which suggests that water Cherenkov detectors are
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the optimal type of detector. At these energies, a baseline of about 300 km
would be optimal for measuring at the first maximum of the oscillation. At
about 2GeV, there is already a considerable contribution from inelastic scat-
tering to the charged-current interactions, which means that it would be
useful to measure the energy of the hadronic part of the cross section. This
favors low-Z hadron calorimeters, which also have a neutral-current rejection
capability a factor of ten better than water Cherenkov detectors [30]. In this
case, the optimum baseline is around 600 km. The matter effects are expected
to be small in these experiments for two reasons. First of all, the energy of
about 1GeV to 2GeV is small compared with the MSW resonance energy of
approximately 13GeV in the upper mantle of the earth. The second reason
is that the baseline is too short to produce significant matter effects.

The second type of source considered is the so-called neutrino factory,
where muons are stored in the long straight sections of a storage ring. The de-
caying muons produce muon and electron antineutrinos in equal numbers [34].
The muons are produced by pion decays, where the pions are produced by
the same technique as for superbeams. After being collected, they have to be
cooled and reaccelerated very quickly. This has not yet been demonstrated,
and it is the major technological challenge for neutrino factories [35]. The
spectrum and flavor content of the beam are completely characterized by
the muon decay and are therefore very precisely known [36]. The only ad-
justable parameter is the muon energy Eµ; the values usually considered are
in the range from 20 to 50GeV. In a neutrino factory, it is also possible to
produce and store antimuons in order to obtain a CP-conjugated beam. The
symmetric use of both beams leads to a cancellation or significant reduction
of errors and systematic uncertainties. We shall discuss in the following the
neutrino beam, which always implies implicitly the CP-conjugate channel as
well, unless otherwise stated.

The decay of the muons and the relevant oscillation channels are shown
in Fig. 7.2. Amongst all flavors and interaction types, muon charged-current
events are the easiest to detect. The appearance channel with the best sen-
sitivity is thus the νe → νµ transition, which produces so-called “wrong-sign
muons”. Therefore, a detector must be able to identify very reliably the charge
of a muon in order to distinguish wrong-sign muons in the appearance chan-
nel from the higher rate of right-sign muons in the disappearance channels.
The dominant charged-current interaction in the multi-GeV range is deep
inelastic scattering, making a good energy resolution for the hadronic en-
ergy deposition necessary. Magnetized iron calorimeters are thus the favored
choice for neutrino factory detectors. In order to achieve the required muon
charge separation, it is necessary to impose a minimum muon energy cut
at approximately 4GeV [37, 38]. This leads to a significant loss of neutrino
events in the range from about 4GeV to 20GeV, which means that a high
muon energy Eµ = 50GeV is desirable. The first oscillation maximum then
lies at approximately 3000 km. Matter effects are sizable at this baseline and
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Fig. 7.2. Neutrino production, oscillation, and detection via charged-current inter-
actions for a neutrino factory, for one polarity. νe and νµ are produced in equal num-
bers from µ decays and can undergo various oscillations. The νµ → νµ and νe → νµ

channels are the most interesting for detectors with µ identification. Note, however,
that excellent charge identification capabilities are required to separate “wrong-sign
muons” and “right-sign muons”. The ντ oscillation channel is not shown here, but
it would become important if detectors with tau identification capabilities could be
built

energy, and the limited knowledge about the density profile of the matter in
the earth becomes an additional source of errors.

Finally, the so-called β-beams are an interesting type of beam. The idea
is to store radioactive isotopes in a storage ring, similarly to the muons in
a neutrino factory, such that the β-decays of the radioactive elements lead to
pure νe or νe beams with γ � 100 [39]. The energy spectrum of the neutrinos
in the beam is determined by the neutrino energy of the decay at rest, boosted
by the γ factor, resulting typically in beam energies of a few hundred MeV at
acceleration energies of about 100GeV per nucleon. There are technological
and environmental challenges, and it is unclear whether β-beams can become
an affordable and competitive neutrino source. We shall not include β-beams
in our quantitative discussion, but we shall see that superbeams and neutrino
factories already have an impressive potential, which could only be improved
if β-beams were realized.

7.3 The Oscillation Framework

Most existing results on neutrino oscillations can, so far, be understood in an
effective two-neutrino framework. Here the well-known oscillation probability
for a baseline L and neutrino energy Eν is

P (νf1 → νf2) = |〈νf1(t)|νf2(t = 0)〉|2 = sin2 2θ sin2

(
∆m2 L

4Eν

)
, (7.1)

where θ is the mixing angle between the two flavor eigenstates f1 and f2 and
∆m2 = m2

2 − m2
1 is the difference between the mass eigenvalues. Precision

measurements at future LBL experiments will involve a very precise knowl-
edge of the source, the detector, and the oscillation framework in matter. An
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effective two-neutrino description is therefore definitively not adequate, and
matter effects must be included in the three-neutrino oscillation framework.

The generalization of the formula for oscillation in vacuum to the case
of N neutrinos leads to probabilities for flavor transitions νfl

→ νfm given
by

P (νfl
→ νfm)

= δlm − 4
∑
i>j

Re
(
Jflfm

ij

)
sin2∆ij

︸ ︷︷ ︸
PCP

− 2
∑
i>j

Im
(
Jflfm

ij

)
sin 2∆ij

︸ ︷︷ ︸
✟✟PCP

, (7.2)

where the shorthands Jflfm

ij := UliU∗
ljU

∗
miUmj and ∆ij := ∆m2

ijL/4E have
been used. These generalized vacuum transition probabilities depend on all
combinations of the quadratic mass differences ∆m2

ij = m2
i − m2

j and on
various products of elements of the leptonic mixing matrix U .

For the rest of this chapter, we shall assume a three-neutrino framework,
which can easily be generalized to more neutrinos if necessary. We thus have
1 ≤ i, j ≤ 3, and U simplifies to the 3× 3 mixing matrix

U =


 c12c13 s12c13 s13 e−ıδ

−s12c23 − c12s23s13 eıδ c12c23 − s12s23s13 eıδ s23c13
s12s23 − c12c23s13 eıδ −c12s23 − s12c23s13 eıδ c23c13


 , (7.3)

which contains three leptonic mixing angles and one Dirac-like leptonic CP
phase δ. Note that the most general mixing matrix for three Majorana neu-
trinos contains two further Majorana-like CP phases. However, it can easily
be seen that these two extra diagonal Majorana phases do not enter into
the above oscillation formulae, and therefore we can omit them safely. Thus,
three-neutrino oscillations depend, in general, on only the three mixing an-
gles and one CP phase. The disappearance probabilities, i.e. the probabilities
for transitions νfl

→ νfl
, do not depend even on this CP phase, since Jflfl

ij

is a function only of the moduli of elements of U . Appearance probabilities,
such as that for νe → νµ, are therefore the place where leptonic CP violation
can be studied.

From (7.2), the oscillation probabilities for neutrinos are P (νfl
→ νfm)

= PCP + ✟✟PCP , and the corresponding probabillities for antineutrinos are
P (νfl

→ νfm) = PCP − ✟✟PCP . Equation (7.2) thus has a CP-conserving part
PCP and a CP-violating part ✟✟PCP , and both terms depend on the CP phase
δ. An extraction strategy for CP violation thus seems to be provided by
looking at the CP asymmetries [40]

aCP :=
P (νfl

→ νfm)− P (νfl
→ νfm)

P (νfl
→ νfm) + P (νfl

→ νfm)
= ✟✟PCP

PCP
. (7.4)

Note, however, that the beams of an LBL experiment traverse the earth,
and the presence of matter by itself violates CP, which modifies (7.2) and
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which makes a measurement of leptonic CP violation more involved. The
above general formulae for oscillation in vacuum, (7.2), lead to well-known,
but rather lengthy trigonometric expressions for the oscillation probabili-
ties in vacuum. These expressions become even longer and do not exist in
closed form when arbitrary matter corrections are taken into account. How-
ever, the problem simplifies somewhat under the assumption of a spheri-
cally symmetric distribution of the matter in the earth [41]; such a dis-
tribution is shown in Fig. 7.3 as function of the radius. There is a one-
to-one correspondence between the baseline L and the angle at which the
beam must enter the earth at the source. Some examples are given in Ta-
ble 7.1, and obviously large values of L correspond to steep angles, result-
ing in technological and environmental challenges. Matter effects depend, in
a first approximation, only on the average matter density along the path
between source and detector, and fluctuations in the density profile par-
tially average out, but density errors must nevertheless be taken into ac-
count [42]. Matter effects in the oscillation formulae generally grow with
the distance L, while uncertainties in the average density profile tend to

0.0 0.2 0.4 0.6 0.8 1.0
x=r/RE

0.0
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Fig. 7.3. The matter density profile of the earth as a function of the radius r [41].
Such matter density profiles are obtained by combining data from geology, materials
science, seismology, and astronomy under the assumption of spherical symmetry

Table 7.1. Examples of oscillation lengths L of long-baseline experiments and the
corresponding angle at which the beam enters and leaves the earth near the source
and near the detector

Baseline L (km) 2800 7300 12750

Angle (degrees) 13 35 90
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decrease with L, leading approximately to a constant error, which we as-
sume to be about 5%. Nonconstant matter profiles can in principle lead
to very interesting oscillation effects [43, 44, 45, 46, 47, 48]. Observing
such effects would be very interesting, but they do not affect the exper-
iments studied here and would just complicate the analysis of the oscil-
lation parameter space. Figure 7.3 shows the pronounced density jump
at r/RE � 0.5 between the mantle and the iron core, and the average-
density approximation becomes much worse for beams which pass through
the core. Avoiding the iron core and the associated density jump cor-
responds to a baseline of L ≤ O(10 000 km). Matter effects lead to an
MSW resonance at a characteristic energy. It is interesting to note that
this resonance energy lies at approximately 10–15GeV for the atmospheric
value of ∆m2

31 and an assumed density of matter in the crust of about
3.8 g/cm3.

The addition of arbitrary matter effects would make the oscillation for-
mulae rather complicated in general, but the problem becomes much simpler
in the case of three neutrinos and an approximately constant average matter
density. The Hamiltonian describing three-neutrino oscillations in matter can
be written in the flavor basis as

H =
1
2Eν

U


m

2
1 0 0
0 m2

2 0
0 0 m2

3


UT +

1
2Eν


A+A′ 0 0

0 A′ 0
0 0 A′


 . (7.5)

The first term describes oscillations in vacuum in the flavor basis. The quan-
tities A and A′ in the second term are given by the charged-current and
neutral-current contributions to coherent forward scattering in matter. The
charged-current contribution is given by

A = ± 2
√
2GFY ρEν

mn
, (7.6)

where GF is the Fermi constant, Y is the number of electrons per nucleon,mn

is the nucleon mass, and ρ is the matter density. A is positive for neutrinos
in matter and antineutrinos in antimatter, while it is negative for antineu-
trinos in matter and neutrinos in antimatter. The flavor-universal neutral
current contributions A′ lead to an overall phase, which does not enter into
the transition probabilities. The overall neutrino mass scale m2

1 can be writ-
ten as a term proportional to the unit matrix and can be removed in a similar
way, such that only ∆m2

21 and ∆m2
31 remain in the first term of (7.5). Since

∆m2
21 � ∆m2

31, we may make the further approximation ∆m
2
21 � 0, and we

thus obtain the approximately equivalent Hamiltonian

H ′ =
1
2Eν

U


 0 0 0

0 0 0
0 0 ∆m2

31


UT +

1
2Eν


 A 0 0

0 0 0
0 0 0


 . (7.7)
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The mixing matrix U can, furthermore, be written as a sequence of rota-
tions Rij in the two dimensional subspaces ij, namely

U = R23R13R12 , (7.8)

where the 12 and 23 rotations are real, i.e. RT
12 = R

−1
12 and RT

23 = R
−1
23 . This

can be used to simplify the problem further, since R12 obviously commutes
with diag(0, 0,∆m2

31) and the θ12 dependence disappears from (7.7). Next, we
observe that diag(A, 0, 0) commutes with R23, such that R23 can be factored
out from the complete Hamiltonian in (7.7), which can therefore be rewritten
as

H ′ = R23


 1
2Eν

R13


 0 0 0

0 0 0
0 0 ∆m2

31


RT

13 +
1
2Eν


 A 0 0

0 0 0
0 0 0




RT

23 .

(7.9)
Inside the square brackets of (7.9), the original mass matrix is rotated by
R13. The matter-dependent part is then added inside the square bracket,
while R23 is factored out. H ′ is thus diagonalized by R23R

′
13, and it becomes

clear that we are dealing with a modification of the diagonalization of the
1–3 subspace. Matter effects lead, therefore, to an A-dependent parameter
mapping in the 1–3 subspace, which can be written as

sin2 2θ13,m =
sin2 2θ13
C2±

, (7.10)

∆m2
31,m = ∆m2

31 C± , (7.11)

∆m2
32,m =

∆m2
31 (C± + 1) +A

2
, (7.12)

∆m2
21,m =

∆m2
31 (C± − 1)−A

2
, (7.13)

where the subscript “m” denotes effective quantities in matter, and

C2
± =

(
A

∆m2
31

− cos 2θ
)2

+ sin2 2θ . (7.14)

Note that A in C± can change its sign, and therefore the mappings for neu-
trinos and antineutrinos are different, resulting in different effective mixings
and masses. This is an important effect, which will allow detailed tests of co-
herent forward scattering of neutrinos in matter in future LBL experiments.
Note that oscillations in matter, unlike vacuum oscillations, depend on the
sign of ∆m2

31 via C±. This is very interesting, since it opens up the possibility
to extract sign(∆m2

31) via matter effects.
Another very interesting question is whether it will be possible to establish

leptonic CP violation in future LBL experiments. Therefore, we note that in
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the oscillation probabilities of (7.2), all CP-violating effects are proportional
to the following two quantities:

D = sin∆21 sin∆32 sin∆31 , (7.15)
8JCP = cos θ13 sin 2θ13 sin 2θ12 sin 2θ23 sin δ . (7.16)

We can immediately see from (7.15) that CP violation is possible only if all
three masses are different, i.e. if none of the ∆m2

ij vanishes. For the LBL ex-
periments considered here, we have∆32 � ∆31 � 1, while sin∆21 ≈ ∆21 � 1,
and there is thus a suppression due to the small solar mass splitting. Further-
more, we can see from (7.16) that JCP is suppressed by the small value of
θ13 and, for the small-mixing-angle solution, by θ12 in addition. The largest
CP-violating effects thus occur when θ12 is large and for the largest possible
solar value of ∆m2

21, i.e. the LMA solution, which, interestingly, happens to
be the solution which is clearly favored by data.

Putting everything together still leads to quite lengthy expressions for the
oscillation probabilities in matter, where it is not easy to obtain an overview
of all effects. It is therefore instructive to simplify the problem to a point
where an analytic understanding of all effects is possible, although quanti-
tative statements should be obtained with the help of numerical evaluations
using the full expressions. The key to further simplification is to expand the
oscillation probabilities in small quantities. These expansion parameters are
α = ∆m2

21/∆m2
31 � 10−2 and sin2 2θ13 ≤ 0.1. The matter effects can be

parameterized by the dimensionless quantity Â = A/∆m2
31 = 2VE/∆m2

31,
where V =

√
2GFne. If we write ∆ ≡ ∆31, the leading terms in the resulting

expansion for P (νµ → νµ) and P (νe → νµ), for example, are [49, 50, 51]

P ( νµ → νµ)
≈ 1− cos2 θ13 sin2 2θ23 sin2∆

+2α cos2 θ13 cos2 θ12 sin2 2θ23∆ cos∆ , (7.17)

P ( νe → νµ) ≈ sin2 2θ13 sin2 θ23
sin2

[(
1−Â)∆](

1−Â)2

± sin δ sin 2θ13 α sin 2θ12 cos θ13 sin 2θ23 sin∆
sin Â∆ sin

[(
1−Â)∆]

Â
(
1−Â)

+cos δ sin 2θ13 α sin 2θ12 cos θ13 sin 2θ23 cos∆
sin Â∆ sin

[(
1−Â)∆]

Â
(
1−Â)

+α2 sin2 2θ12 cos2 θ23
sin2 Â∆

Â2
, (7.18)

where the plus sign in (7.18) corresponds to neutrinos and the minus sign
to antineutrinos. The most important feature of (7.18) is that all interesting
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effects in the νe → νµ transition depend crucially on θ13. The size of sin2 2θ13
thus determines whether the total transition rate, matter effects, effects due
to the sign of ∆m2

31, and CP-violating effects are measurable. One of the
most important questions for future LBL experiments is therefore how far
experiments can push the limit on θ13 below the current CHOOZ bound of
approximately sin2 2θ13 < 0.1.

Before we discuss further important features of (7.17) and (7.18) in more
detail, we would like to comment once more on the underlying assumptions
and on the reliability of these equations. First, (7.17) and (7.18) are expan-
sions in terms of the small quantities α and sin 2θ13. Higher-order terms are
suppressed by at least another power of one of these small parameters, and
these corrections are thus typically at the percent level. Second, the matter
corrections in (7.17) and (7.18) have been derived for a constant average mat-
ter density. Numerical tests have shown that this approximation works quite
well as long as the matter profile is reasonably smooth. Third, a number
of very interesting effects that exist in general nonconstant matter distri-
butions therefore cause only small theoretical uncertainties. An example is
provided by asymmetric matter profiles, which lead to interesting T-violating
effects [52], but these effects do not play a role here, since the earth is suffi-
ciently symmetric.

Note that all of the results that are shown later in this chapter are based
on numerical simulations of the full problem in matter. These results, there-
fore, do not depend on any approximation. Equations (7.17) and (7.18) will
only be used to understand the problem analytically, which is extremely
helpful for obtaining an overview of the parameter space, which has six or
more dimensions. However, the full numerical analysis and (7.17) and (7.18)
depend on the assumption of a standard three-neutrino scenario. It is thus
assumed that the LSND signal [53] will not be confirmed by the MiniBooNE
experiment [54]. Neutrinos could in principle decay. However, it is assumed
in this chapter that neutrinos are stable; a combined treatment of oscillation
and decay [55] would be much more involved. Further, neutrinos might have
unusual properties and might, for example, violate CPT. In that case neutri-
nos and antineutrinos could have different properties, and LBL experiments
can give very interesting limits on this possibility [56], but we shall assume
in this study that CPT is preserved.

7.4 Correlations and Degeneracies

Equations (7.17) and (7.18) exhibit certain parameter correlations and de-
generacies, which play an important role in the analysis of LBL experiments
and would be hard to understand in a purely numerical analysis of the high-
dimensional parameter space. The most important properties are:

– First, we observe that (7.17) and (7.18) depend only on the product
α sin 2θ12 or, equivalently, ∆m2

21 sin 2θ12. These are the parameters re-
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lated to solar oscillations, which will be taken as an external input. The
fact that only the product enters implies that it may be better determined
than the product of the individual measurements of ∆m2

21 and sin 2θ12.
– Next, we observe in (7.18) that the second and third terms both contain

a factor sin Â∆, while the last term contains a factor sin2 Â∆. Since Â∆ =
2VL, we find that these factors depend only on L, resulting in a “magic
baseline” when 2VLmagic = π/4V , at which sin Â∆ vanishes. At this magic
baseline, only the first term in (7.18) survives and P (νe → νµ) no longer
depends on δ, α, and sin 2θ12. This is in principle very important, since it
implies that sin2 2θ13 can be determined at the magic baseline from the
first term of (7.18) whatever the values and errors of δ, α, and sin 2θ12
are. For the matter density of the earth, we find

Lmagic = π/4V � 8100 km , (7.19)

which is an amazing number, since the value of V could have been such
that Lmagic was very different from the scales under discussion.

– Next, we observe that only the second and third terms of (7.18) depend on
the CP phase δ, and both terms contain a factor sin 2θ13×α, while the first
and fourth terms of (7.18) do not depend on the CP phase δ, and contain
factors of sin2 2θ13 and α2, respectively. The extraction of CP violation is
thus always suppressed by the product sin 2θ13 ×α and, furthermore, the
CP-violating terms are obscured by large CP-independent terms if either
sin2 2θ13 � α2 or sin2 2θ13 � α2. The determination of the CP phase δ
is thus most easily possible if sin2 2θ13 � 4θ213 � α2.

– Another observation is that the last term in (7.18), which is proportional
to α2 = (∆m2

21)
2/(∆m2

31)
2, dominates in the limit of very small sin2 2θ13.

The error in ∆m2
21 therefore limits the parameter extraction for small

sin2 2θ13.
– Equations (7.17) and (7.18) have a structure which suggests that transfor-

mations exist which leave these equations invariant. We therefore expect
degeneracies, i.e. parameter sets with identical oscillation probabilities for
a given L/E. An example of such an invariance is provided by a simulta-
neous replacement of neutrinos by antineutrinos and ∆m2

31 by −∆m2
31.

This is equivalent to changing the sign of the second term of (7.18) and
replacing α by −α and ∆ by −∆, while Â remains Â. It is easy to see
that (7.17) and (7.18) are unchanged, but this constitutes no degeneracy,
since we can distinguish neutrinos and antineutrinos experimentally.

– The first real degeneracy [57, 58] can be seen in the disappearance prob-
ability (7.17), which is invariant under the replacement θ23 → π/2− θ23.
Note that the second and third terms in (7.18) are not invariant under this
transformation, but this change in the subleading appearance probability
can be compensated approximately by small parameter shifts. However,
the degeneracy can in principle be lifted by precision measurements in
the disappearance channels.
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– The second degeneracy can be found in the appearance probability (7.18)
in the (δ–θ13) plane [59]. In terms of θ13 (which is small) and δ, the four
terms of (7.18) have the structure

P (νe → νµ) ≈ θ213F1 + θ13(± sin δF2 + cos δF3) + F4 , (7.20)

where the quantities Fi, i = 1, . . . , 4, contain all the other parameters.
The requirement P (νe → νµ) = const. leads, for both neutrinos and anti-
neutrinos, to parameter manifolds of degenerate or correlated solutions. If
we have both neutrino and antineutrino beams, the two channels can be
used independently, which is equivalent to considering (7.20) for F2 ≡ 0
and F3 ≡ 0 simultaneously. The requirement that these probabilities are
now independently constant, i.e. P (νe → νµ) = const. for F2 ≡ 0 and
F3 ≡ 0, leads to more constraint manifolds in the (δ–θ13) plane, but some
degeneracies still survive.

– The third degeneracy [60] arises from the fact that a change in sign of
∆m2

31 can, essentially, be compensated by an offset in δ. Therefore, we
note again that the transformation ∆m2

31 → −∆m2
31 leads to α → −α,

∆ → −∆, and Â → −Â. All terms of the disappearance probability
in (7.17) are invariant under this transformation. The first and fourth
terms in the appearance probability in (7.17), which do not depend on
the CP phase δ, are also invariant. The second and third terms of (7.17)
depend on the CP phase and are changed by the transformation ∆m2

31 →
−∆m2

31. The fact that these changes can be compensated by an offset in
the CP phase δ is the third degeneracy.

– Altogether there exists, thus, an eightfold degeneracy [58], as long as only
the νµ → νµ, νµ → νµ, νe → νµ, and νe → νµ channels and one fixed value
of L/E are considered. However, the structure of (7.17) and (7.18) makes
it clear that the degeneracies can be broken by using information for dif-
ferent L/E values in a suitable way. This can be achieved in the total
event rates by changing L or E [61, 62], but it can in principle also be
done by using information in the event rate spectrum for a single baseline
L, although this requires detectors with very good energy resolution [51].
Another strategy for breaking the degeneracies is to include further oscil-
lation channels in the analysis (“silver channels”) [61, 63].

The discussion in this section shows the strength of the analytic approx-
imations, which allow us to understand the complicated interdependence of
the parameters. This discussion should also help one to plan experimental
setups optimally and to find strategies to resolve the degeneracies.

7.5 Event Rates

The experimentally detected event rates must be compared with theoretical
expressions, which depend only indirectly on the above oscillation probabil-
ities. Every event can be classified by the flavor of the detected neutrino
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and the type of interaction. The particles detected in an experiment are
produced by neutral-current (NC), inelastic charged-current (CC), or quasi-
elastic charged-current (QE) interactions. The contribution to each mode de-
pends on a number of factors, such as the detector type, the neutrino energy,
and the neutrino flavor. In order to calculate realistic event rates, we must
first compute the number of events for each type of interaction in the fiducial
mass of an ideal detector, for each neutrino flavor and each energy bin. Next,
the deficiencies of a real detector, such as limited event reconstruction capa-
bilities, must be included. The combined description leads to the differential
event rate spectrum for each flavor and interaction mode, as it would be seen
by a detector which was able to separate all those channels. Finally, different
channels must be combined, since they cannot be observed separately. This
can be due to physics, e.g. due to the flavor-blindness of NC interactions, or
it can be a consequence of detector properties, e.g. due to charge misidenti-
fication. The differential event rates can thus be written, for each channel of
some interaction type IT, as

dnIT
f

dE′ = N
∑
i

∫ ∫
dE dÊ Φi(E)︸ ︷︷ ︸

Production

× 1
L2
P(i→f)(E,L, ρ; θ23, θ12, θ13,∆m2

31,∆m
2
21, δ)︸ ︷︷ ︸

Propagation

× σIT
f (E)kIT

f (E − Ê)︸ ︷︷ ︸
Interaction

× Tf(Ê)Vf (Ê − E′)︸ ︷︷ ︸
Detection

, (7.21)

where f and i stand for the final and initial neutrino flavors, respectively. E is
the incident neutrino energy, Φi(E) is the flux from the source for the initial
flavor i, L is the baseline, N is a normalization factor, and ρ is the density of
matter in the earth. The interaction term is composed of two factors, which
are the total cross section σIT

f (E) for the flavor f and interaction type IT, and
the energy distribution of the secondary particle kIT

f (E − Ê), where Ê is the
energy of the secondary particle. The detector threshold is parameterized by
the function Tf(Ê), describing a limited resolution or cuts in the analysis. The
energy resolution of the detector is parameterized by the function Vf (Ê−E′)
for the secondary particle, where E′ is the reconstructed neutrino energy.

The numerical calculation of the double integral in (7.21) for all possible
parameter combinations requires enormous computing power. Therefore, we
use here an approximation in which we evaluate the integral over Ê, where
the only terms containing Ê are kIT

f (E − Ê), Tf (Ê), and Vf (Ê − E′). We
define

RIT
f (E,E′) εITf (E′) ≡

∫
dÊ Tf(Ê) kIT

f (E − Ê)Vf (Ê − E′) , (7.22)

and approximate RIT
f by the analytical expression
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RIT
f (E,E′) =

1
σ
√
2π

exp
(E − E′)2

2σ2
. (7.23)

For the QE interactions in the case of the beam from the JHF experiment,
we shall use [28] σ = 85MeV, and for the beams from a neutrino factory
and from NuMI, we shall use ([64] and A. Para, private communication
2002) σ = 0.15E. Values of the effective relative energy resolution δE and
the effective efficiency εITf can be found in the literature; they are given for
the neutrino factory in [37, 38, 49, 65, 66] and for the superbeam setups
in [28, 67, 68, 69, 70]. The threshold for muon detection is an important pa-
rameter for neutrino factories, and we shall use essentially an interpolation
between a more optimistic and a conservative estimate [38, 49]. For further
details, see [12].

In order to include backgrounds, we group the channels into pairs of signal
and background in an experiment-specific way. The backgrounds considered
are NC events which are misidentified as CC events, and CC events identified
with the wrong flavor or charge. For superbeams, we include also the back-
ground of CC events arising from the intrinsic contamination of the beam.

Finally, in the analysis we combine all available signal channels and per-
form a global fit to extract the physics parameters in an optimal way. For
a neutrino factory, the relevant channels are the event rate spectra for the
νµ–CC channel (disappearance) and the νµ–CC channel (appearance), for
each polarity of the beam. The backgrounds for these signals are NC events
for all flavors, and misidentified νµ–CC events. For superbeam experiments,
the signal is provided by the νµ–QE channel (disappearance) and the νe–CC
channel (appearance), again for each polarity of the beam. The backgrounds
here are NC events for all flavors, misidentified νµ–CC events, and, for the
νe–CC channel, the νe–CC beam contamination.

7.6 The LBL Setups Considered

The sources and detectors discussed here allow several different LBL exper-
iments, and it is interesting to compare their physics potential on an equal
footing as realistically as possible. Studies at the level of probabilities are not
sufficient, and the true potential must be evaluated at the level of event rates
as described in Sect. 7.5, with realistic assumptions about the beams, detec-
tors, and backgrounds. We present now the results of such an analysis, which
is essentially based on [12], where we have calculated the oscillation proba-
bilities numerically from the exact three-neutrino formulae for oscillation in
matter, i.e. we use the approximations to the probabilities given in (7.17)
and (7.18) only to obtain a qualitative understanding. The results shown be-
low are therefore not affected by the approximations which were made in the
derivation of the approximate analytic oscillation formulae (7.17) and (7.18).
Sensitivities, etc., are defined by the ability to reextract the physics parame-
ters from a simulation of event rates. Therefore, event rate distributions were
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generated for all possible parameter sets. Subsequently, a combined fit to
these event rate distributions was performed, for the appearance and disap-
pearance channels and both polarities simultaneously. This procedure uses all
the available information in an optimal way. It includes spectral distributions
when they are present, and it reduces to a fit of total rates when the total
event rates are small. Suitable statistical methods, as described in [12], were
used to deal with event distributions which have small event rates per bin
in some regions. Systematic uncertainties were parameterized, and external
input from geophysics was used in the form of the detailed matter profile and
its errors, which were included in the analysis [12]. The ability to reextract
the input parameters that were used to generate the event rate distributions
of a simulation of the full experiment was used to define the sensitivities and
precision.

An important aspect of such an analysis is the inclusion of external infor-
mation. The LBL experiments discussed here could, in principle, measure the
solar parameter ∆m2

21 and the mixing angle θ12. However, the precision which
can be obtained cannot compete with that expected from KamLAND [71].
We have therefore included as an external input the assumption that Kam-
LAND will measure the solar parameters to be in the center of the LMA
region with typical errors. Otherwise, the unknown parameters (such as the
CP phase) have not been constrained and have therefore been left free, with
all parameter degeneracies and error correlations being taken into account.
All nuisance parameters were integrated out, and a projection onto the pa-
rameter of interest was performed. Altogether, we are dealing with six free
parameters.

The beam characteristics of the three sources considered are shown in
Figs. 7.4 (JHF), 7.5 (NuMI off-axis), and 7.6 (neutrino factory). We have
also included uncertainties in these beam parameters, i.e. uncertainies in the
νe background for the first two, conventional beams, flux uncertainties for
all beams [28, 30, 34]. As detectors, we have considered water Cherenkov de-
tectors, low-Z calorimeters, and magnetized iron detectors, with parameters
as given in Table 7.2. For magnetized iron calorimeters, it is important to
include realistic threshold effects. We have used a linear rise of the efficiency
between 4GeV and 20GeV and have studied the sensitivity to the position of
the threshold. We have not included liquid-argon time projection chambers in
our analysis, but they would certainly be an important detector if this tech-
nology were to work. The beams and detectors that we have included allow
several different interesting combinations, which are listed in Table 7.3. JHF-
SK is the planned combination of the existing Super-Kamiokande detector
and the JHF beam, while JHF-HK is the combination of an upgraded JHF
beam with the proposed Hyper-Kamiokande detector. With typical parame-
ters, JHF-HK has about 95 times more integrated luminosity than JHF-SK,
and we have assumed that it operates partly with an antineutrino beam. Wa-
ter Cherenkov detectors are ideal for the JHF beam, since charged-current
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Fig. 7.4. The flux of the 2◦ off-axis JHF beam as a function of energy. The mean
energy is 0.51 GeV, and the peak intensity is 1.7× 107 GeV−1cm−2yr−1 at 0.78 GeV.
The νe/νµ ratio is 0.2% at the peak
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Fig. 7.5. The flux of the proposed NuMI off-axis beam, with a mean energy of
2.78 GeV, and a peak intensity of 3.6× 107 GeV−1cm−2yr−1 at 2.18 GeV. The νe/νµ
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Fig. 7.6. The flux of a neutrino factory with Eµ = 50 GeV. The mean neutrino
energy is about 30 GeV, and the peak intensity is 1.5× 108 GeV−1cm−2yr−1 at
33.33 GeV. The νµ/νe ratio is 83% at the peak

Table 7.2. The detector types considered and their most important parameters

Water Cherenkov, Low-Z Magnetized iron
SK (HK) calorimeter calorimeter

Fiducial mass 22.5 kt (1000 kt) 20 kt 10 kt (50 kt)
Energy range 0.4–1.2 GeV 1–5 GeV 4–50 GeV
Energy resolution 85MeV 0.15E 0.15E
Signal efficiency 0.5 0.5 0.45
NC rejection 0.01 0.001 < 10−5

Charge identification – – < 10−5

Background uncertainty 5% 5% 5%

quasi-elastic scattering dominates. NuMI is the proposed combination of the
NuMI off-axis beam with a low-Z calorimeter, which is better here, since
the energy is higher and there is a considerable contribution of inelastic
charged-current interactions. NuFact-I will be an initial neutrino factory,
while NuFact-II will be a fully developed machine, with 42 times the luminos-
ity of NuFact-I [28, 30, 37]. Deep inelastic scattering dominates for the even
higher energies of these neutrino factories, and magnetized iron detectors are
therefore considered in this case.
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Table 7.3. The combinations of beams and detectors considered and their
acronyms

Acronym Detector Baseline Matter density L/Epeak

JHF-SK Water Cherenkov 295 km 2.8 g cm−3 378 kmGeV−1

NuMI Low-Z 735 km 2.8 g cm−3 337 kmGeV−1

NuFact-I 10 kt magnetized iron 3000 km 3.5 g cm−3 90 kmGeV−1

JHF-HK Water Cherenkov 735 km 2.8 g cm−3 295 kmGeV−1

NuFact-II 40 kt magnetized iron 3000 km 3.5 g cm−3 90 kmGeV−1

Table 7.4. The expected signal and background event rates in the appearance
channels for the scenarios considered

JHF-SK NuMI JHF-HK NuFact-I NuFact-II

Signal 139.0 387.5 13 180.0 1522.8 64 932.6
Background 23.3 53.3 2204.6 4.2 180.3
S/N 6 6 6 360 360

7.7 The Qualitative Picture

A number of studies have analyzed various aspects of the above scenarios
or some combined variants of them [12, 38, 49, 51, 58, 60, 72, 73, 74, 75,
76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89], and the results can all
be understood in the same qualitative picture. The proposed setups lead, in
general, to remarkably large event rates in the disappearance channel. This
leads to many events per energy bin, and the spectral information allows very
precise fits of the leading oscillation parameters ∆m2

31 and θ23. A typical
example is shown in Fig. 7.7 for a neutrino factory, for both polarities [77].
The situation is somewhat different in the appearance channels, where the
event rates are small. The results for the appearance channels thus depend
dominantly on total rates, with some spectral information. Note, however,
that the available spectral information is very important, since it allows one
to distinguish solutions which are degenerate on the basis of total event rates.
Figure 7.8 shows, for a neutrino factory with typical parameters, how the
total event rates depend on the presence of matter and on the CP phase.
It can clearly be seen in Fig. 7.8 that matter effects grow with distance
and become dominant at large baselines L >∼ 3000 km. In contrast, the CP
phase δ affects the rates at shorter distances, while at medium distances the
effects of matter and CP violation are comparable. The simplest strategy for
separating matter effects and CP violation is thus to have one short baseline
for CP-violating effects and another, large baseline for matter effects [49, 62].
Alternatively, one might use a single medium baseline, where the effects can
be separated if the event rates are large enough that spectral information
can be extracted [51]. Another alternative is, as discussed before, to use one
baseline and further oscillation channels [63].
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Fig. 7.7. νµ disappearance rates for a typical neutrino factory setup. The gray area
marks the expected distribution in the absence of oscillations. The black and white
histograms show the expected distributions, with oscillations, for both ∆m2

31 > 0
and ∆m2

31 < 0. Here, a relatively large value of sin2 2θ13 = 0.01 has been chosen,
where matter effects allow us to extract sign(∆m2

31) even from the disappearance
channel, which is not possible for smaller sin2 2θ13 [77]
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Fig. 7.8. The total event rates for the two polarities of a neutrino factory with
Eµ = 50 GeV, assuming sin2 2θ13 = 0.01 and the LMA solution. The solid lines
are for δ = 0 with the matter corrections included. The dashed lines show, for
comparison, the results for δ = 0 in vacuum. The gray band shows the range within
which the solid line moves when the CP phase is allowed to take all possible values,
with matter included

It is interesting to understand the interplay of matter effects and CP-
violating effects by use of our analytic formulae. First, we observe from (7.17)
and (7.18), as well as Fig. 7.8, that matter effects grow with distance, and
CP-violating effects are thus not affected by matter effects at the shortest
distances. By inspecting (7.18) carefully, we found the existence of a magic
baseline at larger distances in Sect. 7.4. The point was that Â = 2V E/∆m2

31

and∆ = ∆m2
31 L/E, so that Â∆ = 2VL depends only on the matter potential

V and the baseline L. All terms in (7.18) except the first therefore vanish at
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Lmagic as given in (7.19), since they contain factors of sin Â∆ = sin 2VL. All
terms which contain the CP phase δ and the mass-splitting hierarchy param-
eter α thus vanish as a consequence of matter effects at Lmagic � 8100 km,
where a typical density in the earth’s crust has been used to calculate this
value. Matter effects and CP-violating effects can thus in principle be com-
pletely separated by performing measurements at a small baseline and at the
magic baseline [90].

7.8 The Analysis

The sensitivity and precision of the measured quantities are defined, as ex-
plained in Sect. 7.5, via the ability to reextract the physics parameters from
previously generated event rate distributions. In order to determine the sen-
sitivity and precision in such an analysis, all input parameters are scanned,
while systematic, statistical, and background errors are included. The best
possible results are obtained by using optimally the information contained in
the rates and energy spectra of all available channels in a combined analysis.
At the same time, the parameter correlations and degeneracies mentioned
above must be included, in addition to systematic errors such as normaliza-
tion and calibration. However, the precise relative information contained in
a spectrum allows very precise measurements even when an overall normal-
ization error of 5% and an energy calibration error of 5% are included. The
inclusion of the backgrounds limits the sensitivity. However, information in
the energy spectrum helps to reduce the impact of the background, which
has typically a different energy dependence.

There are many events per bin in the disappearance channels, which leads
via (7.17) to a very precise determination of the leading oscillation parameters
∆m2

31 and sin
2 2θ23. The combination of the available appearance channels al-

lows one to determine or restrict θ13, and, via the matter effects, sign(∆m2
31).

This is always possible, even when α is very small or negligible, for the dis-
favored SMA, LOW, and VAC solutions of the solar neutrino problem, since
the first term in (7.18) does not depend on α. For the LMA solution (i.e.
α � 10−2), it is also possible to determine θ13 and sign(∆m2

31), and it is in
principle even possible to extract the solar parameters θ12 and ∆m2

21 from
a combined fit of the appearance and disappearance channels without us-
ing external input. The precision which can be obtained for θ12 and ∆m2

21,
however, cannot compete with the expected measurements from KamLAND.
Therefore, we have assumed in our analysis that KamLAND will measure the
solar parameters to be at the current best fit of the LMA solution, with typ-
ical errors, and have taken these values as an external input in our analysis.
This allows us, for the favored LMA solution, to extract information about
the CP phase δ, as expected from the second and third terms of (7.18).

It should be kept in mind that (7.17) and (7.18) exhibit parameter cor-
relations and degeneracies, as discussed above, which must be taken into ac-
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count in the analysis [12, 49, 51, 57, 58, 59, 60]. The analytic formulae (7.17)
and (7.18) are here very useful, since they allow us to understand qualita-
tively the highly nonlinear behavior and complex topology of the parameter
manifolds. The dependence of the probabilities on the parameters leads, as
discussed above, to three degeneracies in the following parameter planes:

– δ–θ13,
– δ–sign(∆m2

31),
– θ23–(π/2− θ23).
These three different degeneracies can lead to equivalent solutions that are
rather close together in parameter space. In this case they effectively en-
large the allowed range of the combined solutions, as shown by an example
in the δ–θ13 plane in the left plot of Fig. 7.9. In other cases, the degener-
ate solutions are well separated, as shown in the right plot of Fig. 7.9. In
such cases it is more sensible to quote two values and their respective errors.
In the case of a detailed single-baseline analysis, one can see, as discussed
analytically in Sect. 7.4, that the δ–θ13 degeneracy typically becomes a pa-
rameter correlation when only a neutrino beam is used, while degenerate
islands show up when both polarities are combined. Similarly, one can see
that with one baseline, the δ–sign(∆m2

31) degeneracy can never be removed.
The θ23–(π/2 − θ23) degeneracy also cannot be removed if the analysis is
dominated by the disappearance rates only. This degeneracy can be lifted for
sufficiently high statistics in the appearance channel, where the degeneracy
is in principle broken, as seen in the analytic discussion in Sect. 7.4.
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Fig. 7.9. Examples of degenerate solutions [12]. The left plot shows a case where
the degenerate solutions are very close. Consequently, the combination of these
adjacent solutions leads to an enlarged error because of the degeneracies. The right
plot shows a case where two degenerate solutions are well separated. In this case,
two solutions and their respective errors should be quoted
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Fig. 7.10. The correlation or degeneracy of δ with θ13 as a function of the detector
energy resolution for a neutrino factory with E = 50 GeV, L = 3000 km, ∆m2

31 =
3.5× 10−3 eV2, ∆m2

21 = 10−4 eV2, and θ23 = θ12 = π/4 [51]. For poor resolution,
there is a correlation between δ and θ13, which transforms into two degenerate
solutions for medium resolution, and the degeneracy is finally lifted for an energy
resolution better than 25%

The separation of matter and CP-violating effects is, as discussed in
Sect. 7.4, not possible at the level of total event rates for one value of L/E,
which translates into one baseline for fixed E. However, as mentioned before,
there exist ways to break this degeneracy. One such strategy is to use a short
baseline for CP-violating effects and a long baseline for matter effects. An-
other strategy is to use one medium baseline and the information contained
in the beam spectrum. The point is that different parameter sets are degen-
erate at the level of total event rates for one value of L/E, but the event rate
distributions differ significantly. The degeneracy may thus be lifted for one
medium baseline in combination with good resolution and sufficient statis-
tics. This is shown in Fig. 7.10 for the correlation of δ with θ13 [51]. This
example shows nicely how degeneracies and correlations at the level of event
rates can change in a real experiment when the spectral information is used.

7.9 Results

A realistic analysis of future LBL experiments requires a number of differ-
ent aspects to be taken into account. It should be clear from the discussion
above that it is not sufficient to quote limits which are based on oscillation
probabilities or merely on the statistics of a single channel without back-
grounds or systematics. Depending on the position in the space of physics
parameters, the limiting factor may be the degeneracies or correlations, the
backgrounds, the systematics, or the statistics. A reliable comparative study
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II←I HK←SK II←I HK←SK

Fig. 7.11. The sensitivity to sin2 2θ13 as a function of ∆m
2
31 for ∆m

2
21 = 0 (left

plot) and ∆m2
21 = 3.7× 10−5 eV2 (right plot) for the JHF and NuFact setups

considered here. The right edges of the NuFact and JHF bands correspond to the
less advanced options, NuFact I and JHF-SK, while NuFact II and JHF-HK are
equivalent to the left edges of the bands [12]

of the LBL setups discussed here requires, therefore, a detailed analysis of
the six-dimensional parameter space which includes all these effects on the
same footing [12].

There is excellent precision for the leading oscillation parameters ∆m2
31

and sin2 2θ23, which will not be discussed further here. The more interesting
sensitivity to the subleading parameter sin2 2θ13 is shown in Fig. 7.11, where
we can see that the sin2 2θ13 sensitivity limit depends considerably on the
value of ∆m2

31. From a comparison of the cases ∆m2
21 = 0 (left plot) and

∆m2
21 = 3.7× 10−5 eV2 (right plot), we find, moreover, a significant ∆m2

21

dependence of the sensitivity limits.2 The sin2 2θ13 sensitivity limit can thus
vary considerably, depending on what is found for ∆m2

31 and ∆m2
21, and

these dependencies are strongest for short baselines.
Assuming that the leading parameters are measured to be ∆m2

31 =
3× 10−3 eV2 and sin2 2θ23 = 0.8 and that KamLAND measures the so-
lar parameters to be at the current best-fit point of the LMA region, i.e.
∆m2

21 = 6× 10−5 eV2 and sin 2θ12 = 0.91, we can translate this into a com-
parison of the sin2 2θ13 sensitivity limit for the different setups. The result
is shown in Fig. 7.12. The individual contributions of the different sources of
uncertainties are shown for every experiment; the left edge of every band in
Fig. 7.12 corresponds to the sensitivity limit which would be obtained purely
2 This translates into a corresponding ∆m2

31 and ∆m
2
21 dependence of the obtain-

able precision in the case where sin2 2θ13 is large enough to be measured. The
corresponding plots can be found in [12].
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Fig. 7.12. The sin2 2θ13 sensitivity for all setups described in Sect. 7.6 at the 90%
confidence level for ∆m2

31 = 3× 10−3 eV2 and sin2 2θ23 = 0.8. The plot shows the
deterioration of the sensitivity limits as the different error sources are successively
switched on. The left edge of each bar is the sensitivity statistical limit. This limit
becomes poorer as systematic, correlational, and degeneracy errors are switched on.
The right edge is the final sensitivity limit [12]

on statistical grounds. This limit is successively made poorer by adding the
systematic uncertainties of each experiment, the correlational errors, and fi-
nally the degeneracy errors. The right edge of each band constitutes the
final error for the experiment under consideration. It is interesting to see
how the errors of the different setups are made up. There are different sen-
sitivity reductions due to systematic errors, correlations, and degeneracies.
The largest sensitivity loss due to correlations and degeneracies occurs for
NuFact-II, which is mostly a consequence of the uncertainty in ∆m2

21, which
translates into an uncertainty in α, and which dominates the appearance
probability (7.18) for small sin2 2θ13. Note that it is, in principle, possible to
combine different experiments. If done correctly, this allows one to eliminate
part or all of the correlational and degeneracy errors [61].

It is interesting to recall the existence of the magic baseline defined
in (7.19), where the α and δ dependence drops out completely owing to mat-
ter effects. Correlational and degeneracy errors are then drastically reduced
and a measurement of sin2 2θ13 becomes more precise, even though the event
rates are smaller at this larger baseline. This improvement in sensitivity is
shown for NuFact-II in Fig. 7.13, where a baseline of 3000km is compared
with the magic baseline of 8100 km.

Another challenge of future LBL experiments is to measure sign(∆m2
31)

via matter effects, and the sensitivity which can be obtained for the setups
under discussion is shown in Fig. 7.14. Taking all correlational and degeneracy
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Fig. 7.13. Comparison of the NuFact-II setup for a baseline of 3000 km and the
magic baseline of 8100 km. It can be seen that the statistical sensitivity (left edge
of the bars) is reduced owing to smaller event rates, but the total sensitivity is
increased since the correlational and degeneracy errors disappear almost completely
at the magic baseline

Fig. 7.14. The sensitivity of sin2 2θ13 to sign(∆m2
31) for the setups defined in

Sect. 7.6. The left edge of each bar is the statistical sensitivity limit, which is
successively impaired by systematic, correlational, and degeneracy errors. The right
edge of each bar is the final limit

errors into account, we can see that it is very hard to determine sign(∆m2
31)

with the superbeam setups considered. The main problem is the degeneracy
with δ, which always allows the reverse sign(∆m2

31) for another CP phase.
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Fig. 7.15. The sin2 2θ13 sensitivity range for CP violation in the setups considered
at 90% confidence level for different ∆m2

21 values. The top row corresponds to the
lower bound ∆m2

21 = 1.1 × 10−5 eV2, the bottom row to the upper bound ∆m2
21 =

4.7× 10−4 eV2, and the middle row to the best LMA fit, ∆m2
21 = 3.7 × 10−5 eV2.

Cases which do not have CP sensitivity are omitted from this plot. The chosen
parameters are δ = +π/2, ∆m2

31 = 3× 10−3 eV2, sin2 2θ23 = 0.8, and a solar
mixing angle corresponding to the current best fit in the LMA regime [12]

Note, however, that the situation could in principle be improved if different
superbeam experiments were combined in such a way that this degeneracy
error could be removed. Neutrino factories perform considerably better on
sign(∆m2

31), particularly for larger baselines. Combination strategies would
again lead to further improvements.

Coherent forward scattering of neutrinos and the corresponding MSW
matter effects are, so far, experimentally untested. It is therefore very im-
portant to realize that matter effects will not only be useful for extract-
ing sign(∆m2

31) but also will allow detailed tests of the theory of coherent
forward scattering of neutrinos. This possibility has been studied in detail
in [51, 74, 77, 82].

The Holy Grail of LBL experiments is the measurement of leptonic CP vi-
olation. The sin2 2θ13 sensitivity range for measurable CP violation is shown
in Fig. 7.15 for δ = π/2 for the various setups considered and for various
values of ∆m2

21. It can be seen that measurements of CP violation are feasi-
ble in principle both with high-luminosity superbeams and with advanced
neutrino factories. However, the sensitivity depends in a crucial way on
∆m2

21. For a low value ∆m2
21 = 1.1× 10−5 eV2, the sensitivity is almost

completely lost, while the situation would be best for the largest value con-
sidered, ∆m2

21 = 4.7× 10−4 eV2. KamLAND has now confirmed the LMA
region with a best fit value of ∆m2

21 = 7× 10−5 [91], which implies that the
prospects to measure leptonic CP violation are very promising. The sensitiv-
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ities shown in Fig. 7.15 depend on the choice of δ. The value which has been
used here is δ = π/2, and the sensitivities become become worse for small
CP phases close to zero or π.

7.10 Conclusions

We have discussed the potential of some proposed long-baseline neutrino
oscillation experiments, where it will be possible to perform precision neu-
trino physics. The basic fact which makes this possible is that the atmo-
spheric mass splitting ∆m2

31 � ∆m2
atm leads, for typical neutrino energies

Eν � 1−100GeV, to oscillation baselines in the range of 100 km to 10 000 km.
Moreover, beam sources have the advantage that, unlike the sun or the at-
mosphere, they can be controlled very precisely, such that unknowns of the
neutrino source do not limit the precision. Equally precise detectors and an
adequately precise theoretical framework for describing the oscillations (in-
cluding three neutrinos and matter effects) must be used in order to exploit
this precision. There exist other interesting sources for long-baseline oscilla-
tion experiments, such as reactors and β-beams, but we have restricted the
discussion here to superbeams and neutrino factories. We have presented the
issues which enter into realistic assessments of the potential of such exper-
iments. The experiments discussed turn out to be very promising and they
are expected to lead to very precise measurements of the leading oscillation
parameters ∆m2

31 and sin
2 2θ23. We have discussed in detail how the various

setups may lead to very interesting measurements of or limits on θ13 and δ.
It will also be possible to perform impressive tests of effects of the matter
in the earth, allowing us to extract sign(∆m2

31). The setups discussed in this
chapter have an increasing potential and increasing technological challenges,
but it seems possible to build them in stages. The results presented here
are valid for each individual setup, and future results should of course be
included in the analysis. This would be especially important if more LBL
experiments were built, since this leads to optimization strategies depending
on previous results. Further results from KamLAND are extremely important
and will have considerable impact. KamLAND established that ∆m2

21 lies in
the LMA regime, which is very important since CP violation can only be
measured if that is the case. Within the LMA solution, it is now very impor-
tant to find out whether ∆m2

21 lies close to the current best fit, on the high
side, or on the low side. A value of ∆m2

21 on the high side (HLMA) would be
ideal, since it would guarantee an extremely promising LBL program, with
a chance to see leptonic CP violation with the JHF beam in the next decade.

Finally, we would like to stress that the LBL experiments will have
a unique impact on physics. These experiments will lead to very precise values
of neutrino mass splittings and very precise leptonic mixings. These measure-
ments will yield directly the physics parameters of interest, which are (unlike
those of quarks) not masked by any hadronic uncertainties. It should thus
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be possible to obtain very valuable lepton flavor information, which could
be compared directly with models of masses and mixings and with renor-
malization group effects. Such precise leptonic flavor information might also
prove more valuable than the corresponding information in the quark sector,
since, in general, neutrino masses receive contributions from both Dirac and
Majorana mass terms, and more might be learned in this way. Leptonic CP
violation is also an extremely interesting issue, since it is related to leptogen-
esis, which is currently the most plausible mechanism to explain the baryon
asymmetry of the universe. The experiments presented here also allow a num-
ber of other studies which have not been discussed here. Some examples are
limits on nonstandard interactions, flavor changing neutral currents (FCNC),
the possible existence of more than three neutrinos, and CPT violation. The
results presented here should, however, make it clear that oscillation physics
with long-baseline experiments by itself is very interesting, powerful, and im-
portant. The realization of the setups discussed here will not be easy, but it
appears possible to do this in stages, guaranteeing a very promising future
for neutrino physics.
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